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НАРТЕК 1 


Systems of Linear Equations 


Section 1.1 Introduction to Systems of Linear Equations 


1. Because the equation is in the form a,x + ay = b, it is 


linear in the variables x and y. 


3. Because the equation cannot be written in the form 


ax + ау = Б, it is not linear in the variables x and y. 


5. Because the equation cannot be written in the form 


11. 


13. 


ax + ау = Б, it is not linear in the variables x and y. 


7. Choosing y as the free variable, let y = ¢ and obtain 
2x -4t = 0 
2x = 4t 
w= 2h 


So, you can describe the solution set as x = 2f and 
у = t, where t is any real number. 


. Choosing y and z as the free variables, let y = s and z = t, and obtain x + s + t = lor x = 1— s — t. So, you can 


describe the solution setas x = 1 – s — t, y = s, and z = t, where s and t are any real numbers. 


2х+у= 4 


х-у= 2 


Adding the first equation to the second equation 
produces a new second equation, 3x = 6 or x = 2.So, 
y = 0, апа the solution is x = 2, y = 0. This is the 
point where the two lines intersect. 


=1 
3x - Зу = 4 


-х ty 


7 
у =х+у= 1 


Adding 3 times the first equation to the second equation 
produces a new second equation. 


-х + у = 1 
0 = 7 
Because the second equation is a false statement, you can 


conclude that the original system of equations has no 
solution. Geometrically, the two lines are parallel. 


15. 3х – 5y =7 


17. 


2х + 


y=9 


Adding the first equation to 5 times the second equation 
produces a new second equation, 13x = 52 or x = 4. 


So, 2(4) + y = 9,or y = l, and the solution is: x = 4, 


y = 1. This is the point where the two lines intersect. 


2x-y=5 
5x-ye=ll 


Subtracting the first equation from the second equation 
produces a new second equation, 3x = 6 or x = 2.So, 


2(2) – y = 5or y = —1, and the solution is: x = 2, 


y = —1. This is the point where the two lines intersect. 
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21. 


23. 


Section 1.1 


Multiplying the first equation by 12 produces a new first 
equation. 


3x+4y= 7 

2x- у=12 

Adding the first equation to 4 times the second equation 
produces a new second equation, 11x = 55or x = 5. 
So, 2(5) - y = 120г у = —2,and the solution is: 

x = 5, y = —2. This is the point where the two lines 
intersect. 


0.05х — 0.03у = 0.07 У 0.05х — 0.03у = 0.07 
0.07х + 0.02y = 0.16 V 


0.07x + 0.02y = 0.16 


Multiplying the first equation by 200 and the second 
equation by 300 produces new equations. 


10x — бу = 14 

21x + 6y = 48 

Adding the first equation to the second equation 
produces a new second equation, 31x = 620r x = 2. 
So, 10(2) — бу = 14 or у = 1, and the solution is: 

x = 2, у = 1. This is the point where the two lines 
intersect. 


Adding 6 times the first equation to the second equation 


produces a new second equation, 3x =9orx= 18, 


18 
5 E 


So, 18 -у=3Зогу= A and the solution is: x = 


у = 2. This is the point where the two lines intersect. 


Introduction to Systems of Linear Equations 3 


25. 


27. 


29. 


31. 


From Equation 2 you have x, = 3. Substituting this 
value into Equation 1 produces x, – 3 = 20r x, = 5. 
So, the system has exactly one solution: x, = 5 and 


X = 3: 


From Equation 3 you can conclude that z = 0. 
Substituting this value into Equation 2 produces 


2y+0=3 

у= 
Finally, by substituting у = 3 and z = Ointo Equation 
1, you obtain 


-x+i-0=0 


=, 
х= 5 


So, the system has exactly one solution: х = 2 у= 


Nw 


E) 


and z = 0. 


Begin by rewriting the system in row-echelon form. 
The equations are interchanged. 


-0 
5x, + 2x, + x4, = 0 


2x, + х, 


The first equation is multiplied by 1. 
X + i» =0 

5x, + 2x, + x; = 0 

Adding —5 times the first equation to the second 

equation produces a new second equation. 


X + i» =0 
-4n + 3 = 0 
The second equation is multiplied by —2. 
x, + i» =0 
X, — 2x, = 0 
To represent the solutions, choose x; to be the free 
variable and represent it by the parameter ¢. Because 
X; = 2x,and x, = -i». you can describe the solution 


set as 


X, = —t, х = 2t, x, = t, where t is any real number. 


(а) | -3x у=3 


6x+2y=1 


(b) The system is inconsistent. 
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33. (a) 


35. (a) 


Chapter 1 Systems of Linear Equations 


2x — 8у = 3 


1х+у=0 


(b) The system is consistent. 


(c) The solution is approximately x — 1, y= -i 


(d) Adding —+ times the first equation to the second 


equation produces the new second equation 


3y = 3 or у = 1. бо, x= +, and the solution 


is x = 4, y = -1. 


(e) The solutions in (c) and (d) are the same. 


4x — 8y = 9 


-3 
0.8x — 1.6y = 1.8 


(b) The system is consistent. 

(c) There are infinitely many solutions. 

(d) The second equation is the result of multiplying both 
sides of the first equation by 0.2. A parametric 
representation of the solution set is given by 


x= 5+ 2t, y = t, where t is апу real number. 


(е) The solutions in (с) апа (а) are consistent. 


37. Adding —3 times the first equation to the second 


equation produces a new second equation. 
Xy-x,- 0 
xX, =-1 
Now, using back-substitution you can conclude that the 
system has exactly one solution: x, = —land x, = -1. 


39. Adding —3 times the first equation to the second 


equation produces a new second equation 
Зи + v= 240 


—8u = —480 
Dividing the second equation by —8 yields a new second 
equation. 
Зи + v = 240 
и = 60 


Now, using back-substitution, the system has exactly one 
solution: u = 60 and v = 60. 


41. 


43. 


45. 


Dividing the first equation by 9 produces a new first 
equation. 


aay ша ell 
X73 = 9 
1 2,2-l 
ARE ag 
Adding —1 times the first equation to the second 


5 
equation produces a new second equation. 


WO mc 
sapi c4 
157 45 


Multiplying the second equation by e produces a new 

second equation. 

x- iy = – 
y=- 


Now, using back-substitution you can substitute y = -4 


into the first equation to obtain x + 2 = i or x = L, 
So, you can conclude that the system has exactly one 


solution: x = тапа у = —3. 


To begin, change the form of the first equation. 
17 


6 

x — 3y = 20 
Multiplying the first equation by 4 yields a new first 
equation. 


J ly = 
aX tay = 


A, — 
oP ey Sy 
x —3y = 20 


Subtracting the first equation from the second equation 
yields a new second equation. 


4, = 34 
X *3y =з 
13 26 
37 7 73 


Dividing the second equation by E yields a new second 


equation. 
4,234 
X ct 35У = 5 
у = -2 


Now, using back-substitution you can conclude that the 
system has exactly one solution: 
x = 14 and у = -2. 


Multiplying the first equation by 50 and the second 
equation by 100 produces a new system. 

x — 2.5x, = -9.5 
3x, + 4x, = 52 
Adding —3 times the first equation to the second 
equation produces a new second equation. 
x, — 2.5х = —9.5 

11.5x, = 80.5 

Now, using back-substitution you can conclude that the 
system has exactly one solution: 
x = 8and x = 7. 
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47. 


49. 


Section 1.1 


Adding —1 times the first equation to the second 


equation yields a new second equation. 


x- y-z=0 
3y =6 
2x -z=5 


Adding —2 times the first equation to the third equation 


yields a new third equation. 


x- y-z=0 
3y = 6 
2y+z=5 


Dividing the second equation by 3 yields a new second 
equation. 


x- y-z=0 
y =2 
2y+z=5 


Adding —2 times the second equation to the third 
equation yields a new third equation. 
x- y-z=0 
y =2 
z=1 
Now, using back-substitution you can conclude that the 
system has exactly one solution: 


x = 3, у = 2,апа z = 1. 


Dividing the first equation by 3 yields a new first 
equation. 


2 4 = 
xy - 392 + 393 = 


шо wl 


H+ х = 2% = 
2x, — 30 + 6x; = 8 
Subtracting the first equation from the second equation 


yields a new second equation. 


XQ — 40 + 4X4 = 


Deen, ues 


CO ulo Wa) 


2x, = 3х + 6x3 = 


Adding —2 times the first equation to the third equation 
yields a new third equation. 


2 4 = d 

X 32 373 3 
5 10 — 8 
37277 0393 эў 

-$y + Wy, = 2 


3 3 


At this point you should recognize that Equations 2 and 3 
cannot both be satisfied. So, the original system of 
equations has no solution. 


Introduction to Systems of Linear Equations 5 


51. 


53. 


Dividing the first equation by 2 yields a new first 
equation. 


x + 5х — 3x; Z y2 
4x, + 2x, = 10 
2x, + 3x, — 13x, = -8 


Adding —4 times the first equation to the second 
equation produces a new second equation. 


x + ix = 35 = 2 
2x, + 8x3 = 2 
2x, + 3x, – 13x; = -8 


Adding 2 times the first equation to the third equation 
produces a new third equation. 


1 ERN 
35-55-72 
—2x, + 8x; = 2 


4x, — 16x, = +4 


Xx + 


Dividing the second equation by —2 yields a new second 
equation. 


1 3 
X E БЫ? = 523 = 


х — 4x = -1 
4x, – 16x; = —4 


| 
N 


Adding —4 times the second equation to the third 
equation produces a new third equation. 


x + 10 — 3x, = 2 
X,— 4x, 2-1 
0-2 0 


Adding -i times the second equation to the first 
equation produces a new first equation. 


1 I8 
X + 223 = 5 


х — 4x4 = –1 


Choosing х; = tas ће free variable, you can describe 


the solution as x, = 5 = 


where t is any real number. 


it x, = 4t — Land x, = t, 


Adding —5 times the first equation to the second 
equation yields a new second equation. 
х- 3у + 22 = 18 
02-72 
Because the second equation is a false statement, you can 


conclude that the original system of equations has no 
solution. 
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6 Chapter 1 Systems of Linear Equations 


55. Adding —2 times the first equation to the second, 3 times the first equation to the third, and —1 times the first equation to the 
fourth, produces 


1 
a 


x+ у 2 w 
y — 2z – Зу = —12 
Ty + 42 + 5№ = 22 
у - 22 


ll 
| 
a 


Adding —7 times the second equation to the third and —1 times the second equation to the fourth produces 
х+у+ zt w= 6 
y- 2z- 3w = -12 
18z + 26w = 106 
3w = 6. 


Using back-substitution, you find the original system has exactly one solution: x = 1, y = 0, z = 3,and w = 2. 


Answers may vary slightly for Exercises 57—61. 


57. Using a software program or graphing utility, you obtain x = —1.2, y = —0.6, z = 24. 


59. Using a software program or graphing utility, you obtain x, = —15, x, = 40, xy = 45, x4 = —75. 


61. Using a software program or graphing utility, you obtain x, — 1, x,--íx-l 


63. x = y = z = Oisclearly a solution. 
Dividing the first equation by 4 yields a new first equation. 
3 lip) = 
xc 4У + pu = 0 
5x + 4y + 222 = 0 
4х + 2y + 192 = 0 
Adding —5 times the first equation to the second equation yields a new second equation. 
x+ dy + Iz = 0 
ду + ge) 
4x + 2y + 192 = 0 
Adding —4 times the first equation to the third equation yields а new third equation. 
3 17, — 
х + pu + 42 = 0 
1 3, 8 
EAD 
-у + 22 = 0 
Multiplying the second equation by 4 yields a new second equation. 
3 Vhs os 
x + 4X + 42 = 0 
y+ 3z=0 
-y+ 22 = 0 
Adding the second equation to the third equation yields a new third equation. 
3 17, = 
xc 4У + pu = 0 
y+ 32 = 0 
52 = 0 
Dividing the third equation by 5 yields a new third equation. 
3 on 
x + 4У + pu = 0 
y+ 32 = 0 
2 = 0 


Now, using back-substitution you can conclude that ће system has exactly one solution: x = 0, у = 0, апа z = 0. 
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65. 


67. 


69. 


Section 1.1 Introduction to Systems of Linear Equations 7 


x = y = 2 = Qis clearly a solution. 
Dividing the first equation by 5 yields a new first equation. 
x+ yr 12 = 0 
10х + 5у + 22 = 0 
5х + 15у - 92 = 0 
Adding —10 times the first equation to the second equation yields a new second equation. 
x+ yr 42 =0 
—5у + 42 = 0 
5х + 15у - 92 = 0 
Adding —5 times the first equation to the third equation yields а new third equation. 
x+ yr 12 = 0 
-5y + 42 = 0 
10у - 82 = 0 
Dividing the second equation by —5 yields a new second equation. 
x+ yr 12 = 0 
у= 4z =0 
10у = 82 = 0 
Adding —10 times the second equation to the third equation yields а new third equation. 


x*y-iz-0 


yr 4z =0 
0=0 
Adding -1 times the second equation to the first equation yields a new first equation. 
x + iz =0 
yr iz =0 
Choosing z = ft as the free variable you find the solution to be x = 2t, y= t, and z = t, where ¢ is any real number. 


Let x =the number of milligrams of vitamin С in an 8-ounce glass of apple juice and у =the number of milligrams 


of vitamin C in an 8-ounce glass of orange juice. 


x + у= 227 
2x + 3y = 578 
—2x — 2y = —454 

2x + Зу = 578 

y= 124 


Back-substitute y = 124 into Equation 1: x + 124 = 227 
x = 103 


Apple juice contains 103 milligrams of vitamin C and orange juice contains 124 milligrams of vitamin C. 


(a) True. You can describe the entire solution set using (b) False. For example, consider the system 


parametric representation. д +х+ х= 1 


ах + by = с х+»+җ = 2 


Choosing у = t as the free variable, the solution is 


PI D. y = t, where t is any real number. (c) False. A consistent system may have only one 
a 


x solution. 


which is an inconsistent system. 
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71. 


73. 


75. 


Chapter 1 Systems of Linear Equations 


Because x, = fand x, = 3t — 4 = 3x, — 4, one 


answer is the system 


3x, —X, = 4 

—3x + x, = -4. 

Letting x, = t бшен merid ee 
g № y g 1 3 3 3 


Substituting A = 1/x and B = 1/y into the original 


system yields 
124—128 =7 
34+ АВ = 0. 


Reduce this system to row-echelon form. Dividing the 
first equation by 12 yields a new first equation. 


к 7 
A- В= 1 


ЗА+4В = 0 


Adding —3 times the first equation to the second 
equation yields a new second equation. 


cy 

А – B= 
а 297, 

7B = —4 


Dividing the second equation by 7 yields a new second 
equation. 


А-В = 
B=- 

So, А = -l/Aand В = 1/3.Because A = 1/x and 

B = 1/y, the solution of the original system of equations 


is: x = 3and y = —4. 


Substituting A = 1/x, B = l/y, and С = 1/2, into the 


original system yields 


24+ B- 3C= 4 
4A + 2C = 10 
2A + 3B — 13C =—8. 


Reduce this system to row-echelon form. 


1 3 - 
A+ 1B- ic= 2 


-2B + 8C = 2 
4B — 16C = —4 
1 3 = 
А+1В-3С= 2 
B- 4С =-1 


Letting / = C be the free variable, you have C = t, 
-t+5 
B = 4t — l,and A = m So, the solution to the 


original problem is 


TR s Й 
Seg agen 


= l héle t #5, = 0. 
t 4 


77. 


79. 


81. 


Reduce the system to row-echelon form. Dividing the 
first equation by cos Ө yields a new second equation. 


sin 0 1 
x+ y= 
cos 0 cos 0 


(-sin Ө)х + (cos Ө)у = 0 


Multiplying the first equation by sin Ө and adding to the 


second equation yields a new second equation. 


sin Ө 1 
x+ y= 
E 4 cos 0 


1 _ sin 0 
cos Ө E cos 0 
sin? 8 sin? 0 + cos? Ө 1 
Because + cos 0 = = 
cos cos 0 cos 0 


Multiplying the second equation by cos @ yields a new 


second equation. 


sin 0 1 
x+ y= 
[= 2 соѕ Ө 


y= sin 0 


Substituting y = sin @ into the first equation yields 


sin Ө |. 1 
х4 sin Ө = 
[= 4 cos 0 


хс losin? Ө _ cos’ Ө 


cos Ө 


= cos 0. 


cos 0 
So, the solution of the original system of equations is: 
x = cos O and у = sin б. 
Reduce the system. 
x+ky=2 
(1 - k?°)y = 4 - 2k 


If k = +1, there will be no solution. 


Interchange the first two equations and row reduce. 


x+ yt z= 0 
ky + 2kz = 4k 
3y- z= 1 


If k = 0, then there is an infinite number of solutions. 
Otherwise, 


х+у+ z= 0 


yt2z= 4 
5z = 13. 


Because this system has exactly one solution, the answer 
isall К = 0. 
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83. For this system to have an infinite number of solutions, 91. x-4y=-3 x- 4y 2-3 
both equations need to be equivalent. 28 


Multiply the second equation by —2. 


4x + ky = 6 \ 
—2kx – 2y = 6 [ 
So, when k = ra the system will have an infinite d Lc 
number of solutions. "Vàa45 
x—4y=-3 


85. Reduce the system to row-echelon form. 


x+ yt kz = 3 
(k-l)y + (l-&z 
(I — k)y + (1 - &?)z = 1 - 3k 


ll 
| 
um 


x + yr kz = 3 
(k = )у + (1- £z» -1 
(-k? - k + 2)z = -3k 


If -&? — k + 2 = 0, then there is no solution. So, if 
k = lor k = —2, there is not a unique solution. 


87. (a) All three of the lines will intersect in exactly one 
point (corresponding to the solution point). 
(b) All three of the lines will coincide (every point on At each step, the lines always intersect at (5, 2), which is 
these lines is a solution point). the solution to the system of equations. 
(c) The three lines have no common point. 
93. Solve each equation for y. 
89. Answers will vary. (Hint: Choose three different values 
for x and solve the resulting system of linear equations in 
the variables a, b, and c.) Y= Хх -2 


S. 
У = тух + 2 


The graphs аге misleading because, while they appear 
parallel, when the equations are solved for y they have 
slightly different slopes. 


Section 1.2 Gaussian Elimination and Gauss-Jordan Elimination 


1. Because the matrix has 3 rows and 3 columns, it has size 11. Because the matrix is in reduced row-echelon form, 
3x3. convert back to a system of linear equations. 
x, =0 


3. Because the matrix has 2 rows and 4 columns, it has size 
х = 2 
2х4. 
So, the solution is: x, = Oand x, = 2. 
5. Because the matrix has 4 rows and 5 columns, it has size 


4x5. 13. Because the matrix is in row-echelon form, convert back 
to a system of linear equations. 
OE EE, 13 0 -39 X — X = 3 
7. > 
3 ef B 3 <1 8 ху) — 2x, = 1 
Add 5 times Row 2 to Row 1. мее 
Solve this system by back-substitution. 
o” [o -1 -7 7| fa 5 -8 7 x-2-)- 1 
e 5 -8 7|>| 0 -1 -7 7 Б 
3 2 1 2 0 13 23 23 Substituting x, = —linto Equation 1, 
x, — (-l) = 3 


Interchange Row 1 and Row 2. Then add 3 times the new 


Row 1 to Row 3. NDS 


So, the solution is: x, = 2, x; = —Land x, = -1. 
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Chapter 1 Systems of Linear Equations 


15. Interchange the first and second rows. 


17. 


1-1 1 0| 

2 1-13 
[o 1 2 1| 
Interchange the second and third rows. 
[1-1 1 0] 

0 1 2 1 

2. 1.3 


Add -2 times the first row to the third row to produce a 
new third row. 


[1-1 1 0] 
0 1] 2 1 
0 3 -3 3| 


Add —3 times the second row to the third row to produce 
a new third row. 


[1-1 1 0] 
0 1] 2 1 
0 0 -9 0] 
Divide the third row by —9 to produce a new third row. 
[1-110 
0 12 1 
0 0 10 


Convert back to a system of linear equations. 
Xj— X, 5 = 0 
х + 2x; = 1 
х = 0 
Solve this system by back-substitution. 
x, =1— 2x; = 1— 2(0) 21 
у= 0-53 =1-0=1 


So, the solution is: x, = 1, x; = Ll and x; = 0. 


Because the matrix is in row-echelon form, convert back 
to a system of linear equations. 


x, + 2x, + x =4 
х + 2x3 + x4, = 3 

хз + 2x, = 1 

xX, = 4 


Solve this system by back-substitution. 
x, =1-2x, =1- 2(4) = -7 


x, 23-2x-x-23-2(-7)-4-213 

x 24-2x — x, = 4 - 2(13) - 4 = -26 

So, the solution is: x, = —26, x, = 13, x; = -7, and 
X, = 4. 


19. 


21. 


23. 


25. 


27. 


The matrix satisfies all three conditions in the definition 
of row-echelon form. Moreover, because each column 
that has a leading 1 (columns one and two) has zeros 
elsewhere, the matrix is in reduced row-echelon form. 


Because the matrix has two non-zero rows without 
leading 1’s, it is not in row-echelon form. 


Because the matrix has a non-zero row without a leading 
1, it is not in row-echelon form. 


The augmented matrix for this system is 


1 3 1 
3 1 9f 
Adding —3 times the first row to the second row yields a 


new second row. 


1 3 11 
0 -8 -24 


Dividing the second row by —8 yields a new second 


row. 

1 3 11 

0 1 3 
Converting back to a system of linear equations produces 
x+3y = 11 

у = 3. 

Finally, using back-substitution you find that х = 2 and 
у= 3. 
The augmented matrix for this system is 
[-1 2 1.5] 
[2-4 3] 
Gaussian elimination produces the following. 


[-1 2 1.5] 1-2 3 1 2 3 
> 2) 2 
2-4 3| 24 3 0 0 6 


Because the second row of this matrix corresponds to the 
equation 0 = 6, you can conclude that the original 
system has no solution. 
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29. The augmented matrix for this system is 


31. 


-3 5 -22 
3 4 4 
| 4 -8 32 
Dividing the first row by —3 yields a new first row. 
1-43 
3: x «4 
4 -8 32 


Adding —3 times the first row to the second row yields a 
new second row. 


[ 5 22] 
1-3 * 
0 9 -18 
4 -8 32 


Adding —4 times the first row to the third row yields а 
new third row. 


5 22] 
1-3 5 
0 9 -Ig 

4 8 
0 "3: 3 


Dividing the second row by 9 yields a new second row. 


Е 5 22 
1 31 637 
0 1 -2 
4 8 

0 -3 3 


Adding $ times the second row to the third row yields a 


new third row. 


[ 5 22] 
1-3 > 
0 1 -2 
о 0 0 
Converting back to a system of linear equations produces 
5.502. 109 
жауа: 
y = 2, 


Finally, using back-substitution you find that the solution 
is: x = 4and y = -2. 


The augmented matrix for this system is 


[10-3 2 
31-2 5! 
2 2 1 4 


Gaussian elimination produces the following. 


[1 0 -3 -2 10-32 10-3 -2 
31-2 515101 7 15101 7 и 
2 2 1 4 02 7 8 0 0 -7 -14 
Back substitution now yields 

x, = 2 

x, =11-7җ 211- (72 = -3 

x = -2+ 3x, = -2 + 3(2) = 4. 

So, the solution is: xy = 4, x; = —3, and x; = 2. 


33. The augmented matrix for this system is 


35. 


[2 0 3 3 
43 7 5l 
[8 -9 15 10 


Gaussian elimination produces the following. 


2 o 3 3 f 0 


3 
2 2 
4 -3 7 S5|[2|4 3 7 5 
[8 -9 15 10 8 -9 15 10 
[ 3 3 3 3 
оз) |!0 27 
1 1 
= -3 1 -l}/>/0 1 — 5 
[0 -9 3 2 00 0 1 
Because the third row corresponds to the equation 0 = 1, 


there is no solution to the original system. 


The augmented matrix for this system is 
[4 12 -7 20 22 
[3 9 -5 -28 30] 


Dividing the first row by 4 yields a new first row. 


13—17 -5 и 
4 
[3 9 -5 -28 30| 


Adding —3 times the first row to the second row yields а 
new second row. 


[1 3 


2 
0 0 -13 27 
2 


Multiplying the second row by 4 yields a new second 
row. 


13 2 -5 п 
4 2 
0 0 1 -52 54 
Converting back to a system of linear equations produces 
п 
2 
z — 52w = 54. 


х+3у-12- Sw = 


Choosing у = s and w = tas the free variables, you 
can describe the solution as x = 100 — 3s + 96t, 
у = 8,2 = 54 + 521, and w = t, where s and t are any 


real numbers. 
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37. The augmented matrix for this system is 43. The corresponding system of equations is 
3312 6 x zm 
11 4 2 X; + x3 = 0 
2 5 20 10! 0=д. 
-12 8 4 Letting х; = f be the free variable, the solution is: 
x, = 0, x, = —t, and x; = t, where t is any real 
Gaussian elimination produces the following. 
number. 
3 3 12 6 [11 4 2 | ae 
45. The corresponding system of equations is 
11 4 2 11 4 2 
> x +x, = 0 
2 5 20 10 2 5 20 10 
X3 = 0 
-1 2 8 4 -1 2 8 4 
E 0=0. 
1 1 2 1 1 4 2 
00 00 0312 6 Letting ха = tand x; = s Бе the free variables, the 
= > solution is: x, = —t, x; = s, x3 = 0, апі x, = t, 
0 3 12 6 00 0 0 
where s and t are any real numbers. 
0 3 12 6 00 00 
[1142 1000 
0142 0142 
> > 
00 0 0 0000 
[0 0 0 0 00 0 0 


Letting 2 = t be the free variable, the solution is: 
x = 0, у = 2 - 4, and z = t, where tis any real 


number. 


39. Using a software program or graphing utility, the 
augmented matrix reduces to 


1 0 0 —0.528 23.536 
0 10 —4.111 18.544 |. 
0 0 1 -2439 7.431 


So, the solution is: x, = 23.536 + 0.5287, 
х = 18.544 + 4.1114, x, = 7.431 + 2.1392, 


and x, = t. 


41. Using a computer software program or graphing utility, 
the augmented matrix reduces to 


10000 2 

0 1000 2 

00 100 3 

000 10 -5 

0000 I 1 
So, the solution is: x, = 2, x. = —2, x3 = 3, x4 = —5, 
and x; = 1. 
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47. 


49. 


Section 1.2 


amount at 3% 


ы 
Il 


y = amount at 4% 


z = amount at 5% 
х + y + z = 500,000 
0.03x + 0.04y + 0.05z = 20,500 
2.5х- у = 0 


1 1 1 500,000 


1 
0.03 0.04 0.05 20,500 | > |0 
0 


25 -l 0 0 


0.01 0.02 5500 
-3.5 -2.5 1,250,000 | 


-3.5 -2.5 1,250,000 | 


1 
1 
0 


1 
1 
0 


1 500,000 | 


1 500,000 | 
2 550,000 


1 500,000 
2 550,000 
4.5 675,000 
1 500,000 
2 550,000 
1 150,000 


Back-substitution now yields the following. 


z = 150,000 


у = 550,000 — 22 = 550,000 — 2(150,000) = 250,000 


x = 500,000 — y — z = 500,000 — 250,000 — 150,000 = 100,000 


So, $100,000 was borrowed at 3%, $250,000 was borrowed at 4%, and $150,000 was borrowed at 5%. 


(a) Because there are two rows and three columns, there are two equations and two variables. 


(b) Gaussian elimination produces the following. 


]k 2 1 k 2 
> 
3 4 1 0 443k 7 


> 


] k 2 
0 7 
4+ 3k 


The system is consistent if 4 + 3k # 0, orif k + —5. 


Because there are two rows and three columns, there are two equations and three variables. 


Gaussian elimination produces the following. 


produces the following: 


4 4 
1 zc 2 0 3 1 =з 
—3 4 1 0 0 0 


2 
7 


The system is consistent. So, the original system is consistent for all real k. 


1k 20 1 k 2 0 
> 
-3 4 1 0 0 4+3k 7 0 


Notice that 4 + 3k = 0, ог k = -4. But if -i is substituted for k in the original matrix, Gaussian elimination 


0 
0 


7 


| 1 k 2 0 
4+3К 


0 


Gaussian Elimination and Gauss-Jordan Elimination 


13 
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Systems of Linear Equations 


51. Begin by forming the augmented matrix for the system 


[1 10 2 
0 1 12 
10 12[ 
ta bc 0 
Then use Gauss-Jordan elimination as follows. 
[1 102 [1 1 0 2] 
0 1 12 0 1 1 2 
> 
0-110 0 -l 1 0 
la be 0 [0 b-a c -2aJ 
[1 1 0 2 1 1 0 2 
0 1 1 2 0 1 1 2 
> = 
0 0 2. `2 0 0 2 2 
[0 b-a c -2а| 00 a-b+c -2b 
[1 1 0 2 110 2 
0 1 1 2 0 1 1 2 
> > 
0 0 1 1 00 1 1 
[0 0 a-bt+e -2b 00 0 atbt+e 
[1 1 0 2 1 0 0 1 
0 1 0 1 0 10 1 
=> > 
00 1 1 00 1 1 
0 0 0 atbte 000 atbt+e 
Converting back to a system of linear equations produces 
x=1 
y= 
z=] 
0=a+b+e 
The system 


(a) will have a unique solution if a + b + c = 0. 
(b) will have no solution if a + b + c # 0. 


(c) cannot have an infinite number of solutions. 


53. Solve each pair of equations by Gaussian elimination as follows. 
| [4 -2 5 16 0: ovem "e 
(a) Equations 1 and 2: "re > 0 1-5 <8 >x= zt y =-—у+ 7 =1 
L 6 3 
| [4 2 5 16 ].*0» ih. 436 
(b) Equations 1 and 3: ins ay | > | i E E = х= 18 Пу = 20 + 062 =1 
L 14 14 


0 1 3 


(c) Equations 2 and 3: EA 


ЕБЕ 


(d) Each of these systems has ап infinite number of solutions. 
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55. Use Gauss-Jordan elimination as follows. 


ЫТЫЫ 


57. Begin by finding all possible first rows. 
(o Oo, [0 1}, [1 0] [1 «] 


For each of these, examine the possible second rows. 


o oflo oflo тоо 


These represent all possible 2 x 2 reduced row-echelon 
matrices. 


59. (a) True. In the notation m x n, m is the number of 
rows of the matrix. So, a 6 x 3 matrix has six rows. 


(b) True. On page 16, after Example 4, the sentence 
reads, “Every matrix is row-equivalent to a matrix 
in row-echelon form.” 


(c) False. Consider the row-echelon form 
100 0 0 
01 00 1 
00 102 
000 1 3 


which gives the solution x, = 0, x; = 1, x3 = 2, 
and x, = 3. 


(d) True. Theorem 1.1 states that if a homogeneous 
system has fewer equations than variables, then it 
must have an infinite number of solutions. 


a b a-c b-d a-c b-d 
69. => > => 
c d [s d a b 


61. To show that it is possible, you only need to give one 
example, such as 


Xy +x +23 =0 


X +X +x, =l 
which has fewer equations than variables and obviously 


has no solution. 


63. First, a and c cannot both be zero. So, assume a z 0, 
and use row reduction as follows. 


a b x В а Ь 
> —сЬ > 
c d 0 — +d 0 ad — bc 
a 


So, ad — bc + 0. Similarly, if с # 0, interchange rows 


and proceed as above. So the original matrix is row 
equivalent to the identity if and only if ad — bc # 0. 


65. Form the augmented matrix for this system. 

[4-2 1 0] 
1 A-2 0| 

Reduce the system using elementary row operations. 

| 1 4-2 0] 1 4-2 0 

A= 2 1 0| К 42 – 41 +3 o 


To have a nontrivial solution you must have 
А4*-4А+3=0 

(4 -1](4-3) = 0. 

So, if 2 = lor 4 = 3, the system will have nontrivial 

solutions. 


67. Answers will vary. Sample answer: Because the third 
row consists of all zeros, choose a third equation that is a 
multiple of one of the other two equations. 


x+ 322-2 
y+ 42 = 1 
2у + 82 = 2 


(ЫИ 


The rows have been interchanged. In general, the second and third elementary row operations can be used in this manner to 
interchange two rows of a matrix. So, the first elementary row operation is, in fact, redundant. 
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Systems of Linear Equations 


Section 1.3 Applications of Systems of Linear Equations 


1. (a) Because there are three points, choose a second- 


(b) 


degree polynomial, р(х) = ау + ах + a5x^. Then 
substitute х = 2, 3,and 4 into р(х) and equate the 


results to у = 5, 2, and 5, respectively. 


ay + a,(2) а,(2) = ар + 22) + 4a, = 5 
ay + a,(3) a (37 =a) + За + 9а = 2 
а + a(4) + а,(4) = a + 4a, + 16a; = 5 
Form the augmented matrix 

12 4 5 

1-3. 9 2 

|| 4 16 5 


and use Gauss-Jordan elimination to obtain the 
equivalent reduced row-echelon matrix 


[100 29 
0 1 0 —18| 
[0 0 1 3 


So, р(х) = 29 - 18x + 3x. 


6+ 


|Q.5 (4, 5) 


3. (a) Because there are three points, choose a second- 


5. (a) Because there are four points, choose a third-degree polynomial, 


x) = ag + ах + ax? + ax. Then substitute x = —1, 0, 1, and 4 
P 0 1 2 3 


into p(x) and equate the results to у = 3, 0, 1, and 58, respectively. 


3 


а — 


ay + 


a3 


a3 


ау + 4a, + 16a, + 64a, 


3 
0 
1 
58 


degree polynomial, p(x) = a) + ах + a5x^. Then 
substitute х = 2, 3, and 5 into р(х) and equate the 
results to y = 4, 6, and 10, respectively. 


ay + a,(2) + a (27 =a + 2а + 4a = 4 
ay + a,(3) + ay(3) =a) + За + 9а = 6 
ay + a,(5) + a,(5) = ay + Sa, + 25a, = 10 


Use Gauss-Jordan elimination on the augmented 
matrix for this system. 


12 4 4 


13 9 6 


(b) 


ay + а(-1) а ( 1) a;( 1) =a - at 

ay + a,(0) a;(0)" a (0) = 40 

ag + a()* + a(l) =a) + a + 

a + a,(4) a,(4)” ay(4) - 

Use Gauss-Jordan elimination on the augmented matrix for this system 
1-1 1 -1 3 1000 0 

1000 0 0100 -3 

1 1 1 1 1 ai 0010 2 

1 4 16 64 58 0001 4 

So, p(x) = —3x + 2x? + ix. 
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7. (a) Because there are five points, choose а fourth-degree polynomial, p(x) = а + ах + ax? + аух? + ах“. 
Then substitute x = —2, —1, 0,1, and 2 into р(х) and equate the results to у = 28, 0, —6, – 8, and 0, respectively. 


3 4 


ay + a(-2) + aj(-2) + a;(-2)? + a4(-2)! = ay — 2а + 4a, — 8а; + 16a, = 28 

ay + а(—1) + ay(-1). + a;(-1)° + a,(-1)" = а-а +a - а +a, = 0 

а + a(0) +.,(0) + (0) + a,(0)' = a = –6 

a +a(l) + a,(1) + a;(l)° + а(1)' =a ta +a +a +a, --8 

a + а(2) + a2) + a;(2)° + a,(2)° = ау + 2a, + 4a, + 8а; + 16a, = 0 

Form the augmented matrix 

|| -2 4 -8 16 28 

1 -1 1-1 1 0 

1 00 0 0 -6 

1 1 1 1] 1] -8 

1 2 4 8 16 0 

and use Gauss-Jordan elimination to obtain the equivalent reduced row-echelon matrix 

(0,767 d. -8) 
9. (a) Let z = x — 2014. Because there are three points, choose the second-degree (b) | 

polynomial p(z) = dy + ах + a,x’. Then substitute x = —1, 0, and 1 
into p(z) and equate the results to у = 5, 7, and 12 respectively. 

a + а(—1) + a,(-l! = а-а +a, = 5 

a + (0) + (0) = а = 7 (1,5) 4L 
a + al) + a (1? =a +a +a = 12 E =z 
Use Gauss-Jordan elimination on the augmented matrix for this system. (2013) (2014) (2015) 
1 -1 1 5 100 7 

1 00 7/2/010 35 

1 1 112 0 0 1 L5 


2 


So, p(z) = 7 + 3.5z + 1.52°,ог p(x) = 7 + 3.5(x — 2014) + 1.5(x — 2014) 
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11. (a) Because there are three points, choose the second-degree polynomial, (b) í (0.148, 0.284) 


13. Choosing a second-degree polynomial approximation, p(x) = а) + ах + ax’, substitute x = 0, 


р(х) = ao + ах + ax’. Then substitute x = 0.072, 0.120, and 0.148 
into p(x) and equate the results to y = 0.203, 0.238, and 0.284, respectively. 


ay + a,(0.072) + a; (0.072) = ау + 0.072a, + 0.005184a, = 0.203 
Я 0.2 (0.120, 0.238) 
ay + a,(0.120) + a,(0.120) = а, + 0.122 + 0.0144 = 0.238 01-- 
P 7 | (0.072, 0.203) 
ay + a,(0.148) + а,(0.148) = ay + 0.148a, + 0.021904a, = 0.284 Satta ob 
—0.2—0.1 0.1 0.2 
Use Gauss-Jordan elimination on the augmented matrix for this system. 
1 0.072 0.005184 0.203 1 0 0 0.25437 
10.12 0.0144 0.238} > |01 0 -1.57910 
1 0.148 0.021904 0.284 0 0 1 12.02224 


So, р(х) = 0.254 — 1.579х 12.0223. 


Л 
PS 


2 
and z into p(x) and equate the results to y — 0, 1, and 0, respectively. 


ao = 0 
2 
cT a 

a + Ža + а? 1 
2 4 


а, + ла + л?а = 0 
Then form the augmented matrix 


по 00 


1 


a NJA 


1 


10 0 0 
0 10 2| 
л 
00 1 as 
л? 
4 4 4 
бо, р(х) = —х х? = mx — x’). 
Р( ) m p zd ) 
Furthermore, 


2 3 
sin Z = =) EI 42) (=) -= 427 |8 0.889. 
3 3) m|43) G mo] 9 


Note that sin 2/3 = 0.866 to three significant digits. 
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17. 


19. 


Section 1.3 Applications of Systems of Linear Equations 


Assume that the equation of the circle is x? + ax + y? + by — с = 0. Because each of the given points lies 
on the circle, you have the following linear equations. 


(1) + a(l) + (BF + 63)-c= a+3b-c+10=0 
(-2)° + a(-2) + (6) + b(6) - c = 2a + 6b- с+ 40 = 0 


(Ay + a(4) + (2) + (2) - c9 4a*2b-c-20-0 


Use Gauss-Jordan elimination on the system. 


1 3 -1 -10 1 0 0 -10 
-2 6 -1 -40| 0 1 0 -20 
4 2 -1 -20 0 0 1 —60 


So, the equation of the circle is x? – 10x + y? — 20y + 60 = 0, or (x — sy + (у = 10) = 65. 


Because you are given three points, choose a second-degree polynomial р(х) = ау + ах + a,x”. Because the 
x-values are large, use the translation 2 = x — 2000 to obtain (—10, 249), (0, 282), and (10, 309). Substituting 


the given points into p(x) produces the following system of linear equations. 


dy + a(-10) + a,(-10) = а — 10a, + 100a, = 249 
a + a,(0) + ay(0)* = a 


282 


a, + a,(10) + a,(10)” = ay + 10a, + 100a, = 309 
Form the augmented matrix 

[1 -10 100 249 

1 0 0 282 

|| 10 100 309 


and use Gauss-Jordan elimination to obtain the equivalent reduced row-echelon matrix. 


[100 282 
0 10 3 
|0 0 1 -0.03 


So, p(z) = 282 + 3z — 0.03z? and p(x) = 282 + 3(x — 2000) — 0.03(x 2000). To predict the population 
in 2020 and 2030, substitute these values into p(x). 


p(2020) = 282 + 3(20) — 0.03(20)” = 330 million 


p(2030) = 282 + 3(30) — 0.03(30)" = 345 million 


(a) Letting z = x — 2000, the four points are (7, 14,065), (8, 17,681), (9, 14,569), and (10, 18,760). 


Let p(z) = ay + az + az? + az. 


ay + a(7) + a7) + a3(7) =a + 7а + 49a, + 343a, = 14,065 
a, + a,(8) + a,(8) + a;(8) = ay + 8a + 64a, + 512a; = 17,681 
a, + а(9) + aj(9) + a;(9) = ay + 9a, + 81a, + 729a, = 14,569 
dy + a(10) + a (10)? + a,(10) = ay + 10a, + 100a, + 1000a; = 18,760 


19 
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(b) Use Gauss-Jordan elimination to solve the system. 


1 7 49 343 14,065 1 0 0 0 -L378,235 
1 8 64 512 17,681 0 1 0 0 500,729.5 
1 9 81 729 14,569 7 00 10 —59,488 
1 10 100 1000 18,760 000 1 2338.5 


So, p(z) = –1,378,235 + 500,729.5z — 59,488? + 2338.529, and 
p(x) = -1,378,235 + 500,729.5(x — 2000) — 59,488(x — 2000)" + 2338.5(x — 2000)’. 


To determine the reasonableness of the model for years after 2010, compare the predicted 
values in 2011—2014 to the actual values. 


x 2011 2012 2013 2014 


р(х) | 44,285 | 105,175 | 215,461 | 389,174 


Actual | 23,150 | 23,171 | 22,453 | 22,074 


The model does not produce reasonable outcomes after 2010. 


21. (a) Each of the network’s four junctions gives rise to a linear equation as shown below. 
input = output 
400 + x, = № 
x +x, = x4 600 
300 = x, + x, + x 
x4 + x; = 100 


Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 


1-10 00 400 10 10 1 700 
1 01-10 600 0 1 10 1 300 
0 1 0 1 300 Ж 000 1 1 100 
0 00 1 1 100 00000 0 


Letting x = tand x; = s be the free variables, you can describe the solution as 
x = 700-s-t 

x, = 300-s-t 

X% =s 

x, 2100-1 

Xs — t, where t and s are any real numbers. 


(b) If x, = O and х; = 100, then the solution is: x, = 600, x, = 200, x, = 0, x, = 0, and x; = 100. 
(c) If x, = x; = 100, then the solution is: x, = 500, x, = 100, x, = 100, x, = 0, and x; = 100. 
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23. (a) Each of the network’s four junctions gives rise to a linear equation, as shown below. 


input = output 


200 + x, = Xx 
X4 = x, +100 
X4 = x4 + 200 
x, +100 = X3 


Rearranging these equations and forming the augmented matrix, you obtain 


1 
0 
0 
|1 


-] 0 0 200 
1 0 -1 -100 
0 1-1 = 200/ 
0 -1 0 -100 


Gauss-Jordan elimination produces the matrix 


100-1 100 
0 10 -1 -100 
00 1-1 200| 
ооо 0 0 
Letting x, = t, you have x, = 100 + t, x; = —100 +, x; = 200 + t, and x4 = t, where t is a real number. 


(b) When x, = t = 0, then x, = 100, x; = –100, and x, = 200. 
(c) When x, = t = 100, then x, = 200, x; = 0, and x, = 300. 


(d) When x, = 2x;, then 100 = 2(-100 + 2), or t = 300.So, x, = 400, х, = 200, x, = 500,and x, = 300. 


25. Applying Kirchoff's first law to either junction produces 


L+I 


з = 


and applying the second law to the two paths produces 


Rt 3 


- Roly = 4h + 31, =3 


Roly я 


Rearrai 


- RJ, 231; * 1, =4. 


nge these equations, form the augmented matrix, 


and use Gauss-Jordan elimination. 


1-110 1000 
4 303|,2/|0 10 I 
0 3 14 00 1 1 
So, Д = 0, L = land J; = 1. 


27. (a) 


(b) 


To find the general solution, let А have a volts and B 
have b volts. Applying Kirchoff's first law to either 
junction produces 


+i, = Б 

апа applying the second law to the two paths 
produces 

Ri, + Roly = 1, + 21, =a 

RJ, Rly = 2, + З, =b 


Rearrange these three equations and form the 
augmented matrix. 


[1-110 
1 20a 
|0 2 4 b 


Gauss-Jordan elimination produces the matrix 
[1 0 0 (3a-6)/7 

0 10 (4a + b)/14 |. 

0 0 1 (3b – 2a)/14 


When a = Sand b = 8, then 7, = 1, J, = 2, and 
I, = 1. 
When а 
I, = 1. 


2 and b = 6, ћеп Д = 0, J, = 1, and 
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29. p 60 * 20€ D f, 
4 
т, _ 60+ 50+ T +T, m-n- 1h = 80 
2 4 eh 427; - Т, = 110 
,-20+10+1+Т, ^ т + АТ, – Т, = 30 
4 - h- Т, + 4Т, = 60 
p, 2 50 +10+5 + 
4 
Use Gauss-Jordan elimination to solve this system. 
4-1-1 0 80 1000 37.5 
-] 4 0 -1 110 отоо 45 
-1 0 4-1 30 Е 00 10 25 
0-1-1 4 60 000 1 325 


So, Д = 37.5?C, T = 45°С, T; = 25?C, and Т, = 32.5°C. 


3 4x? CR NS NM 35. 2x +A =0 
"(x4ly(x-1]) x-1 х+1 (x41) 2у+А =0 
х+ у -4=0 


4x? = A(x + 1) + B(x + 1)(x — 1) + C(x -1) 
4x? = Ax? + 2Ax + A + Bx? -B+Cx-C 


The augmented matrix for this system is 


Р , [2 0 1 0 
4x? = (A+ В)х? + (24+ C)x+A-B-C 0210 
So, 4 + B = 4 1104 
ge PUE Gauss-Jordan elimination produces the matrix 
A QUÉ а moo 2 
Use Gauss-Jordan elimination to solve the system. 010 2 
1 1 0 4 100 1 loo 1 -4 
2 0 1 0|5|0 10 3 
So, x = 2, y = 2,and 4 = -4. 
1 -1 -1 0 00 1 -2 


The solution is: A = 1, В = 3, and С = -2. 


T 4x? S PE: 2 
"(x0 (x-1 x-1 x1 (xl 


33. Use Gauss-Jordan elimination to solve the system. 
20 10 100 2 
02 10= [010 2 
1 10 4 00 1-4 


So, x = 2, y = 2, and 4 = -4. 
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37. Let р(х) = а, + ax + a,x? be the equation of the 
parabola. Because the parabola passes through the points 
(0, 1) and (2, 1), you have 


ay + a,(0) 


2 
1 1\2 _ 1 Do nd 
Ap a(1) a,(4) a + la, + ta, = 1. 


Because p(x) has a horizontal tangent at (2, 1), the 
derivative of p(x), p(x) = a, + 2a,x, equals zero 
when x = 1. So, you have a third linear equation 
a+ 2a,(+) =at+a = 0. 


Use Gauss-Jordan elimination on ће augmented matrix 
for this linear system. 


100 1 100 1 
1 1 1 

12931210 10 -2 

0110 00 1 2 


So, р(х) = 1- 2x + 2x?. 


y 


(0, 1) 


ul 
A 
“= 
1 
ES 
© 
+ 
= 
= 
= 
E 
А 
= 
= 
= 
N 
a 
N 
| 
! 
N 
5 


= а + а і 


а = 
atata = 0 


(iii) Form the augmented matrix 


1-110 
1 000 
1 110 


and use Gauss-Jordan elimination to obtain the 
equivalent reduced row-echelon matrix 


1000 
0 100, 
00 10 


So, а, = 0, a, = O, and a, = 0. 


(b) 


41. (a) Letting p(x) = ag + ax + ax’, substitute 


x = 0, 2, and 4 into p(x) and equate the results to 
y = 1, 4, and 4, respectively. 

ay + a,(0) + а(0)° = ay =1 

а, + а(2) + a2). = a + 2a, + 4a, = 1 

ay + a,(4) + a,(4)” = ау + 4a, + 16a, = 1 


Use Gauss-Jordan elimination on ће augmented 
matrix for this system. 


10 0 1 10 0 1 
1 7 
12 4 5121010 -5 
1 1 
1 4 16 5 001 + 


So, p(x) =1- 35 + TA 


Letting р(х) = а, + ах + азх?, substitute 
x = 0, 2, and 4 into р(х) and equate the results to 
у = 1, 3, and 5, respectively. 


2 


ay + а(0) + а›(0) do = 1 


ay + a(2) + a,(2)” a + 2a, + 4a, =3 


ay + a,(4) + a,(4)” 


ау + 4a, + 16a, = 5 


Use Gauss-Jordan elimination on the augmented 
matrix for this system. 


10 0 1 100 1 
12 43510101 
1 4 16 5 00 10 


So, р(х) = 1+ x. 
The graphs of у = 1/p(x) = 1/(1 + x) and that of 


the function у = 1 – Lx + 4x? are shown below. 


y 
À 
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Chapter 1 Systems of Linear Equations 


Review Exercises for Chapter 1 


1. 


11. 


13. 


15. 


19. 


Because the equation cannot be written in the form 7. Choosing y and z as the free variables and letting y = s 
ax + ay = Б, it is not linear in the variables x and y. and z = t, you have 
"e BA —3х + 4s -2t = 1 
. Because the equation is in the form a,x + ay = b, it is 


linear in the variables x and y. FOES ae 


P tap MAN 02 
| р . x= 3 + 34 3t 
. Because the equation cannot be written in the form | | 
ax + ay = Б, it is not linear in the variables x and y. So, the solution set can be described as 
x= = + 4s = 2t, у = s,and z = t, where s and t 
are real numbers. 
. Row reduce the augmented matrix for this system. 
1 12 1 1 2 112 1 0 4 
> > 3 > 3 
3 -1 0 0 -4 -6 01 5 0 15 
Converting back to a linear system, the solution is: x — land y= ES 
Rearrange the equations as shown below. 
x-y=-4 
2x -3y = 0 
Row reduce the augmented matrix for this system. 
1 -1 -4 1 -1 -4 1-1 —4 1 0 -12 
> > > 
23 0 0-1 8 0 1 -8 0 1 -8 
Converting back to a linear system, the solution is: x = —12 апа y = -8. 
Row reduce the augmented matrix for this system. 
110 1 10 110 100 
> > > 
210 0 -10 010 0 10 
Converting back to a linear system, the solution is: x = 0 and y = 0. 
The augmented matrix for this system is 17. Expanding the second equation, 3x + 2y = 0, the 
| 1 -l 4 augmented matrix for this system is 
— L Ik 
1 1 1 5 3 0 
which is equivalent to the reduced row-echelon matrix 3 20 
1-10 which is equivalent to the reduced row-echelon matrix 
0. o0 1f | 0 ; 
Because the second row corresponds to 0 = 1, which is 0 10/ 
a false statement, you can conclude that the system has So, the solution is: x = 0 and y = 0. 


no solution. 


Multiplying both equations by 100 and forming the augmented matrix produces 
20 30 14 
40 50 20] 
Use Gauss-Jordan elimination as shown below. 
3 7 
Tre Sio m 1 
40 50 20 0 -l 


So, the solution is: x, = —land x, = Ж 


© njw 
do 51У 
po S 
сүт 
© = 
= юш» 
uje sk 
eee ee) 
(esl 
Фо = 
— © 
| 
AA toj— 
2221 
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21. 


23. 


25. 


27. 


29. 


31. 


33. 


Because the matrix has 2 rows and 3 columns, it has size 
2х3. 


The augmented matrix is equivalent to the reduced row- 
echelon matrix 


10 5 
0 1 -5[ 


So, the solution set to the system of linear equations is 
x = Sand x, = —5. 


This matrix corresponds to the system 
x, + 2x, =0 
хз = 0. 
Choosing x, = t as the free variable, you can describe 
the solution as x, = —2t, x; = t, and x4 = 0, where t is 


a real number. 


This matrix has the characteristic stair step pattern of 
leading 1’s so it is in row-echelon form. However, the 
leading 1 in row three of column four has 1’s above it, so 
the matrix is not in reduced row-echelon form. 


Because the first row begins with —1, this matrix is not 
in row-echelon form. 


The augmented matrix for this system is 


[-1. 1 2 1 
23 1-2 
[542 4 


which is equivalent to the reduced row-echelon matrix 
[100 2 
0 10 2. 
lO oO 1 3 


So, the solution is: x = 2, y = —3,and z = 3. 


Use Gauss-Jordan elimination on the augmented matrix. 


23 3 3 100 4 
6 6 12 B|=]|0 10-1 
12 9 -1 2 00 1 1 
So, x = 1, y = Landz -]1 


35. 


37. 


39. 


41. 


Review Exercises for Chapter 1 25 


The augmented matrix for this system is 


1-2 1 + 
2-3 0-7 
[1 3 -3 1 


which is equivalent to the reduced row-echelon matrix 
[10 -3 4 
0 1-2 5. 
00 0 0 


Choosing z = t as the free variable, you find that the 
solution set can be described by x = 4 + 3t, 
y = 5 + 2t,and z = t, where t is a real number. 


Use Gauss-Jordan elimination on the augmented matrix. 


12 6 1 12 6 1 
25 15 451013 2 
3 1 3 -6 000 1 


Because the third row corresponds to the false statement 
0 = 1, there is no solution. 


The augmented matrix for this system is 
[2 11 2 -1 


-l 32 2 | 
3 o2 o 12 


which is equivalent to the reduced row-echelon matrix 


1000 1 


0100 4 

00 10 =! 

o 0 0 1 -2 

So, the solution is: x, = 1, x = 4, x, = —3, and 
x, = 2. 


Using a graphing utility, the augmented matrix reduces 
to 


10 0 216 
0 10 —61| 
001-01 


So, the solution is: x, = 21.6, x; = —6.1, and 
x; = -0.1. 
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43. 


45. 


51. 


53. 


Chapter 1 Systems of Linear Equations 


Using a graphing utility, the augmented matrix reduces to 
1000 
0 14 
000 
000 


о o м 


Choosing 2 = t as the free variable, you find that the 
solution set can be described by x = 0, y = 2 — 4t, 
and 2 = t, where t is a real number. 


Using a graphing utility, the augmented matrix reduces to 
1500 
00 10 
00 0 1f 
0000 


So, the system has no solution. 


Forming the augmented matrix 


k 10 
l k 1 


and using Gauss-Jordan elimination, you obtain 


l k l 1 k 1 EOR l 
> > k |> 
k 10 0 l-k? -k 0 1 —— 


So, the system is inconsistent if k = +1. 


Row reduce the augmented matrix. 


$ 6 Ер (b im Tum 


(a) There will be no solution if b — 2a = 0 and 
—9 — 3a + O. That is, if b = 2aand a = —3. 


(b) There will be exactly one solution if b # 2a. 


(c) There will be an infinite number of solutions if 
b = 2aand a = —3. That is, if a = —3 and 
b = —6. 


47. Use Gauss-Jordan elimination on the augmented matrix. 


1 -2 -8 0 10-20 
— 
3 2 00 01 30 
Choosing x, = t as the free variable, you find that the 


solution set can be described by x, = 2t, x; = —3t, and 


x; = f, where t is a real number. 


49. The augmented matrix for this system is 


[-2 7 -3 0 
4-2 50 
0 12 70 


which is equivalent to the reduced row-echelon matrix 
[1000 
0 10 0| 
|00 10 


So, the solution is: x, = 0, x; = 0, and x, = 0. 


55. You can show that two matrices of the same size are row 


equivalent if they both row reduce to the same matrix. 
The two given matrices are row equivalent because each 
is row equivalent to the identity matrix. 
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57. Adding a multiple of Row 1 to each row yields the 
following matrix. 


1 2 3 n 

0 -n -2n -(n —1)п 

0 -2n —4n -2(n — l)n 

0 -(n = Dn -2(n - Dn зз -(n- үл - l)n 


Every row below Row 2 is a multiple of Row 2. 
Therefore, reduce these rows to zeros. 


12 3 -e n 
0 -n -2n + -(n-1)n 
0 0 0 > 0 
0 0 0 0 


123 п 
012 п-1 
000 0 
ооо. 0 


[10-1-- 2-n 
0 1 2 ++) n-1 
000. 0 
10 0 0 — 0 


This matrix is in reduced row-echelon form. 


re 8x? -4 , B, C 
`(х-1}(х+ї) х+1 x-1 (x-1 


8x? = A(x - 1) + B(x - 1)(x + 1) + C(x +1) 
8x? = Ax? — 2Ах + A + BÓ -B+Cx+C 
8x? = (A + В)х? + (-2A + Ox  A- B4 C 


So, A+B -8 
-2A +C=0 
A-B+C=0. 


Use Gauss-Jordan elimination to solve the system. 
1 10 8 1 0 0 2 
2 0101510106 
1-110 00 14 


The solution is: A = 2, B = 6,and C = 4. 
8x? 2 6 4 
= + + 


So, 2 2 
(х-1)(х+1) x+1 x-l (x-1) 


Adding —2 times Row 2 to Row 1 yields a new first row. 


Review Exercises for Chapter 1 27 


59. (a) False. See page 3, following Example 2. 
(b) True. See page 5, Example 4(b). 


61. Let x = number of touchdowns, y = number of extra- 
point kicks, and z — number of field goals. 
бх + y + 32 = 45 
x-y = 0 
x -6z= 0 
Use Gauss-Jordan elimination to solve the system. 
6 1 345 1006 
1-1 0 0|=>]0 1 0 6 
1 0-6 0 00 1 1 


Because x = 6, y = 6,and z = 1, there were 6 
touchdowns, 6 extra-point kicks, and 1 field goal. 
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65. (a) Because there are three points, choose a second- 


degree polynomial, p(x) = ay + ах + ax’. By 


substituting the values at each point into this 
equation you obtain the system 


4a, = 5 
ay + 3a, 9a, = 0 


a + Aa, + 16a, = 20. 


ay + 2a, 


Forming the augmented matrix 


[12 4 5 
13 9 0 
1 4 16 20 


and using Gauss-Jordan elimination you obtain 


[100 90 
135 
0 1 0 -85 
25 
боо 2 


(bt) > 
25 + 
354. (4, 20) 
15 + 
10+ 
| о, 5) 
: (3, 0) 
— px 


12 3 4 5 


67. Establish the first year as x — 0 and substitute the 


values at each point into p(x) = а, + ах + ax’ to 


obtain the system 


аб = 50 
а а, a, = 60 
а + 2a, + 4a, = 75. 


Forming the augmented matrix 


тоо 50 
1 1 1 60 
1 2 4 75 


and using Gauss-Jordan elimination, you obtain 
0 0 50 

0 
1 


сл 


[1 
0 
0 


Nju E 


1 
0 


So, р(х) = 50 + Bx + 3x°.To predict the sales in the 


fourth year, evaluate p(x) when x = 3. 


p(3) = 50 + 15(3) + (3)? = $95 


69. (a) There are three points: (0, 80), (4, 68), and (80, 30). 


(b) 


Because you are given three points, choose a second- 
degree polynomial, p(x) = а + ах + ax’. 
Substituting the given points into p(x) produces the 
following system of linear equations. 

ay + (0)а + (0) a; = dy = 80 


dy + (4a + (4а, =a + 4a,+ 16а; = 68 


ay + (80)а + (80) а = ay + 80a, + 6400a, = 30 
Form the augmented matrix 

1 0 0 80 

1 4 16 68 

1 80 6400 30 


and use Gauss-Jordan elimination to obtain the 
equivalent reduced row-echelon matrix 


100 80 
25 
010-23. 
1 
00 1 a 
So, р(х) = 80 - 2x + Lx". 


(c) The graphing utility gives ay = 80, a, = —22, and 


=, 


аз = 35-In other words, р(х) = 80 — ex dan 


(d) The results of (b) and (c) are the same. 


(e) There is precisely one polynomial function of degree 


n — 1(or less) that fits п distinct points. 
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71. (a) First find the equations corresponding to each node in the network. 
input = output 
x; + 200 = x, + x4 


x; + 100 = x, + x; 


X) + x3 = x; + 300 


X4 + X5 = % 

Rearranging this system and forming the augmented matrix, you have 
[1 -1 0 -1 0 0 -200 

1 0 1 0 0-1 100 

0 11 0-1. 0 300] 

0 00 1 14 0 


The equivalent reduced row-echelon matrix is 
[10 10 0 -1 100 


01 10-1. 0 300 
000 1 1 -1 0 
0000 0 0 0 


Choosing x, = r, xs = s, and x, = tas the free variables, you obtain 
x =100-r+t 

х = 300 -r +s 

x4 ==s +t, 


where r, s, and t are any real numbers. 


(b When x, = 100 = r, x = 50 = s, and x; = 50 = t, you have 
x, = 100 —100 + 50 = 50 
х = 300 – 100 + 50 = 250 

—50 + 50 = 0. 


X4 
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CHAPTER 2 
Matrices 


Section 2.1 Operations with Matrices 


3. 2x +1=5 3y -5 = 4 
2x = 4 3y = 9 
х= 2 у= 3 


5. (а) 


(b) 4-в-[) а 


HR SIS 


(d) м-в 
4 


Е: 3] i1 2]. [3 3], 
2 4 2| ?|2 1 4 2 


HEP 
Ы а-в | || к 
өм То о OL 


аа 0 Sl es ARs 2 
@ Tez eg g р ре 10 


2 -3 4 2 11 23 4 puo 3 -2 2 
(e) В +14 = +1 = + 22| 2 2 
3 1-2 1 -1 4 Ве dqee2 NI DE" 2 i10 
6 03 8 -1 П. (а) cj, = 2а, — 3b, = 2(-3) – 3(0) = -6 
ngel al | 21 21 21 (-3) (0) 
-1 —4 0 4-3 (b) сз = 2a — 3b = 2(4) - 3(-7) = 29 


(a) A+ B isnot possible. 4 and B have different sizes. 
(b) 4 — B is not possible. А and B have different sizes. 


(с) 24 12 0 6 
с = 
-2 -8 0 
(d) 2A — В isnot possible. А and В have different 
sizes. 


(e) В + ТА is not possible. A and B have different 


sizes. 
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32 Chapter 2 Matrices 
13. Expanding both sides of the equation produces 
4x 4y 2y+8 2z+2x 
4z 4| |-2x+10 2-2х[ 


By setting corresponding entries equal to each other, you obtain four equations. 


4х = 2y+8 > 4х – 2у = 8 
4y = 22 + 2х > 2х - Ay + 22 = 0 
42 = -2x + 10> 2х + 42 = 10 
4 = 2-2x> 2х = 6 


Gauss-Jordan elimination produces х = 3, у = 2,and z = 1. 


[12][2 -1 102) + 2(-1) 1(-1) + 2(8) 0 15 
УЕ | | bs + 2(-1) 4(-1) + | Е sl 
[2 [1 2 2(1) + (—1)(4) 2(2) + (-1)(2) -2 2 
ewer ES Ja ; 7 | 11) + 8(4) -ц(2)+ | = E 4 


2-1 3| 0 1 2 2(0) + (—1)(—4) + 3-4) 201) + (-1)(1) + 3-1) 2(2) + (-1)(3) + 3(-2) 
17. (а) АВ = |5 1 |^ 1 | 5(0) + 1(-4) + (—2)(—4) 5(1) + 1(1) + (—2)(—1) 5(2) + 1(3) EL 
2 2 3i-4 -1 -2] | 2(0)+2(-4)+3(-4)  2(1) +21) +3(-1) — 22) 2(3) + 3(-2) 
| -8 -2 -5 
=| 4 8 ў 
-20 1 4 
Г 212-1 3 
(b ВА = |– BE! 1 
|-4 -1 -2]2 2 3 
Г 0(2) + 1(5) + 2(2) 0(—1) + 1(1) + 2(2) 0(3) + 1(-2) + 2(3) 
= —4(2) + 1(5) + 3(2) —4(—1) + ЦІ) + 3(2) -4(3) + 1(-2 E 
|-4(2) + (-06) + C2)2). –4(-1) + (—1)(1) + (-2(2) 48) + (-1)(-2) + (—2)(3) 
[9 5 4 
=| 3 11 | 
|-17 -1 -16 


19. (a) AB is not defined because 4 is 3 x 2 and B is 3 x 3. 


[o -1 Of 2 1] о) + (-1)(-3) + o(1) o(1) + (-1)(4) + 0(6) $ 4 
(b вА = |4 0 Е | 4(2) + 0(-3) + 20)  4(1) + 0(4) + х-н й 


[8 -1 7] 1 6] |8(2) + (-1)(-3) + 71) 8(1) + (-1)(4) + 7(6) |26 46 
2 
21. (a) АВ = [3 2 уези = [12] 
0 


2 203) 2(2) 2(1) 
(b) BA = ^ 2 = E 3(2) o = | 


0 
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23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


ы зр, | -1(1) + 3(0) — -1(2) + 3(7) 
(a) 48 = |4 -s| |- 4(1) + (-5)(0) 4(2) + (-5)(7) 
|o 27 (1) + 2(0) 002) + 2(7) 


[o -1 olf 2] [0(2) + (-1)(-3) + 0(1) 3 
(а) AB=|4 0 2|-3| =| 4(2) + o(-3) + 2(1)| = [10 

|8 -1 7] 1] [8(2)+(-1(-3)+70)} 126 
(b) BA is not defined because B is 3 x 1 and A is 3 x 3. 


6 6(10)  6(12) 60 72 

3  |-x00) —x12)  |-20 -24 
Der e ME (10 102) | 10 12 
6 e(10)  6(12) 60 72 
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-1 19 
4 -27 
0 14 


(b) BA is not defined because В is a 1 X 2 matrix and А is a 4 X 1 matrix. 


A + B is defined and has size 3 x 4 because A and B 
have size 3 x 4. 


iD is defined and has size 4 x 2 because D has size 
4х 2. 


AC is defined. Because A has size 3 х 4 and C has size 
4 x 2, the size of AC is 3 x 2. 


E — 2A is not defined because Е and 2A have different 
sizes. 


As a system of linear equations, Ax = 0 is 
2X - a- x20 
х= 2%» + 2x, = 0 


Use Gauss-Jordan elimination on the augmented matrix 
for this system. 


2 -1-10 10-40 
> 
1-2 20 0 1 2 0 
Choosing x4 = 3t, the solution is x, = 4t, x; = 5, and 


X4 — 3t, where t is any real number. 


In matrix form Ax = b,the system is 
ЕЕЕ 4 
[2 || |0[ 
Use Gauss-Jordan elimination on the augmented matrix. 
[-1 1 4 10 4 
> 
-2 1 0 018 


ОЕ 4 
So, the solution is = . 
X? 8 


41. In matrix form Ax = b, the system is 


[2 -3][ x, -4 
| 6 1x] |-36[ 
Use Gauss-Jordan elimination on the augmented matrix. 
[-2 -3 -4 10 -7 
— 
| 6 1 -36 0 1 6 


0. | = 
So, the solution is = f 
х 6 


43. In matrix form Ax = Б, the system is 


Е | 17 


Use Gauss-Jordan elimination on the augmented matrix. 


1-2 3 9 1 0 0 1 
-1 3 -1 61510 1 0-4 
|} 2-5 5 17 0 0 1 2 
x 1 
So, the solution is | x | = | –1 |. 
X3 2 
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45. In matrix form Ax = b, the system is 51. The augmented matrix row reduces as follows. 

| 1-5 215 —20 1 1-5 3 100 1 

3 1 -1||х»|= 8 |. 1 0 -1 1}5/0 10 2 

|0 2 Sl» —16 2 -1 -1 0 00 10 
Use Gauss-Jordan elimination on the augmented matrix. 3 1 1 29 

[| 1 -5 2 -20 1 0 0-1 So, b =} 1} = 1] 1} + 2) 0] «0-1. 

-3 1-1] 81510 1 0 3 0 2 -1 -1 
0 -2 5 -16 0 0 1 ) . А 
n 53. Expanding the left side of the equation produces 
ү act | d | | il 
So, the solution is | xo | = | 3). 3 5 3 Sla4 а» 
5 E _ | a1 + 2a, a2 +2ay} |1 0 
47. In matrix form Ax = b, the system is 3a, + 5а За 5a5 0 1 

2-10 I x 3 from which you obtain the system 

0 3 -1 -l X2 -3 а + 2a, = 1 

1 0 1 -3 X3 = -4 а + 2а = 0 

1 1 2 0 X4 0 3a; + 5aü5 =0 
Use Gauss - Jordan elimination on the augmented За + 5а = 1. 
matrix. | TEE | 

Solving by Gauss-Jordan elimination yields a, = —5, 

De 1x (ул - db © 3 1000 1 Ay = 2, ay = 3,and dy = —1.бо, you have 

0 -1 -1 -3 DL es -5 2 

A= : 
1 0 1 -3 -4| => |0 10 0 3 -1 
1 2 0 0 0 01 3 
2 


55. Expand the left side of the matrix equation. 


Xx i 1 2|a b] [6 3 
20. |] -l Alle d 19 2 
So, the solution is = р 
0 a+2c b+2d|_ | 6 3 
ч 5 За + 4с 3b+4d| |19 2 
By setting corresponding entries equal to each other, 
obtain four equations. 


чө 


49. The augmented matrix row reduces as follows. 


К cee -1 0 l рт a: 
3 3 1 7 0 0 1-2 b ag 3 
There are an infinite number of solutions. За + 4c = 19 
Answers will vary. Sample answer: x; = —2, 3b +4d = 2 
xX, = 0, x = 3. 


Gauss-Jordan elimination produces a = 7, b = +, 


-1 [1 -1| 2 es 24 
So, b = E +0 Im c= —5, and d = 5. 
7 Е -3 | 1 


-1 0 0-1 0 0 —1(-1) + 0(0) + 0(0) -1(0) + 0(2) + 0(0) —1(0) + 0(0) + 0(3 1 
57. AA = 2 0102 0|=| O(-1) + 2(0) + 0(0) 0(0) + 2(2) + 0(0) 0(0) + 2(0) + 0(3)| = 

[o o Bl Oe 0 3| o(—1) + 0(0) + 3(0) 0(0) + 0(2) + 3(0) 0(0) + 0(0) + 3(3 

2 R Д E d k ‘le | P 1 
59. AB = - ВА = = 

jo -3]] 0 4 0 -12 0 410 3 0 -12 
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61. 


63. 


65. 


67. 


73. 


75. 


Let A and B be diagonal matrices of sizes n х n. 


Then, AB = [с, | = р cas 
k=l 


where c; = Oif i z j,and c; = a,b; otherwise. 


The entries of BA are exactly the same. 


The trace is the sum of the elements on the main 
diagonal. 


1+ (-2)+3=2 


The trace is the sum of the elements on the main 
diagonal. 


1+1+1+1= 4 


(а) Tr(4 + В) = Tr([a; + b, ]) 


69. 


71. 


Section 2.1 Operations with Matrices 35 


Expand AB = BA as follows. 

w x] 1 1 1 Iw x 
КОНУ 
w-x wtx wty х+7 

pa ч E ME 


This yields the system of equations 


=x- у =0 
w -2 = 0 
w -2 = 0 

x+y = 0. 


Using Gauss-Jordan elimination, you can solve this 
system to obtain w = t, x = —5, у = s, and 

z = t, Where s and t are any real numbers. So, w = z 
and x = —y. 


a a 
ee е | 11 | 
а 0» 


then the given matrix equation expands to 


ai +a ар an| _ 1 0 
+ a» 0 1| 


ар +а а» 


Because aj, + a, = land aj, + a, = 0 cannot both 
be true, conclude that there is no solution. 


(b) TR(c4) = Tr([ca; ]) - bs саң = e» ап 
ї=1 і=1 
= cTr(A) 
0 j? -1 0 
(dy dites i i _ i 0 _ 
iO i 0 P 0 -l 
айе жазы epe e 
[o -ilo i 0 -i 
reae a e Val р 11 
10 |0 i 0 -? 0 
A’, 4,and А аге diagonal matrices with diagonal entries i^, i, and i^, respectively. 
0 -ilfo -i 1 0 
(b B? = = = At 
i offi of [o 1 


Assume that А is ап m x n matrix and Bisa p xq 
matrix. 

Because AB is defined, you have that n = p and AB is 
m X q. 

Because BA is defined, you have that m = q and so AB 
is an m x m square matrix. 

Likewise, because BA is defined, m = q and so ВА is 
pxn. 

Because AB is defined, you have n — p. Therefore, BA 
is an n X n square matrix. 


77. 


79. 


Let AB = [cy | where c; = У ayb,.If the i" row of A 


k=l 
has all zero entries, then a, = 0 for k = 1,..., п. So, 
c; = Oforall j = 1, ..., n, and the i row of AB has 


all zero entries. To show the converse is not true, 


| 2 I1 1! 0 0 
consider AB = = ; 
—2 -1|-2 -2 0 0 


125 100 75 
BA = [3.50 6.00] 
100 175 125 


= [$1037.5 $1400 $1012.5] 


The entries of BA represent the profit for both crops at 
each of the three outlets. 
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81. 


83. 


85. 


87. 


Chapter 2 Matrices 


0.6 0.1 0.10.6 0.1 01 0.40 0.15 0.15 
Р? =|0.2 07 0.1002 0.7 01 = 028 0.53 0.17 
02 0.2 08002 0.2 0.8 0.32 0.32 0.68 


This product represents the changes in party affiliation after two elections. 


1 2/0 
12/0 0 -1 4 
-1 1|0 
AB =|0 1/0 0 = |-l 
0.1 
0 0/2 1 0 0 
0:13 


(a) True. On page 43, “... for the product of two matrices to be defined, the number of columns of the first matrix must 
equal the number of rows of the second matrix." 


(b) True. On page 46, “... the system Ax = b is consistent if and only if b can be expressed as ... a linear combination, 
where the coefficients of the linear combination are a solution of the system." 


0 —1[1 2 3 -1 4 -2 
(a) AT = = 
1 014 2 1 2 3 
0 —1|—1 -4 -2 1 -2 -3 
AAT = = 
1 011 2 3 -] —4 -2 


Triangle associated with T Triangle associated with AT Triangle associated with AAT 
y y y 
A (2,4) A À A 
4+ 44 + 
-2 
‘T 7 (-2,3) 4T Hii 
2+ (3, 2) teii J 
4 \ CLD C3, -2 1L C71. -1) 
4 = х аи. t—+—+++ > х 5-4 t—+—+—+-> х 
-3-2-1 112 34 -2-1 112 3 4 -2 + 123 4 
-2+ (—4, 2) -2+ + 
EH == -3E (2, —4) 
-44+ -44 = 


The transformation matrix A rotates the triangle about the origin in a counterclockwise direction through 90°. 


(b) Given the triangle associated with AAT, the transformation that would produce the triangle associated with AT would be a 


rotation about the origin of 90° in a clockwise direction. Another such rotation would produce the triangle associated with T. 


Section 2.2 Properties of Matrix Operations 


И е 
ЕТЕ 
ЖЧ РЕ ЕРЕК ЕЕ 


md dee Tb adel 3 
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13. (a) 3X +24=B 
-8 0] [1 
3X +| 2 -10) =|-2 
6 4| | 4 

Го 

3X = |-4 

| 10 

| 3 

2 4 
Х =|-3 
10 

L 3 

(b) 2А – 5В 
-8 0 5 10] 
2 -10}-/-10 5 
6 4 20 20| 
[-13 -10] 

12 -15 

|-26 -16 

—13 _10] 

3 3 

4 —5 

26 . 16 

127.5; 3 


21. cB(C + C) = 


23. (a) (AB)C = 


(b) A(BC) = 


3X 


3X 


Section 2.2 Properties of Matrix Operations 


3) al bs a 


(с) X -34+2B=O 


X =3A-2B 
[-12 0] 2 4 
=| 3 -15|-|-4 2 
| -9 6l 8 8 
[-14 —4] 
=| 7 -17 
|-17 -2| 
(d 6X - 44 -3B = 0 
6X = 44А + ЗВ 
[-16 0] 3 6 
6X =| 4 -20|+1-6 3 
1-12 8| [12 12 
[-13 6 
6X =|] -2 -17 
| 0 20 
E i 
еа 
кл 


37 
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-2 1| 4 0 -9 2 
25. (а) AB = = 
0 3—1 2 -3 6 
4 0—2 1 -8 4 
BA = = z AB 
-1 2|| 0 3 2: 5 


0 142 3 2 3 1 012 3 
27. AC = = = = BC, but A = B. 
0 12 3 2 3 1 012 3 
3 3 1 -1 0 0 
29. AB = = , but A + бапа В = 0. 
4 4||—1 1 0 0 
i 1 Olf1 2 1 2] 37. In general, АВ + BA for matrices. So, 
= 170 -1! lo -1 (4+ В(А- B) = 4! ВА – АВ – В? 
| A АВ, 
1 21110 1 2 1 212 2 
33. + = 1 -2Y 
о alo 1 |o cH) [o «ido o Te 
E 39. D? =|-3 4| = 
d a -2 4 ud 
[o 0 Е 


ep MI 
“ө -ETES 


3 or 7 -1 2 - 
os md qr M ES 2. 35 
B'A =| 1 2 = 1 0|- 
20 1 0 2 -1 4 -1 
12 => аў 3 
Ру 4 10 if [4 0-4] 
43. (АВ) =|| 0 1 2104-1 =|10 4 2 
0 4 
zb Ep 2s 293 1-1 -3| 
[2 1 R 0 4 0 -4 
eet [as dee d 20-2 
ВА 0 1| 243 =|10 4 -2 
04-1 11 1 
ex 1-2 ic]. 33 
[4 9, n [16 8 4 
45. (а) AA = |2 js ME 
d -1 е 
E 4 0] 
: » | ars 
(b) АА = 2 = 
Ще | 3 5 
| abc 
BE -2 0-4 32 68 26 -10 6 
ite ae 44 3 8 4 01 26 41 3 -1 
. (a = = 
SOs SE ЕЕ" 1 -10 3 43 5 
[21 1 2|0 $2352 6 -1 5 10 
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0-4 3 21 0 8-2 0 29 -14 5 -5 
0 111-4 4 3 -14 81 -3 2 
(b) AA? = = 
= 1 0 5 3 5 -3 39 -13 
00-3 2121 1 2 —5 2 -13 13 
49. [ays 0 0 0 0 | 10000 
0 (-1)" 0 0 0 01000 
A’ = = 00100 
ELS WE ML 00010 
90. 0 0 (f 0 00001 
0 0 0 0 (1)^ 
51. g^ o 0 0 0 | 100 0 
0 (э 0 0 o 0 -1 0 0 
AY = = |0 1 0 
0 0 (oe 0 0 У AP 
0 0 0 xy 0 0 0 0 1 
0 0 0 0 (1) 
53. There are four possibilities, such that 4? = B, namely 1 1 1 0 
30 -3 0 з 0 (c) aX - bY +cW = a0 c 5/1) + с = 0 
= зра зе 3) | bi bj b 
-3 0 This matrix equation yields the linear system 
йы al a+b+c=0 
b+c=0 
55. (a) True. See Theorem 2.1, part 1. 7 "n 
(b) False. See Theorem 2.6, part 4, or Example 9. 
(© Түше Ses Example 10 Then a = —c, so b = 0.Then с = 0, so 
a=b=c=0. 
1 1 2 1 1 2 0 
57. (a) aX + bY = aO! c b 1} = |-1 (d) aX + bY +cZ =а0\|+Ь1|+с|—1|= |0 
1 0 3 1 0 3 0 
This matrix equation yields the linear system This matrix equation yields the linear system 
а+Ь= 2 a+b+2c=0 
b=-1 b- c=0 
a = 3. a + 3c = 0. 
The only solution to this system is: a = 3 and Using Gauss-Jordan elimination, the solution is 
b=-1. a = —3t, b = t, and с = t, where fis any real 
1 1 1 number. 
(b) aX + bY = 10| +61 = 11 If = 1,ћепа = -3, b = 1, апа с = 1. 
1 0 1 
This matrix equation yields the linear system 
a+b=1 
b=1 
a = 1. 


The system is inconsistent. So, no values of a апа b 
will satisfy the equation. 
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1 0 2 0 2 of 67. (1) The entry in the ith row and jth column of AI, is 
9. pla) =a] 1-3 Е | an0 + tal +5 + а„0 = 
0 1 4 5 4 5 il ў ту = Фу: 
2 0 10 O 2 012 0 (2) The entry in the ith row and jth column of J,,,A is 
|0 2| |20 25] |4 5[4 5 Оду +з + lay + + Ody = ay. 
| -8 0 4 0 я 2 
T'as modis lag Ss 69. (447) = (47) A" = AA", which implies that 44" is 
Eos 0 symmetric. 
Е | 8 ; Similarly, (47 A)" = (ат) = A’ A, which implies 
that А7 А is symmetric. 
61. 4+ (B + С) = [aj] + (5;] + [o;]) 
= (| ay | + |5;]) + Ley 0 -2 0 2 
( 1 [ 1 [ 1 71. Because A? = | | = | | = —A, the matrix 
= (4+8) +С 2 0 -2 0 
is skew-symmetric. 
63. 14 = lla; la; а; А 
[a] = [a] = [a] PNE 
65. (1) A + Om = [a;] + [0] = [aj | 0] = [ai | = А 73. Because 4^ = |2 0 3| = A, the matrix is symmetric. 
130 
(2) A+(-A) = [aj] + [7] 
= [aj + (-a,)| 75. Because A’ = —A, the diagonal element a; satisfies 
= [0] а; = —a;,0r а; = 0. 
= Onn 


(3) Let cA = Opn and suppose с + 0. Then, 
Оњ = CA > СО, = c! (cA) - (c*c)4 =A 
and so, A = O,,,.If c = 0, then 
ОА = [0 - ay | = [0] = Onn. 


77. (a) If A is a square matrix of order n, then A’ is a square matrix of order n. Let 


ау а аз; с An ау а а c7 Am 
йз 4» аз '' An ü An а `“ Am 
a 
А = |а dy аз аз, |. Then A = |аз аз аз an3 
йа 0 3 с Am (ain An Azn `“ Am 
] T 
Now form the sum and scalar multiple, а +A ) 
ар + ар ау+а dta c7 Ay + Any 
dj + ар An tan аз tdy > Qj, t Ay? 
1 тү _ 1 
1(4 +A ) = 5/431 + di3 ар + 053. 433 +аз * а, + an3 
Any + An An + Azn 0,43 + Azn * Am Y Ann 


Note that, for the matrix А + A’, the ijth entry is equal to the jith entry for all i # j. So, а + AT ) is symmetric. 
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(b) Use the matrices in part (a). 


ауа арт Ana Qg T Яу > An T Any 

dj — dij ар – 0» аз — ар `` An — An? 
1 TY. xd m ES = 
H(A A ) = 9) %31 — @3 432 7 A23 033 — аз c 03, — 23 

An — An 802 — An 43 T Ozn ©” Ann T Am 


Note that, for the matrix 4 — A’, the ijth entry is the negative of the jith entry for all i # j. So, HA = A’) is 
skew-symmetric. 

(c) For any square matrix A of order n, let В = (А + A’) and C = Ҳа = AT) By part (a), B is symmetric. 
By part (b), C is skew-symmetric. And A = А + A’) + Ҳа — A’) = B + Cas desired. 


2.374 
(d) For the given A, 47 =|5 6 1|. Using the notation of part (c), 
3 0 1 
pe 0 4 -4 2 5 3 
— 4 1 — 1 L} _ = 
B+C=1(4+ 47) + Ца 47) = |16 1|+|-4 0 -1 3 6 01 = 4 
Tolg p. d 
111 11 0 4 11 
| | | [0 1 
79. (a) An example ofa 2 x 2 matrix of the given form is 4; = jü 


0 1 2 
An example ofa 3 x 3 matrix of the given formis 4; =|0 0 3. 
000 


eoe 00 
© 4&=|, 


003 000 
А =|0 0 Oland 4 = |0 0 0 
000 ооо 


(c) The conjecture is that if 4 is a 4 x 4 matrix of ће given form, then А“ is ће 4 X 4 zero matrix. A graphing utility shows 
this to be true. 


(d) If A is an n x n matrix of the given form, then A” is the n x n zero matrix. 


Section 2.3 The Inverse of a Matrix 
[2 JE A Eu pis | | 
1; АВ = = == 
15 31-5 2 15-15 -5+6 0 1 


[3 -1]/2 1 6-5 3-3 1 0 
ВА = = — 
|-5 j|; { P Fa [ | 
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9. 


п. 


13. 


Chapter 2 Matrices 


2 2 3) [4 5 3 300 
AB-| | -1 0-4 -8 3|- (ijo зо = 
0 14| | 1 20 0 0 3 
-4 -§ 3/2 2 3 3 0 0 
ВА = (1-4 -83| 1 -1 Of = (1)о зо = 
1 2 010 1 4 0 0 3 
2010 
[A I] = 
030 1 
1 
QR | 0 1 -[r 4] 
їз, ә (0 10 4 
1 
1 
05 
1 -b 
Use the formula 47! = , Where 
ad —bc|-c a 


1 2 ; я 
= . So, the inverse is 
3 7 


1 d -b 
, where 

ad —bc|-c a 
33 
-19 


Use the formula 47! = 


22 


| So, the inverse is 


19 -33 19 -33 
ЗЗА) -7| |-4 |, 
Adjoin the identity matrix to form 

111100 


[41 =|3 54 0 1 0| 
365001 


Using elementary row operations, rewrite this matrix in 
reduced row-echelon form. 


100 1] 1 -l 
[7 a']=]0 10-3 2-2 
001 3 -3 2 
1 1 -l 
Therefore, the inverse is 4! = |-3 2 -1l 
3-3 2 


о ьо =. 


Фо = 


© _ © onm D 


— © © 


— © © 


15. 


17. 


19. 


Adjoin the identity matrix to form 


1 2 1100 
[4Д= {3 7 -10 0 1 Ol. 
7 16 -21 0 0 1 


Using elementary row operations, you cannot form the 
identity matrix on the left side. 


10 13 0 -16 7 
0 1-7 0 7 -3. 
00 0 1 2: 


Therefore, the matrix is singular and has no inverse. 


Adjoin the identity matrix to form 
112 100 
[a41]2|3 100 10. 


203001 


Using elementary row operations, rewrite this matrix in 
reduced row-echelon form. 


1 0 0 -2 34 1 
ра ео 1 0 2 -1 3 
00 1-1 1 1 


Therefore, the inverse is 


Adjoin the identity matrix to form 
200100 
[PAs] S10 3 0 0 1 0f 
00500 1 


Using elementary row operations, reduce the matrix as 
follows. 


100400 
[47]2])010 010 
001004 
Therefore, the inverse is 
400 
A'=|0 10. 
00 4 
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21. Adjoin the identity matrix to form 


23. 


25. 


27. 


29. 


06 0 -03 100 
E o E 
[2 41] =|0.7 -1 020 1 0| ad — be = (208) - GIC) = 13 
1 0-09 0 0 | 
3 
Using elementary row operations, reduce the matrix as ee. Г 553 = a 713 
follows. зр о | 2 
100 375 0 -125 LEE 
[А Д= |0 1 0 34583 -1 -1.375 4 —6 
001 416 0 -25 ар { 
375 0 -1.25 ad — be = (-4)(3) - (-2)(-6) = 0 
з Я = _ a zi ae 
Therefore, the inverse is 47 = 3.4583 1 -1375|. Because gd cape (iat doesnot cise 
416 0 -25 


Adjoin the identity matrix to form 
100100 


[А ]=|3 40 0 1 0| 
255001 


Using elementary row operations, rewrite this matrix in 
reduced row-echelon form. 


100 1 00 
siis. 3 1 
[[47]2]010 -4 10 
7 1 1 
00155745 
1 00 
Therefore, the inverse is 4! — -$ I 01. 
AS ыыр d 
20 4 5 


Adjoin the identity matrix to form 


-8 00 01000 
010 00100 

[4 Д = К. 
000 000 10 
000-5000 1 


Using elementary row operations, you cannot form the 
identity matrix on the left side. Therefore, the matrix A is 
singular and has no inverse. 

Use a graphing utility or a software program. 


The inverse is 


24 7 1-2 
"M Ze x 
-29 7 3 -2 
12 -3 -1 1 


Using a graphing utility or a software program, you find 
that the matrix is singular and therefore has no inverse. 


37. 


39. 


41. 


2. 2s 

422 4 

tos 

5 5 
pgs ONS 3Y1) 28 3 59 
25 405) 10 20 20 


4 3 
a 20| 5 4|_ 
59| 1 7 4 70 
5 2 59 59 
2 
а = (4!) = ap yum 
211 0 432 
r -1 
= 2 -6 11 
4° =(A) = =1 
4) 1-3 11 4\3 


A? = (any 


A? = (a!) 


The results are 


(a) (АВ) = 
©) (a) = 


(с) Q4)' = 


e. ае 


ЖТ 


equal. 


gus? 
“12 011-7 6 


о o 


vl- 


о о 


fi dS X 
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5 1 3 69 7 _21 
| 2: AS pb ss. 8$ 2 4 138 56 -84 
1 раді _ | _3 153 1 —|31 B "|. 
43. (а) (4B) = BA 2 21$ 12 oe а 4 37 26 -71 
1 1 9]/4 1 41 3 17 3 24 34 3 
4 2 4 2 2 8 16 
3 1 
| : 12% 6 
Ty a A _~]|_1 d = 
(b) (4) (4 ) то 0-4 4 Ж 
3 1 = 
з 72 5 8 
1 1 3 r J 
2 74 8 2 3 
do i434.]|3 1 zd 
(c) (24) 24 A al И 2 -8 
111 4 2 
8 2 4 = = 
; ' ; 1 2] | ; 
45. The coefficient matrix for each system is A = i and the formula for the inverse ofa 2 X 2 matrix produces 
1 1 
A! = 1 | 2 i = f | 
НЕ ә) ИЕ ds ED 
2-2)-1 1 riam 
l1 iff- 1 
ТЕТ a ВЕ 
4 7413] c 
The solution is: x = land y = -1. 
1 Lp 
5 5110 2 
x= a= 7 [ЫЯ 
4 741-61 14 
The solution is: x = 2 and у = 4. 
47. The coefficient matrix for each system is 49. Using a graphing utility or a software program, you have 
1 2 1 Ах = 
А= |12 -l 0 
1-2 1 
E where 
Using the algorithm to invert a matrix, you find that the x-A4bc- 
inverse is -l 
1 1 0 
0 усу 
2 NET 1 - - - 
А! zl 0 -t 1 2-1 3 =l х 3 
1 _1 0 1 -3 1 2 -l X» -3 
2 2 _ = 
_ А= |2 1 1-3 1,x=/]x;|,andb =] 6 
Ur "M 
0 = if 2 1 1-12 1-1 X4 2 
= ар — |1 Ї = Е EE 
(a) x-4b 1 0-q4|4 1 2 1-12 1 Xs 3 
bs =>: 0| | -2 ii The solution is: x, = 0, x; = 1, x4 = 2, x, = -l and 
The solution is: x, = 1, x; = Land x, = -1 % = 0. 
о Fy ре 
= д-р — |1 1 = 
(D x = Ab т 0 -3l 3 1 
1 Е Е 
$ -4 ofja 1-0 
The solution is: x, = 0, x; = Land x, = -1. 
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51. Using a graphing utility or a software program, you have 
Ax = 


Fn 
-2 
a 3| where 
х= АЪ = 
0 
1 
L-2] 
[2-3 1-2 1-4] 
3 1-4 1-1 2 
4-1 М 4-1 2 
A= В 
=з -1 4 2 -5 3 
113 43 1 
| 3 -l 2-3 2 -6] 
x; | 20] 
Xz —16 
X3 -12 
X= , and b = 
X4 =2 
Xs —15 
Xe | | 25 | 
The solution is: x, = 1, x; = —2, x; = 3, x4 = 0, 
X; = Land x, = -2. 


59. Using the formula for the inverse of a 2 х 2 matrix, you have 


pr 1 | а sy " 1 is Ө -cos Ө 


ad —bc|-c a sin? Ө + cos? 0! cos 0 


61. Adjoin the identity matrix to form 
0.008 0.004 0.003 1 0 0 
[F I] = |0.004 0.006 0.004 0 1 0). 
0.003 0.004 0.008 0 0 1 


Using elementary row operations, reduce the matrix as follows. 


1 0 0 18824 -117.65 -11.76 
Е F`] = 0 1 0 -117.65 323.53 -117.65 
0 0 1 -11.76 -117.65 188.24 


188.24 -—117.65  -11.76 
So, Е! 2|-117.65 323.53 –117.65 'and 
—11.76 -117.656 188.24 


188.24 —117.65  —11.76 || 0.585 


w-2F!dz-|-11765 323.53 —117.65 || 0.640] = 


—11.76 -117.65 188.24 || 0.835 


Section 2.3 The Inverse of a Matrix 45 


53. Using the formula for the inverse ofa 2 x 2 matrix, you 
have 


gilts 1 -3 —x 
2x-9|2 3| 


Letting А”! = А, you find that 1/(2x — 9) = -1. 
So, x = 4. 


4 x 
55. The matrix | j will be singular if 


ad — be = (4)(-3) - (x)(-2) = 0, which implies that 
2x = 120r x = 6. 


57. First find 2A. 


T -242 71-2 J 


Then divide by 2 to obtain 


B sin Ө —cos Ө 
 [|cosÓ sing! 
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63. Use mathematical induction. The property is clearly true 
if k = 1. Suppose the property is true for k = n, and 
consider the case for k = n + 1. 
tanh Е (ad) 

= ("nae = (4! ae AT) = A! 205 A! 


п times nt] times 


65. Because C is invertible, you can multiply both sides of 


the equation CA = CB by C on the left to obtain the 
following. 


€ (64) = C (CB) 

(С!С)А = (С!С)В 
IA = IB 
A=B 


67. Let A be symmetric and nonsingular. Then A? = A and 
(4) = (ат) = A^. Therefore, 4 is symmetric. 


77. (a) Let H = I – 2uu’, where u'u = 1. Then 


69. Because А is invertible, you can multiply both sides of 
the equation AB = O by А to obtain the following. 
A" (AB) = 4'0 
(4'4)B = 0 
B-O 
71. (a) True. See Theorem 2.10, part 1. 


(b) False. See Theorem 2.9. 


(c) True. See “Finding the Inverse of a Matrix by 
Gauss-Jordan Elimination," part 2, on page 64. 


| 1 0 -1 0 0 0 
73. No. For instance, + = і 
0 1 0 -l 0 0 


75. To find the inverses, take the reciprocals of the diagonal 
entries. 


(a) 47 


[2 0 0 
(b 4!2]03 0 
0 4 


Н? = ü - 2чи”) = 17 — 2(uu^) = | - 2007") = [| - 2007 = Н. 


So, His symmetric. Furthermore, 


HH = (I – 2uw'J(1 – 2uw^) = 12 — duu” + (иат) = 7 — duu” + duu” = I. 


So, H is nonsingular. 


79. If P is nonsingular, then Р! exists. Use matrix 
multiplication to solve for A. Because all of the matrices 
are n х n matrices 


AP = PD 
APP"! = PDP" 
A = PDP", 


No, it is not necessarily true that A = D. 


Idas 
100 22 0 -1 0 
o [=o re[-zt 1 „|=|ч о o 
0 0 1 2 2 0 0 1 
00 0 


81. To find the inverse of a matrix, first the matrix must be 
square. Next, adjoin the n x n identity matrix to the 


given matrix Ato obtain [4 Л]. Use Gauss-Jordan 
elimination to row reduce the matrix to А A), If you 


cannot row reduce, then A is noninvertible. 
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83. 


Section 2.4 Elementary Matrices 47 


Write the linear equations so that the variable terms are on the left and the constant term is on the right. Then you can 
write this as a matrix equation Ax = b. For matrix A, each row represents the variable terms and each column represents 
a variable. For matrix x, write the variables vertically, so that the first column of matrix A represents the variable put in 
the first row, and so on. For matrix b, each row represents the constant term from an equation. 


To solve the matrix equation Ax = b, multiply each side by the inverse of 4, 47, to obtain x = 47. The product 


Ab will be a matrix that will have the same dimensions as matrix x and will represent the solution of the system of 
linear equations. 


Section 2.4 Elementary Matrices 


1. 


13. 


15. 


The matrix is elementary. It can be obtained by 9. B is obtained by interchanging the first and third rows 
multiplying the second row of J, by 2. of A. So, 
. The matrix is elementary. Two times the first row was 


added to the second row. E= 


— о c 


0 1 
1 0, 
0 0 


. The matrix is not elementary. The first row was 


multiplied by 2 and the second and third rows were 


interchanged. 11. A is obtained by interchanging the first and third rows 


of B. So, 
. The matrix is elementary. It can be obtained by 0 0 I 
multiplying the second row of 7, by —5, and adding the 
; Е= 1010 
result to the third row. 
1 0 0 
Answers will vary. Sample answer: 
Matrix Elementary Row Operation Elementary Matrix 
5 10 -5 ROR, 0 1 
0 1] 7 1 0 
12 -1 (д > А 1 0 
0 7 0 1 
1 0 10 1 E 12 -1 
So, | 5 X = ; 
0 1/|1 0415 10 -5 0 1 7 
Answers will vary. Sample answer: 
Matrix Elementary Row Operation Elementary Matrix 
[1-2-1 0 [1.0 0| 
0 8 -4 0 10 
0 0 2 1 R, + 6R > R 6 0 1 
[1 -2 -1 0] [1 0 0| 
0 1 2 -l (4)R, >R, 0 т 0 
0 0 1 0 0 I 
[1 -2 -1 0] [1 0 0| 
0 1 2 -l 0 1 0 
[0 0 1 4 Эк, > Р, 00 2 
10 0 0 0|1 0 O| 1-2-1 0 1 -2 -1 0 
So, 0 1 0 i 0/10 1 0| 0 4 8 —-4|=|0 1 2 -l 
00 4 0 1/6 0 1-6 12 8 1 0 0 1 4 
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48 


Elementary Matrix 


000 


000 


R < R 


Elementary Row Operation 


17. Matrix 


|0 


000 
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19. To obtain the inverse matrix, reverse the elementary row 
operation that produced it. So, interchange the first and 
second rows of J, to obtain 


21. To obtain the inverse matrix, reverse the elementary row 
operation that produced it. So, interchange the first and 
third rows to obtain 

00 1 
Е!=|0 1 0l. 


1 0 0 


23. To obtain the inverse matrix, reverse the elementary row 
operation that produced it. So, divide the first row of J, 


by k to obtain 
1 0 0 
Е = f k0 
“10 1 0? 
00 1 


25. Find a sequence of elementary row operations that can 
be used to rewrite A in reduced row-echelon form. 


П O|R OR 
Е 

[1 0 

0 H R, – ЗЕ > R, 
1 0 

[0 | (-i& > К, 
Use the elementary matrices to find the inverse. 
A! = E;E,E, 


‘als Td 


27. 


Section 2.4 Elementary Matrices 49 


Find a sequence of elementary row operations that can 
be used to rewrite A in reduced row-echelon form. 


| 1 0 -T] 1 0 

1 1 = 1 
0 1-1 (0 > R E-|010 
|0 0 4] 0 0 1 
| 1 0 -1l [10 0 

1 

0 1 -t E,-2|0 1 0 
0 1 (А >R 1 
| JG > R 001 
| 1 0 O]/R +2 OR 1 0 1 
1 -4 Е;= 101 0 

| 0 1 0 0 
[1 0 0 0 0 
010 R, +() > R, Е, =]0 1 4 
o 0 1 [0 0 1 


Use the elementary matrices to find the inverse. 


А = EBBE, 

m o ofi o 1]1 o оо 

= 1 1 

=|o 1 4 ollo 0 1 
[o o 10 o ijo o 10 0 1 
по о ol1 0 о] 

EA 1 1 

- 1\0 о0о 10 

|o o 1]0 o 10 o Ij 

[ 1 1 
1 0 4 0 0 1 0 4 

= 1 1 29 1. d 

=|0 1 4 tof=jo i х 

1 1 

o 0 1 0 1 0 0 1 
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For Exercises 29-35, answers will vary. Sample answers are shown below. 


29. Matrix Elementary Row Operation Elementary Matrix 

[1 2 | 1 0 
Add -1 times row one to row two. E = 

[0 2 -1 1 

[1 0 ru 
Add row two to row one. Е, = 

[0 2 0 1 

[1 0 um 1 0 
Divide row two by –2. Ec i 

[0 d 0 -i 


Because E,E,E,A = L5, factor A as follows. 


1 OV; 1 -1|1 0 
A = E'E;'E;! = 
1-10 1|0 -2 


Note that this factorization is not unique. For example, another factorization is 
0 11 Of} 1 0 

A= F 
1 011 10 2 


31. Matrix Elementary Row Operation Elementary Matrix 


[1 0 1 -1 
Add (—1) times row two to row one. E = 

|3 -1 0 1 

[1 0 | 1 0 
Add -3 times row опе to row two. E, = 

[0-1 3 1 

m. Multipl two by -1 E m. 
ultiply row two by —1. = 

0 1 е Р > [o -1 


Because E,E,E,A = J,, one way to factor A is as follows. 


1 1]1 0]1 0 
А = E,'E'E;! = 
0 1113 140 -1 


33. Matrix Elementary Row Operation Elementary Matrix 
[1-20 100 
0 10 Add row one to row two. ЕЁ =|1 10 
|0 00 1 
[100 120 
0 10 Add 2 times row two to row one. E;-2|0 1 0 
o 0 1 0 0 1 


Because АДА = I, one way to factor A is 


10 01—22 0 
А = EE; =|-1 1 olo 1 0| 
оо 1/0 0 1 
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35. 


37. 


39. 


Section 2.4 Elementary Matrices 51 


Find a sequence of elementary row operations that can be used to rewrite A in reduced row-echelon form. 


10 0 1 1 00 0 
0 1-3 0-5, А, e 0-100 
00 2 0 ' Jo 010 
0 0 -1 | 0 00 1 
[10 0 n [1000 
01-3 0 Pae 0100 
оо 1 (д > R 210020 
0 0 1-1 0 0 0 1 
(10 07 [100 0 
0 1-30 pe 010 0 
00 10 001 0 
[0 0 -1 1| -R, > R, 0 0 0 -I 
по о [1 0 0 0| 
01-3 0 Ez 0100 
00 10 00 10 
00 0 ЦА +А > R, 0 0 1 1j 
[10 0 П [10 0 0] 
0100, R +3А; > Р, Е, = 0130 
00 10 00 10 
000 1 |0 0 0 1) 
[1 0 0 0| R-R OR [100-1 
0 100 [e 010 0 
00 10 001 0 
[0 0 0 1 0 0 0 1 
So, one way to factor A is 
A = EEs ES Ej Es E; 
1 000/1000/|100 OF 1 0 010 0 OF 1 0 0 I 
|O -1 0 070 10 OO 10 0/0 I ojo 1 -3 010 10 0 
0 10/002 olo o 1 oloo 1 00 0 10/00 1 OF 
0 0 1/0 0 O 1/0 0 0 -1//0 0 -1 1100 о 10 00 1 
1 Ol1 1 1 1 41. (a) True. See “Remark” following the “Definition of an 
No. For example, le | = А | which is not Elementary Matrix” on page 74. 

(b) False. Multiplication of a matrix by a scalar is not a 
elementary. single elementary row operation so it cannot be 
First, factor A as a product of elementary matrices. represented by a corresponding elementary matrix. 

io oti ooti o0 (c) True. See Theorem 2.13. 
А = E'EjE! -|0 1 olo 1 olo 1 0 43. d 2 S is lower triangular, an LU- 
a 0 1/0 b 10 0 c | 1 T { 
So, 4 = (ЕГ!Е;!Ё;') = EE. -2 110 1 
0220 1 0 0} 100 0:0 
Жк 0 1 0) 0 1 0|= $ 9 
О ОЕ esas d; er e E 
c с c c 
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45. 


47. 


Chapter 2 Matrices 


Matrix Elementary Matrix 1 or 1 0 
er 49. А2 = = =A 
310.1 f | l | 
6 1 1|=А " 
-3 10 Because 42 = A, Ais idempotent. 
[3 0 1 100 00 I[0 0 1) [10 0 
0 dud BiS а 51. 2 =|0 1 olo 1 0|=|0 1 0 
a E To cdd 10 0|1 о ON) |о о 1 
30 I| 0 0 А | Е 
0 i a im Because A^ + A, A is not idempotent. 
Ж: › = 
PE E pr 53. Begin by finding A”. 
3 0 1 1 0 0 » 1 ofi 0 1 0 
d MES Е. "|a bila b| айж) 5 
lo 0 2] lo -1 1 
EBEA =U Setting А? = A yields the equations a = а(1 + b) and 
10 0/3 0 1 b = b’. The second equation is satisfied when b = 1 or 
A= ЕЕЕ ИШ =| 2 1 OO 1 -1| 2 LU b = 0.If b = Lthen a = 0, and if b = 0, then a can 
-1 11100 2 be any real number. 
Matrix Elementary Matrix 55. Because A is idempotent and invertible, you have 
[21 0 А? = А 
0 1 -1|24 А!А4? = A'A 
-2 1 1 (47'4)4 = 1 
[2 1 0] 100 A = І. 
Bs are a O RA 57. You are given that A is row-equivalent to B and B is 
[0 2 1 10 1 row-equivalent to C. 
[2 1 0 1 00 So, A = Б,...Б Fi B for elementary matrices 
0 1 -1|2-U E,-|0 10 F, Б,...,Е, аа B = G,,...G, G C for 
[0 0 3] 0 -2 1 elementary matrices G,, ©,..., Gm- 
РЕА = U N Therefore, 
0 2 1 0 А= Е,... БЕВ 
А = E 'E;U = | 0 01/0 -1| = LU = (F, BAG, --- G G, C) 
-1 2 00 3 = E,... E; E, C for elementary matrices 
го о[у [1 Е, Ey, ..., Е. 
Іу =b:| 0 1 Olly, |= | 2 
a 2 ily -2 59. If B is row-equivalent to A, then 
г н L В = Ey EEA, 
y ay pcm where Ё, ..., Ё, are elementary matrices. Because 
an 
elementary matrices are nonsingular, 
-y + 2y, + у; = -2 > у; =—5 га Г E P - P 
2 1 Olx 1 В = (Е, BA) = АЛЕ! Ер, 
Ux = у:|0 1 -1]x|2| 2 which shows that B is also nonsingular. 
0 0 3|» —5 61. Suppose 
Ry He Xp е) х = I 


апі 2x, +x =1> x =4, 
So, the solution to the system Ax = bis x, = +, 


X) = 1, and Ke = 


P 0 1 a Old e ad ae 
|1 0] |b clo f| |bd be+cff 
Because 0 = ad,either a = Oor d = 0. 


If a = 0, then ae = 0 = 1, which is impossible. 


If d = 0, then bd = 0 = 1, which is impossible. 
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Section 2.5 Markov Chains 


1. The matrix is not stochastic because every entry of a 
stochastic matrix must satisfy the inequality 


Osa; <1. 


. This matrix is stochastic because each entry is between 0 
and 1, and each column adds up to 1. 


. This matrix is stochastic because each entry is between 0 
and 1, and each column adds up to 1. 


. 70% 25% 
7 te т) 
Angeles 59, 
12.5% 50% 
10% 50% 


{ 37.5% 


The matrix of transition probabilities is shown. 


From 
L S D 


0.70 0.25 0.125] L 
Р = |0.20 025 0.50 | S; To 
0.10 0.50 0.375 | D 


The initial state matrix representing the number of 
airplanes at each airport is shown. 


30] L 
X= |12| $ 
8l D 


To represent the distribution of the airplanes after 8 
hours, multiply P by X, to obtain 


0.70 0.25 0.125| |30 25 
PX, = |0.20 0.25 0.50 12| = |13. 
0.10 0.50 0.375 8 12 


After 8 hours, there are 25 airplanes in Los Angeles, 
13 airplanes in St. Louis, and 12 airplanes in Dallas. 


[0.6 0.1 O1][0.1] [0.15 
X, = PX, = |02 07 0.1]|/0.1|210.17 
[0.2 0.2 0.8 |[0.8| [0.68 
[0.6 0.1 0.1][0.15] [0.175 
X, = PX, = |02 0.7 0.1}/0.17}=] 0.217 


10.2 0.2 0.8 |10.68| |0.608 
[0.6 0.1 0.1][0.175] [0.1875 
X, = РХ, = |02 0.7 0.1}/0.217|=| 0.2477 
10.2 0.2 0.8 |[0.608| | 0.5648 


Section 2.5 Markov Chains 53 


11. Form the matrix representing the given transition 


13. 


probabilities. Let A represent people who purchased the 
product and B represent people who did not. 

From 

—— 

А В 


0.80 0.30| A 
Р = То 
0.20 0.70| B 
The state matrix representing the current population is 
0.11 A 
Xy = : 
0.9] B 
(a) The state matrix for next month is 
0.80 0.30 0.1 0.35 
X, = РХ, = = . 
0.20 0.70||0.9 0.65 
So, next month 0.35 - 1000 = 350 people will 


purchase the product. 
(b) The state matrix for the month after next is 


0.80 0.30/10.35 0.475 
J = Pý = = . 

0.20 0.70 110.65 0.525 
In 2 months, 0.475 · 1000 = 475 people will 
purchase the product. 


Form the matrix representing the given transition 
probabilities. Let A represent an hour or more of TV and 
B less than 1 hour. 


From 
-a 
A B 


0 0.25| A 
P= To 
1 0.75| B 
The state matrix representing the current distribution is 
p 0.5 
° [o5] 
(a) The state matrix for 1 day later is 
0 0.25] 0.5 0.125 
X, = PX) = = а 
1 0.75 0.5 0.875 
So, 0.125 · 200 = 25 students will watch TV for 
an hour or more tomorrow. 


(b) In 2 days, the state matrix is 
0 0.25 10.125 0.21875 
X, = PX, = = ; 
1 0.75 || 0.875 0.78125 
So, 0.21875 - 200 = 44 students will watch TV for 
an hour or more in 2 days. 


0.2 
(c) In 30 days, the state matrix will be PPX = l | 


So, 0.2 - 200 = 40 students will watch TV for an 
hour or more in 30 days. 
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15. 


17. 


Chapter 2 Matrices 


Form the matrix representing the given transition probabilities. Let N represent nonsmokers, Sy represent those who smoke 


one pack or less, and S; represent those who smoke more than one pack. 
From 
N S, S, 
0.93 0.10 0.085| N 
Р = |0.05 0.80 0.10] S, To 
0.02 0.10 0.85] S, 
The state matrix representing the current population is 
0.5|N 
Xo = |0.25 |50. 
0.25 | 8, 
(a) The state matrix for the next month is 
0.93 0.10 0.05|| 0.5 0.5025 
X, = РХ, 20.05 0.80 0.10 [0.25 | = | 025 
0.02 0.10 0.85 | 0.25 0.2475 


So, next month there will be 0.5025 · 10,000 = 5025 nonsmokers, 0.25 · 10,000 = 2500 smokers of one pack or less 
per day, and 0.2475 - 10,000 = 2475 smokers of more than one pack per day. 


(b) The state matrix for the month after next is 
0.93 0.10 0.05 || 0.5025 0.5047 
X, = PX, = |0.05 0.80 0.10|| 0.25 | = | 0.2499 |. 
0.02 0.10 0.85 [10.2475 0.2454 


In 2 months, there will be about 0.5047 - 10,000 = 5047 nonsmokers, 0.2499 - 10,000 = 2499 smokers of one pack or 
less per day, and 0.2454 · 10,000 = 2454 smokers of more than one pack per day. 


0.5159 
(c) Xi; = РХ = | 0.2478 
0.2363 


In 12 months, there will be 0.5159 · 10,000 = 5159 nonsmokers, 0.2478 · 10,000 = 2478 smokers of one pack or less 
per day, and 0.2363 - 10,000 = 2363 smokers of more than one pack per day. 


The stochastic matrix 
0.5 0.1 
P= 
0.5 0.9 
is regular because P' has only positive entries. 
=> — 0.5 01||х, X 
PX =X > = | 
0.5 0.9]| x; х5 
0.5x, + 0.1x; = x 
0.5x, + 0.9x, = x; 
Because x, + x; = 1, the system of linear equations is as follows. 
—0.5x, + 0.1x; 0 
0.5x, — 0.15 = 0 


Xt X =1 


2 and x, =1—2 =. 


The solution to the system is x; = Жа: 


| 


| 


aju ale 
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19. The stochastic matrix 


21. 


1 0.75 
P= 

0 0.25 
is not regular because every power of P has a zero in the 
first column. 


=> = 1 025||x x 
PX =X > = 
0 0.25} | x, X» 


> x +0.75% = x 


0.25x, = x; 
Because x, + x; = 1, the system of linear equations is 
as follows. 
0.75x, = 0 
— 0.75х = 0 
x + жг] 


The solution of the system is x; = 0 and 
x 21-021. 


= 1 
So, X = Я 


The stochastic matrix 


P= 


Nie Nie 
WIN Lope 


is regular because P? has only positive entries. 


l 
2 X» X2 


1 1 = 
> у +30 = № 


t3[— Nie 


1 2 = 
35 + 50 = X2 


Because x, + x, = 1, the system of linear equations is 


as follows. 

-ix + ix = 0 
1 1 = 
aX = 30 = 0 


x + % = 1 


and 


n 

e 

| 

1 
Ета 
Mju ел | 


Section 2.5 


23. The stochastic matrix 


2 3. 1 

5 10 2 

= |1, do. 
Р=|5 хо 
2 1 2 
5,5 2972 178 


Markov Chains 


is regular because P' has only positive entries. 


2. 3 1 
5 10 2 |А x 
Yur dd) le — 
PX = X > 5 s TATA 
2 1 2||x X. 
5 2 5 ? ? 
2 3 а 
5% + 100 + 58 = MH 
ly, tix, +t, =x 
5^1 572 10^3 2 
2 


5 


Because x, + X; + x, = 


equations is as follows. 


1 2 = 
=x + 3 + 523 = X3 


1, the system of linear 


dat det ds то 
bc decis 0 
X Xz Хз = 1 
The solution of the system is 


and 


X3 = 


42. 2 1 (Ж) 16 


101? 5 10\101 101? 
Е 16 _ 42 _ 43 
dies 101 101 = 10r 
S. [0.4257 
So, X = 15 = | 0.1584]. 
42 0.4158 


101 


55 
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25. 


27. 


Chapter 2 Matrices 


The stochastic matrix 
1 0 0.15 


Р= |0 1 0.10 
0 0 0.75 


is regular because every power of P has two zeros in the 
first column. 
1 0 015||х, Xx 


PX =X > |0 1 010 |5, |= |x 
0 0 0.75112 X 

x, + 0.15x; = x 

х + 0.10х› = x; 

0.75x, = x, 


Because x, + x; + x3 = 1, the system of linear 
equations is as follows. 


0.15x; = 0 
0.10, = 0 
-025x, = 0 


X+% +5 =0 

Let x, = t, where tis a real number such that 

0 < t < 1. The solution of the system is 

x, = 0, x, = t, and x, 21— t, where 0 < t£ < 1. 


‚ where 0 € t € I. 


The stochastic matrix 
0.22 0.20 0.65 


0.62 0.60 0.15 
0.16 0.20 0.20 


Р = 


is regular because P' has only positive entries. 


0.22 0.20 0.65 || х Xx 

PX = 06205005] [x5 55 |x 
0.16 020 0.20]| x3 X 

0.22x, + 0.20x, + 0.65x, = x, 

0.62x, + 0.60x, + 0.15x; = x; 

0.16x, + 0.20x, + 0.20х; = x, 


Because x, + x; + xj = 1, the system of linear 


equations is as follows. 


—0.78x, + 0.205 + 0.65% = 0 
0.62x, — 040x, + 0.152; = 0 
0.16x, + 0.20x, — 0.80» = 0 

x + X) + x; =1 


The solution of the system is 
X4 = 0.1884, x, = 0.6078 — 0.4608(0.1884) = 0.5210, 


and x, = 1 — 0.5210 — 0.1884 = 0.2906. 
0.2906 

So, X = (0.5210 |. 
0.1884 


29. 


The stochastic matrix 


Pili 
I 
TER. 
1 9 00 


is regular because Р? has only positive entries. 


Do di 
4 3 2 
igei Yi 

PX =X > | 222 
43 0 
4 0 0 

1 1 
a tgn Т 
1 1 
qn tga t 
1 1 
дї + 3% 
1 

a 


1 


о o o 


Because х + X; + Хх; + x4 = 1, 


equations is as follows. 


2x, + in tim tx, = 0 
by 2m tty c9 
ix tiy — X =0 
ix —x, = 0 
X + xX + X, +x, = 1 


The solution of the system is 
x, = 0.1, x = 02, x; = 03, andx, = 0.4. 


0.4 
— 0.3 

So X = : 
0.2 


0.1 


the system of linear 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 
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31. (a) To find X , let X =| x, |, Then use the matrix 


X 

equation PX = X to obtain 
0.6 01 01||х, x 
02 07 01| = |ж 
02 0.2 0.8]| x; X 


or 
0.6х + 0.1x, + 0.1х; = x 


0.2x, + 0.7х„ + 0.15 = x. 
0.2x, + 0.2x, + 0.8x, = x, 


Use these equations and the fact that 
X; + ху + % = 1 to write the system of linear 


equations shown. 
—0.4x, + 0.1x, + 0.15; = 


0 

0.2x, — 0.3x, + 0.15; = 0 
0.2x, + 0.2x, — 02x4 = 0 
“+ M+ 4% =l 
The solution of the system is 

x, = 02, x; = 03, and x, = 0.5. 
So, the steady state matrix is 

0.2 


33. Form the matrix representing the given transition probabilities. 


who do not contribute. 


From 
E IIIA 
C N 


0.60 0.10| C 
P= To 
fe Үү | 


To find the steady state matrix, solve the equation PY = X, where X = | 


of equations. 

0.60x, + 0.10x, = x, —0.4x, + 0.15; = 0 

0.40x, + 0.90% =x, > 04x, - 0.10 = 0 
x, + xX, =l Xt x-l 


The solution of the system is x, = tand х = H 


So, the steady state matrix is Х = 


vle ale 
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(b) To find X, let X = |x | Then use the matrix 


БЕЙ 
equation PX = X to obtain 
06 02  Ol[x] [x 
02 07 Ol|x»|-2!xX 
02 01 09||%| [xs 

or 
0.6x, + 0.2x; -x 

0.2x, + 0.70 + 0.1x4 = x». 

0.2x, + 0.1х„ + 0.9x, = x3 

Use these equations and the fact that 

х + xX, + % = lto write the system of linear 


equations shown. 

—0.4x, + 0.2x, = 0 

0.25 – 0.32 + 0.1% = 0 

0.2x, + 0.15 — 0.13 = 0 
дъ H+ =l 

The solution of the system is 

x =4,x, = 2, and x = 4 


So, the steady state matrix is 


Х = 


[A AlN yje 


Let C represent these who contribute and let N represent these 


x 
| and use the fact x, + x; = lto write а system 
X2 


This indicates that eventually 20% of the community will contribute and 80% of the community will not. 
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35. Form the matrix representing the given transition probabilities. Let 4 represent Stock A, let B represent Stock B, and let C 
represent Stock C. 


From 
A B C 


0.65 0.10 0.15| A 
Р = |0.25 0.90 0.05| B; To 
0.10 0 0.80] C 


x 


To find the steady state matrix, solve the equation PX — X, where X = | x, | and use the fact that Xj + ху + x; = lto write 


X 

a system of equations. 

0.65x, + 0.10x, + 0.15x4 = x, —0.35x, + 0.10x, + 0.15x4 = 0 

0.25x, + 0.90x, + 0.05x4, = x, = 0.25% — 0.10x, + 0.05х; = 0 

0.105 + 0.802; = x; 0.10x, — 0.20x, = 0 

x, + X) x4 =1 x + х + хз = 1 

A 
7 

The solution of the system is x, = m х = a, and х; = cE So, the steady state matrix is X= = . This indicates that 
2 
17 


eventually (4) 850 = 200 stock holders will own Stock A, (ш 850 = 550 stock holders will own Stock В, and 


(2) 850 = 100 stock holders will own Stock С. 


37. The matrix is absorbing; The third state $} is absorbing 43. Use the matrix equation PX = X, or 


and it is possible to move from S to S; in two transitions 1 02 01 031[x о 
. 3 ; 1 1 


0 03 0.6 03||х х» 
0 0.1 02 02||x х; 


and to move from S, to S; in one transition. 


39. The matrix is absorbing; The third state S; is absorbing 
and it is possible to move from S; to S; or S, to S; in опе 0 04 0.1 02]|x, X4 
transition and to move from Sy, to S, in two transitions. along with the equation x, + x, + xj + x4 = 1 to write 
the linear system 


41. Use the matrix equation PY = X, or 0.2x, + 0.1x; + 0.3x, = 0 


0.6 0 03| [5] [x -0.7x, + 0.6x; + 0.3х = 0 

02 1 06||»|=|х 0.1x; — 0.82; + 0.2x, = 0 

02 0 01| | x; X3 0.4х + 0.1% — 0.8x, = 0 
along with the equation x, + x; + x; = | to write the x + Xt g+ xX-— 


linear system The solution of this system is Х| = 1, x, = 0,х; = 0, 


—0.4x, + 0.3x; = 0 andx, = 0. 
0.2x, + 0.6х; = 0 1 
0.2х, — 0.9x, = 0. Е 0 
х+»+ x21 So, the steady state matrix 15 X = o! 
The solution of this system is x, = 0, x; = Ll and 0 
x; = 0. 
0 
So, the steady state matrix is X= 
0 
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45. 


47. 


53. 


Let Р, R, 1, and М represent the states of being dead, 
recovered, infected, and noninfected, respectively. 


0.01 D 
0.0) R 
Xo = and 
0.21 I 
08| N 
From 
DR I N 
1 0 005 0|D 
0 1 095 0 IR 
Р = 
00 0 0.25} I 
00 0 0.75| N 
So, 
0.033125 
0.629375 
X, = РХ = А 
0.084375 
0.253125 


In 4 years, (200,000)(0.084375) = 16,875 people will be 


infected. 


If you know that a Markov chain is absorbing and has 


one absorbing state, then the steady state matrix X has an 
entry of 1 in the row corresponding to the absorbing state 
and entries of 0 in the other rows. If you know that a 
Markov chain is absorbing and has more than one 


absorbing state, then the steady state matrix X has 
nonzero entries that sum to 1 in the rows corresponding 
to the absorbing states and entries 0 in the other rows. 
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49. (a) The steady state matrix X is given by P"X, > X, 


where Хо is the initial state matrix. 


05 0 02 Ol'[025 
02 1 03 0/1025 _ 
X 
0.1 0 04 0//025 
02 0 01 1/[025 
0 
— 10.5536 
X = 
0 
0.4464 


(b) The steady state matrix Х is given by P"X, > X, 


where X is the initial state matrix. 


05 0 02 0]'[025 
02 1 03 0/1025 _ 
> X 
0.1 0 04 0||040 
0.2 0 0.1 1! 10.10 
0 
— | 0.6554 
X z 
0 
0.3446 


51. Yes, it is possible. 


6 


where ¢ is any real number such that 0 € 7 < т. 


Because the columns in a stochastic matrix add up to 1, you can represent two stochastic matrices as 


a b [s d 
Р = апа О = ; 
ne ia E n 


Then, 


ERE. b с а 
EI е е ей 


z l ac + b(1 - c) ad + b(1— d) 
- 4 


1-a)*(1-b(1-c) d(l- a) + (1 - bJ( — d) 


Е ac * b — bc 
Е 1-(ac+b-bc) 1 


ad + b — bd 
(ad + b — bd) | 


The columns of PQ add up to 1, and the entries are nonnegative, because those of P and Q are nonnegative. 


So, PQ is stochastic. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


60 Chapter 2 Matrices 


55. Notice that 


0.366 0.317 0.317 0.335 0.332 0.332 
P^ = |0.443 0.526 0.410] and Р! = |0.473 0.481 0.468]. 
0.190 0.157 0.273 0.191 0.186 0.199 
1.;L' dL 
з 3 3 
n > —|10 10 10 
Fee 210 21 21 
Е de 
210 21 21 


Another example: 


0.6 0.1 0.1 
P-|02 07 041 
02 02 08 
0.225 0.194 0.194 0.200 0.199 0.199 
P’ = 10.314 0.345 0267,P'? = |0.302 0.303 0.297 
0.461 0.461 0.539 0.497 0.497 0.503 
2 2 2 
10 10 10 
п 513 3 3 
doa 10 10 10 
3 5 5 
10 10 10 


Section 2.6 More Applications of Matrix Operations 


1. Divide the message into groups of three and form the uncoded matrices. 
S E L E- = O N S O L I D A T E D _ 
[9 5 12] [12 0 3] [5 14 19] [15 12 9] [4 1 20] [5 4 0] 


Multiplying each uncoded row matrix on the right by A yields the following coded row matrices. 


1-1 0 
[9 5 12]4=[19 5 12] 1 0 -1 = [48 5 31] 
6 2 3 


[2 0 3]4=[-6 -6 9] 
[I5 14 19]4 = [-85 23 43] 
[15 12 9]4 = [227 3 15] 
[4 1 20]4 =[-115 36 59] 
[5 4 0]4 = [9 -5 -4] 


So, the coded message is —48, 5, 31, —6, —6, 9, —85, 23, 43, —27, 3, 15, –115, 36, 59, 9, —5, —4. 
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=з. 2 
3. Find 4! = 
3 -l 


and multiply each coded row matrix on the right by А”! 
to find the associated uncoded row matrix. 


-5 2 

[11 a] |=в 1] > H, A 
3 -1 
-5 2 

[64 ua] А | = [16 16] > P, P 
Ls 2 

[25 50] ЖО =[25 0] => Y,_ 
Ls y» 

[29 53] AP = [14 5] = NE 
Ls y» 

[23 46] a = [23 0 SW, 
Ls y» 

[40 75] Ж = [255 5] > ҮЕ 
Ls 5 

[55 92] P =П 18] = A,R 


—13 6 4 
Find 4! =| 12 -5 -3 
—5 2 1 


and multiply each coded row matrix on the right by 4 
to find the associated uncoded row matrix. 


-13 6 4 
[3 19 10]4 = [I3 19 10] 12 -5 -3 
=$ 0 ud 


=[ 3 р]=1,С,Е 


[-1 -33 -77]4' = р 5 18] > B, Е, R 
p -2 -14J4' = ро 4] > с, , D 
[4 1 -94' = [5 1 4] > E A, D 
[5 -25 -47]4' = [0 1 8] > , A, H 
[4 1 -94' = [5 1 4 > E A, D 


The message is ICEBERG DEAD AHEAD. 


7. 


© 


Ь 
Let 4! = Í jmd find that 
c d 


— R 
[-18 Z "= 18] 


[-18(a + c) - 18(b + d) | = [0 18] 


So, c = —a and d = -1 – b. Using these values, you 
find that 
ON 
a b 
1 16 = |15 14 
bls је a 
[-15а -15b - 16] = [15 14] 


So, a = –1, b = -2, с = 1, апа d = 1.Using ће 
matrix 


PONES 
(10. d 


multiply each coded row matrix to yield the uncoded row 
matrices 


рз 5), [5 20], [0 13], [5 0], [20 15], 
ра 9], [7 8], [20 0], [0 18], [15 14] 


This corresponds to the message 
MEET ME TONIGHT RON. 


1 02 3 2 2 
.Бог 4 = |2 –1 lj,youhave 4! 2|-4 2 3, 
0 12 Asse 


Multiply each coded row matrix on the right by A” to 
find the associated uncoded row matrix. 


[38 -14 29] 4?! = [0 19 5] 2 , S E 
[56 -15 62] А! = [i620 5] > P, T, E 
[7 з 38] 47 = із 2 5] = M, B, E 
[8 20 76] А! = [18 020 = R, , T 
[8 -5 2] 4 [8 5 0 2 H, E, _ 
[29 -7 32] 41 = [512 5] ELE 
[32 9 77|] 4 = [22 5 14] > V, Е N 
pe -8 48] 41 = [20 8 02 T, H, _ 
[33 -5 5] 4" = рз 5 5 W, E _ 
(1 3 79] 4 = [23 9 12] > W, L L 
[2 326 4' = |2 0 151, А 
[58 22 49] 47 = fi2 23 1 > L, W, A 
[63 -19 6] А! = [25 19 0] > Y, 5 _ 
ps 8 67] 41 = [18 5 13] > R, E M 
[31 -11 27] 4 = [5 13 2] = E, M B 
[41 -18 28 47 = [5 18 0] > E, R, 


The message is SEPTEMBER THE ELEVENTH _ 
WE WILL ALWAYS REMEMBER _ 
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11. Use the given information to find D. 
User 
SN 
Coal Steel 
bee E Coal 


Supplier 
0.80 0.10 ж РР 


The equation X = DX + E may be rewritten in the 
form (I – D)X = Е, that is, 


0.90 —0.20 у 10,000 
-0.80 0.90]  |20,000| 
Solve this system by using Gauss-Jordan elimination to 


20,000 
40,000 | 


obtain X = | 


13. From the given matrix D, form the linear system 
X = DX + E,which can be written as 


(1-р)х =E 
0.6 -0.5 -0.5 1000] 
0.3 1 0.3 |Х = |1000 |. 
0.2 02 10 1000 | 
| 8622.0 
Solving this system yields X = | 4685.0). 
| 3661.4 


15. (a) The line that best fits the given points is shown in 
the graph. 


1 -2 0 
(b) Using the matrices X = |1 Ojand Y = | 1}, you 
1 2 3 


1 
111 3 0 

have XTX = 1 0! = 
202] , 0 8 


S І olf4 4 

A = (хх) LEN |[]- mal 
8 4 

4 

T 


So, the least squares regression lineis y = ix + 


(c) Solving Y = XA + E for E, 


1 [ 1 

0] fl 2L, i 
E-Y-XA- |1|– |1 E Hl 

3| п 2 1 


So, the sum of the squared error is 


6 


E'E-|l- 


чө 
ale 


3 6° 


6 


17. (a) The line that best fits the given points is shown in 
the graph. 


1 0 4 
| | 11 3 
(b) Using the matrices Х = i and Y = pp o 
1 2 0 
have 
1 0 
1 1 Ig] 1 4 4 
ХЇХ = = 
0 11 2J1 1 4 6 
1 2 
[4 
ry _[1 1 1 1/3] [s 
T= = 
011211 4 
10 


ЕНЕНЕ 


So, the least squares regression lineis у = 4 — 2x. 


(c) Solving Y = XA + E for E, 


E = Y - XA 
4| fl o 4| [4] [0 

a) rop da |2| a 
SHENMPEHEREM 
o u2 of [o] |o 


So, the sum of the squared error is 
0 
T 1 
ETE =[0 1 -1 0] |= 2 
0 
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19. Using the matrices 23. Using the four given points, the matrices X and Y are 
1 0 0] 1 -5 1 
- - ] 1 3 
d куй 1; you have X= and Y = |_|. This means that 
12 4 1 2 3 
3 3 5 ] 2 5 
XTX = ,XTy = , and 
3 5 С І -5 
11111 1| [4 0 
e EN XTX = = апа 
А=(Х'Х) (xY) = | 3|. -5122]1 2| |0 34 
2 d 
1 2 
So, the least squares regression lineis y = 2x — a [1 
| | i 11 1 3| m2 
21. Using the matrices ХҮ = = i 
—5 1 2 23 14 
1 -2 0 È 
1 - 1 
X= and Y = , you have : -1, a8 ; 
1 0 1 Now, using (x TX ) to find the coefficient matrix A, 
1 2 you have 
XTX = Toe XTY = i and A-(X'X) XTY 
2 6l 1 = (xx) 
peter Гоз 0174] [13 | i [ | | | 
А= (ХХ) ХҮ = = ; E = 1 айка 
(ex) b. VH E 0 34] 14] Оза. [77 
So, the least squares regression line is у = 0.6x + 1.3. So, the least squares regression line is 


y = 7px +3 = 0412x + 3. 


1 -5 10 
1 -l 8 
25. Using the five given points, the matrices X and Yare X = |1 З апі Y =| 6, This means that 
] 7 4 
1 5 5 
1 -5 10 
ESI 8 
1 1 1 11 9 1 1 1 11 33 
XX = 3) = and XTY = 6| = Я 
-5 -13 7 5 9 109 -5 -13 7 5 13 
7 4 
1 5 5 


Now, using (XTX) " to find the coefficient matrix A, you have 


-1 109 9 15 
A= (xix) xtv ER 5 9 33 = 464 Tea 33 zs э | 
9 109} |13 — 224 1113 E 


So, the least squares regression line is y = -4x + = -0.5x + 7.5. 
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27. (a) Using matrices 


] 25 82 
1 30 75 
Х = and Y = А 
1 35 67 
1 40 55 
you have 
> 4 130] о, 279 
XTX = ‚ ХТҮ = [ 
130 4350 8845 
and 
Е 127.6 
A = (хх) x = Е 
—1.78 
So, the least squares regression lineis y = —1.78x + 127.6. 


(b) When x = 32.95, 
y= —1.78(32.95) + 127.6 = 68.95 = 69 drills. 


29. (a) Using matrices 


1 100 75 
X = |1 I20|andY = | 68), 
1 140 55 
you have 
1 100 


" 1 1 1 3 360 
ХХ = 1 120 | = А 
100 120 140 360 44,000 
1 140 
p 198 
ХҮ = ‚ and 
23,360 


E 44,000 —360 198 302,400] [126 
A - (Xx) (XY) = mis = з “та! 
-360  3]23360 -1200| |-0.5 


So, the least squares regression line is y = —0.5x + 126. 


90 
emo [se [s- 
56 


Model percent (y) | 76 66 


1160 


40 


(d) When x = 170, у = -0.5(170) + 126 = 41%. (е) When у = 40%, you have 40 = —0.5x + 126 and, 
therefore, x = 172. 


31. The sum of squared error is 


уе =} (»- Л) = X9 - 2%) + (SEN) = ҮТҮ - apa v + Qay xa. 
i=l i=l i=l 
To find the values for A that minimize the sum, take the derivative with respect to A. 
—2ХТҮ + 2XTXA = 0 
2ХТХА = 2X'Y 


A - (XTX) XTY 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Review Exercises for Chapter 2 65 


Review Exercises for Chapter 2 


[21 9 45 a [21 0 [s 9-8] Газ -s 18 
`|05-4] |0 -2 5| [0.5 -4] [o0 -6 15] | 0 11-19 


[1 P cpu 1(6) + 2(4) 1(-2) + 2(0) 1(8) + 2(0 14 -2 8 
3.|5 — | Ü | = |5(6) – 4(4) 5(-2)- 4(0) 5(8) – 4(0)| = |14 -10 40 
| 6 6) 0(4) 6(-2) + 0(0) 6(8) + 0(0) 36 -12 48 
[13 2[4 -3 2 14) 1(-3) + 3(3) 1(2) + 3(-1) + 2(2) 4 6 3 
5. |0 2 -4/0 3 -l} =] 0 2(3) 2(-1) + (-4)(2) |=|0 6 -10 
00 3]0 0 2 0 0 3(2) 0 0 6 
| 2 1 x -8 1 0 
7. Letting A = ix ,and b = Н 
1 4 х» -4 11. 4-22 1 
the system can be written as 32 
Ax = b [10 -~ [1 2 3 
1 2 -3 
2 1||л -8 АА = |2 1 =|2 5 + 
= ; Qd» @ 
14|» -4 1-3 2 ~ [3 4 13 
Using Gaussian elimination, the solution of the system is = 1 0l 
—4 5 1 2 33 14 -4 
= АА = = 
22 | | 01 2 ы 14 5 
-3 -1 1 x 0 13. Æ =[1 3 —1| 
9. Letting А=| 2 4 -5,x-|x апі = |-3 |, 1 
bee X : АА= 3 -| 3a = 
the system can be written as -1 
Ax =b 1 13-1 
-3 -1 Ці 0 АА =| 3| 3 -l]=] 3 9 -3 
2 4 -5}) x] = |-3 -1 -1 -3 1 


15. Use the formula for the inverse ofa 2 x 2 matrix. 


14) dr "Cae э 


| 
бег | 
N =e 
Ih os] 
[o = 
jene 
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17. Begin by adjoining the identity matrix to the given 25. A x b 
matrix. 0 1 -2x E 
1 
2 3 1100 - 3 |= |0 
[4 I] =|2 3 3 0 10 2 -2 alx 2 
4 0 300 1 
Using Gauss-Jordan elimination, you find that 
This matrix reduces to 
10 0 3 3 1 10 2 
20 20 10 „ДГ | зт 2. 
2 3 1 2 = ee атр 
[Ал] б Исфа ел р Stok d 
001-1-1 1 zo qo 
Sáctiedyemd matik da Solve the equation Ax = 5 as follows. 
Зз. ЫЗ: шр 10 I[- 0 
20 20 10 
C» 5 аьа 2 do 
20 30 15[ 
1 1 1 27 ul eb. 29) 3 
-} -l 1 7 7 MJ 7 
2 a [4-1] 
19. ux p 27. Because (34) E | Р 
5 4| x 2 22 23] 
=1 lj» 211259 you can use the formula for the inverse ofa 2 x 2 matrix 
Because to obtain 
1 _4 ат! 
sn-a-pni s] |; à 2 3] 48)-C)Q)L2 4 
solve the equation Ax = b as follows. _ 1 | 3 \ 
1 _4 ~ 14|— { 
roe {| seas 14|-2 4 
1 5 
9 91-2 12 1 |] 
1 1 14 42 
= So, А = = = . 
als Ах cb d : d 50 
-1 1 2]» 1 21 21 
2.3 l|x|-2|-2 
5 4 2115 4 29. A is nonsingular if and only if the second row is not a 
3 multiple of the first. That is, Æ is nonsingular if and only 
Using Gauss-Jordan elimination, you find that if x 2-3. 
2 DA | 
“15 5 3. Alternatively, you could use the formula for the inverse 
AKE —* E - А ofa 2 х 2 matrix to show that A is nonsingular if 
SB у. PE ad — be = 3(-1) — 1(х) 2 0. That is, x # —3. 
15 5 3 


So, solve ће equation Ах = bas follows. А . B 
31. Because the given matrix represents the addition of 


-% x 3 1 2 4 times the third row to the first row of J;, reverse the 
х= Ab = Е і 1 2| = |-3 operation and subtract 4 times the third row from the 
4 -i i 4 3 first row. 
10 -4 
23. A x b E'=lo 1 0 
0 0 


[4 
Because 4! = i = 
1 5 


©|— хо|— 


equation Ax = bas follows. 


E HTES-L 
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Review Exercises for Chapter 2 


For Exercises 33—39, answers will vary. Sample answers are shown below. 


33. Begin by finding a sequence of elementary row operations that can be used to write A in reduced row-echelon form. 


35. 


37. 


Matrix Elementary Row Operation Elementary Matrix 
1 3 + 0 
2 Divide row one by 2. Ej? 
0 1 0 1 
1 0 . 4). 22: 
бы Subtract 3 times row two from row one. E,- 2 
0 1 


So, factor A as follows. 


2 0|1 à 
А = EE = : 
0 що 1 


Begin by finding a sequence of elementary row operations to write A in reduced row-echelon form. 


Matrix Elementary Row Operation Elementary Matrix 
[10 1 1 0 0] 
1 2 i times row 3. E2010 
loo 1 0 0 i| 
[1.0 1] [1 0 0] 
0 10 Add two times row three to row two. Е.=|0 12 
[0 0 1j |0 0 1j 
[1.0 0] [1 0 -I 
0 10 Add -1 times row three to row one. E =|0 1 0 
jo 0 1 0 0 
So, factor A as follows. 
10 0/1 0 опот 
А = E'E'E;'=|0 1 O00 1 —2|0 1 0 
00 410 0 Цоо 1 
та Í | deti [a | | _ В tbc ad + d А ; | 
c d c а|с d са + ас cb +d? 0 1 
So, many answers are possible: f | Ё if E | еїс. 
0 1 0 -l 0 1 


67 
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68 Chapter 2 Matrices 


a b 43. Answers will vary. Sample answer: 
PODES ed "ien Matrix Elementary Matrix 


Tm | | | : p | Р i T 


c d|c d с(а+ d) be+d’ 
2-5 1 0 
Solving 4? — A gives the system of nonlinear equations 0 -1 TE EN 23- | 
а? +bc=a ЕА =U 
d? +bc = d 1 olf2 5 
А = EU = = LU 
b(a +d) =b | | M 
+4) = с. 
260—8 45. Matrix Elementary Matrix 
From this system, conclude that any of the following 4 1 0 
: Я , Dos 
matrices are solutions to the equation 4 = A. 0 M E 
К | Р | К | | o | | l | He 111 
0 0/|[t 1 |0 I} ft OF JO OF JO 1 [a1 01 1 00 
41. (a) Letting W = aX + bY + cZ yields the system of D. diet &=|0 1 0 
linear equations 0 7 1 | -4 0 1 
a- b+3c= 3 41 0 100 
2a +4c= 2 1 2 E,=|0 1 
3b- c= 3 3 
a + 2b + 2с = –1 Ж ы л 
E =|1 0 0 
which has the solution: a = –1, Б = -l,c = 1. 4 1 0 i Ux o 
(b) Letting Z = aX + bY yields the system of linear 0 1 E =U ET 
equations 00 2 - 
a- b= 3 L 3 J 
2a = 4 Е,Е,ЕШ > A = ЕЕ; ЕИ 
3b = –1 
a+2b= 2 1 0 01410 
=|0 3 0110 1 2/2 LU 
which has no solution. з i 3 
7 
(c) If aX + bY + cZ = O, then 002 
1 -1 3 0 
2 0 4 0 
a |+Ь +c = А 
0 3 ы! 0 
1 2 2 0 


which yields the system of equations 
a- b+3c=0 
2a + 4с = 0 
3b- с= 0 
а + 2Ь+ 2с = 0. 


Solving this homogeneous system, the only solution is 
a=b=c=0. 
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47. Matrix Elementary Matrix 
[1 0 1] 
2 1 2|=А 
[3 2 6| 
[1 0 1] 1 0 
0 10 E,=|-2 1 0 
3 2 6| 0 0 1 
[1 0 1] 1 0 0] 
0 10 Е,=| 0 10 
0 2 3 3 0 1 
[1.0 1] [1 0 0| 
0 10-U E,-|0 10 
[0 0 3] [0 2 1| 
E,E,E,A = U 
100 0 1 
А = ЕПЕУЕҒО = 10 = |2 1 0 1 0l. 
3 2 10 0 3 
[1 0 Ol» 3 3 
Ly =b: |2 EMILE 1 
3 2 |} 8 -3 
[1.0 ix 3 3 
Ux 2y:|0 1 0|» |-| әх = | 1 
0 0 3]x -3 -1 


So, x = 4, y = l,and z = -1. 


49. (a) Use scalar multiplication to find L. 


2с - {е a _ | И b a 


L 4 
31135 150 2(135) 2(150) 90 100 


(b) Use matrix addition to find M. 
627 681 418 454 627 — 418 681 — 454 209 227 
135 150 90 100| | 135-90 150—100 45 50 


м=с-1=| 


51. (а) 580 840 320] [b, 0.05 
АВ = |560 420 160||b, 0.08 
860 1020 540||b, 0.10 

580b,, + 840b,, + 320b;, 128.20 

= | 560b, + 420b,, 160b, 77.60 

860b, + 10205, + 540b, 178.60 


This matrix shows the total sales of gas each day in the first column and the total profit each day in the second column. 


(b) The gasoline sales profit for Friday through Sunday is the sum of the elements in the Second column of AB, 
128.2 + 77.6 + 178.6 = $384.40. 
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53. 


55. 


57. 


59. 


61. 


63. 


Chapter 2 Matrices 


[s 4T 5 4 1 0 
F(A) = p ; z jJ 8. | 
[29 28 35 28 6 0 
ВК ЕР |} Д 
[o 0 
- [0 | 
The matrix is stochastic because each entry is between 0 
and 1, and each column adds up to 1. 


The matrix is not stochastic because the entries in 
columns two and three do not add up to 1. 


[$] [o416 
т=н US PP авз 


[17 
r3 0.354 
3l 0.646 
L48 


| 65 
0.3385 
X; = PX, = “| | 


isi 


Х = PX, = 


121. 0.6615 
L192 


[0.375 
0.475 

| 0.15 
[0.30625 
0.44875 
| 0.245 
[0.2653 
0.4274 
| 0.3073 


X, = PX, = 


X, = PX, = 


Begin by forming the matrix of transition probabilities. 


From 
S N 


0.30 0.60} S 
P= To 
0.70 0.40] N 
(a) The number of people going to shore tomorrow or 
not is given by the following. 


PX = |0.30 0.60] | 200 120 
0.70 0.40] | 100 | =| 180 
So, 120 people will go on shore tomorrow. 


(b) The number of people going to shore the day after 
tomorrow or not is given by the following. 


PX = [0.51 0.42][200 144 

0.49 0.58||100|=|156 
So, 144 people will go on shore the day after 
tomorrow. 


65. 


67. 


The stochastic matrix 
0.8 0.5 
P = 
0.2 0.5 
is regular because P' has only positive entries. 


x 


To find X, Let X = | | Then use the matrix equation 


Xz 


PX = X to obtain 


0.8 0.5 1 X 
b S M i B 
Use these matrices and the fact that x, + x; = 1 to write 
the system of linear equations shown. 
-02x + 0.5x, = 0 
0.2x, — 0.5x, = 0 


x + x» =1 


The solution of the system is x; = 2 and x =1- 


ln 


So, the steady state matrix is Xm | 


The stochastic matrix 
0 


© al 


0 


[wn 


1 


NIE ale w= 


an 


is not regular because Р” has zeros in the third column 
for all powers. 


x 


To find X , let Х = X» |. Then use the matrix equation 


X3 
PX = X to obtain 
110 
3 6 Xx X 
1 = 
6 0 0 Xp} = |X}. 
l 5 100% X 
2 


Use these matrices and the fact that x, + x + x; = Ito 
write the system of linear equations below. 


2 1 = 
-2x + lx, 0 
1 “=> = 
g% X» 0 
1 5 = 
3 * 225 0 

и! 


The solution of the system is 
x, = 0,x, = Oandx, = 1. 
0 
So, the steady state matrix is X = |0| 
1 
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69. Form the matrix representing the given transition 
probabilities. Let T represent the number of customers 
who turn in tickets and N represent the customers who 
do not. 


From 
— > 
T N 


06 03 T 
P= To 
p | | 


= — x 
Solve the equation PX = X,where X = | > 


and use 
X2 


the fact that x, + x; = 1 to write a system of equations. 


0.6x, + 0.335; = X —0.4x, + 0.334 = 0 
0.4х + 0.70 =x => 04x, - 03x, = 0 


+ =l XT хх =l 


So, the steady state matrix is X= 


[4 |W 


This indicates that eventually 2 of the customers will turn 


in their tickets and 4 of the customers will not. 


77. The uncoded row matrices are 


О N E I F B Y _ L A 


[is 14] [5 o] [9 e] [o 2] ps o] [m2 


Review Exercises for Chapter 2 T 


71. The matrix 
0 04 04 
Р=\|07 03 04 
03 0. 0.5 
is not absorbing because P is regular and no state is 
absorbing. 
73. (a) False. See Theorem 2.1, part 1, page 52. 
(b) True. See Theorem 2.6, part 2, page 57. 


75. (a) False. See the definition of a stochastic matrix on 
page 84. 


(b) True. See Section 2.5, Example 7(a). 


N D 
а 4] 


Multiplying each 1 x 2 matrix on the right by A yields the coded row matrices 
[103 44, [25 10], [57 24], [4 2], [125 50], [62 25], [78 32] 


So, the coded message is 103, 44, 25, 10, 57, 24, 4, 2, 125, 50, 62, 25, 78, 32. 


3: 2 
79. You can find 4^! to be | | and the coded row matrices are 


[45 34], [36-24], -43 37], [-23 22], [-37 29], [57 -38], [-39 31]. 


Multiplying each coded row matrix on the right by 4^! yields the uncoded row matrices 


A L L_ S Y S T EM 


[| 12] [12 o] рә 25] [19 20] [5 13] [19 0] 


The decoded message is ALL SYSTEMS GO. 


G O 
[7 15] 
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81. 


83. 


85. 


87. Using the matrices Х = 


Chapter 2 Matrices 


-1 -10 -8 
Find 4! 2|-1 -6 -5, 
0 -1 -l 


and multiply each coded row matrix on the right by 4 ! to find the associated uncoded row matrix. 


-1 -10 -8 
[-2 2 s]JA'=[-2 2 5|-1 -6 -5|2[03 15, C, A 
0 -1 -l 
[39 -53 -72] 4'- [14 0 25] > N , Y 
[6 -9 93] A= [5210 > О, U, _ 
[4 -12 27] wm [8 5 |] => H, E, А 
[31 -49 -16 4'= [18 0 13] > R _, M 
[19 -24 -46] 4'= [5 0 14] > E , N 
[-8 -7 99] 4 = [1S 23 0] > О, W, _ 


The message 15 CAN YOU HEAR ME NOW . 


First, find the input-output matrix D. 
User Industry 
a узел, 


A B 


0.20 0.50| A 
D = 


= Supplier Indust: 
0.30 0.10 | en i 


Then, solve the equation X = DX + Efor X to obtain (1 = D)X — E,which corresponds to solving the augmented matrix 


les —0.50 : 40,000 


133,333 
—0.30 0.90 : 80,000 і 


. The solution to this system gives you Х = 
133,333 


Using the matrices X = 


Se = = 


1 5 
2 |апа Y = |4 |, you have 
3 2, 


з 6 11 р 1 alii 25 
XTX = , XY =| | and 4 = (X7X) ху =| 3 eek 
6 14 19 -1 i|] |-3 


So, the least squares regression line 15 y = -4x + 29. 


E 
S 
Qa 
Fd 
T 


1 
3 
2, you have 
4 
5 


" SN 15 Е ИЕ 2 -L5]|15 0 
XTX = ‚ XTY = „and A =(X7X) ХТ = = i 
6 8 20 -L5 1.25 |20 2.5 


So, the least squares regression line is у = 2.5x. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Review Exercises for Chapter 2 73 


89. (a) Using the matrices 


1 8 270] 
1 9 286 
] 10 296 
Х = and Y = , you have 
1 1l 316 
1 12 326 
|1 13| | 336 | 


1 
1 
T 1 1 1 1 1 1|| 10 6 63 
ХХ = = 
8 9 10 11 12 311 63 679 
1 
1 


and 


yry le 111 5 296 ind 


15 


Е E 
Now using (x? x) ' to find the coefficient matrix A, you have A = (ХТХ) ХТҮ = а 


1830 164 
19,450! [13.431 


o | 
|> old, 


So, the least squares regression line is у = 13.43x + 164. 


(b) Using a graphing utility, the regression line is y = 13.43x + 164. 


(c) | Year 2008 2009 2010 2011 2012 2013 


Actual 270 286 296 316 326 336 


Estimated 271.4 284.9 298.3 311.7 325.2 338.6 


The estimated values are close to the actual values. 
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CHAPTER 3 
Determinants 


Section 3.1 The Determinant of a Matrix 


1. The determinant of a matrix of order 1 is the entry in the 
matrix. So, det[1] = 1. 


ИЕТ ТЕЕ 
s. = 5(3) - (602) = 27 
| |= 0-09 = 24 
о. | $= 0(4) - 0(8) = 0 


15. (a) The minors of the matrix are shown below. 


М d 23 de 8 М 
== 3 1 = 12: 2 1 I 13 
dioi 21 5 31 Аў 
21 7 3 1 = 22 77 2.1 = 23 
Mrs ae cus Co 
She 5 6 = 32.777 4 6 = 33 
(b) The cofactors of the matrix are shown below. 
2: 3 
Cy = (-1) Mi, = 23 Cy = (-1I) My = 8 
3 4 
Cy = (=) Му = -5 С» = (71) М» = -5 
4 5 
Cy = (-l) M; = 7 С» = (-1) М» = 22 


17. (a) You found the cofactors of the matrix in Exercise 15. 
Now find the determinant by expanding along the 
second row. 

3 21 
4 5 6|= 4C, + 5Cy + 60; 
2-3 1 
= 4(-5) + 5(-5) + 6(—5) 
= -75 
(b) Expand along the second column. 
3 21 
4 5 6|= 26, + 5С» — 3С 
2-3 1 


ll 


2(8) + 5(-5) — 3(22) 
-75 
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ll 


2 


La 6730 70-40) 


=% -44-5 


13. (a) The minors of the matrix are shown below. 
Му =|4|=4 My =|3|= 3 
My, =|2/=2 My =||=1 
(b) The cofactors of the matrix are shown below. 


Cy = (М = 4 


Cy = (~) My = -3 


C5 = (1) M3 = -2 Cy = (21! M5, = 1 


4 5 
= —22 
2 -3 
-3 2 
=5 
2 -3 
-3 2 
= —23 
4 5 
4 
Сз = (-1/My = 22 
5 
Сз = (-1) М» = —5 
6 
Cy = (-1 M3, = —23 
19. Expand along the second row because it has a zero. 
14 -2 
4 -2 | <2 14 
32 O=H- +2 -0 
4 3 -1 3 -1 4 
-1 4 3 


21. Expand along the first column because it has two zeros. 


24 6 

з 1| |4 6| |46 
03 I= - +0 

0 -5| |0 —5| |3 1 
00 -5 

= 2(-15) 

= -30 


75 


76 Chapter 3 Determinants 


23. Expand along the first row. 


-0.4 0.4 03 

0.2 02 0.2 02 0.2 0.2 
0.2 02 0.2|= -04 — 0. + 03 

0.2 02 0.3 0.2 0.3 02 
03 02 02 


0.4(0) – 0.4(-0.02) + 0.3(-0.02) 
= 0.002 


25. Expand along the second row because it has a zero. 


x y =l 

y- -=l x -l 
3 2 0|= 3(-1) +2 

1 1 1 1 
1 1 1 


= -3(y + 1) + Ax + 1) 
2х—3у—1 


27. Expand along the first column because it has two zeros. 


53 0 6 

6 4 12 3 06 
46 4 12 

= 52 -3 4-42 -3 4 
02 -3 

з=» 7 1-22 
01-2 2 


The determinants of the two 3 x 3 matrices are: 


6 4 12 
-3 4 4 12 4 12 
2 -3 =6 = +1 
—2 2 —2 2 3 4 
1 -2 
= 6(2) — 2(32) + 52 
= 0 
3 0 6 
3 4 2 4 2 -3 
2 3 44=3 — 
-2 2 1 2 ] -2 
1 -2 2 
= 3(2) + 6(-1) 
=0 
So, 
3 3 6 
4 6 4 12 
= 5(0) – 4(0) = 0 
оо 3 47 39 - 40) 
0 1 -2 
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29. 


31. 


Expand along the first row. 


Section 3.1 The Determinant of a Matrix 77 


-15 
24 
22 


30 21 
18|— z|-10 
-35 —40 


—15 
24 
22 


24 
-32 
32 


32 


24 
22 


24 
22 


w x y 2 
-15 24 30 21 24 
21 -15 24 30 
= w| 24 -32 18|—х|—10 -32 
-10 24 -32 1 
22 32 -35 -40 32 
-40 22 32 -35 
The determinants of the 3 x 3 matrices are: 
-15 24 30 
-32 18 24 18 24 
24 -32  18|-2 -15 — + 30 
32 -35 22 -35 22 
22 32 -35 
- -15(544) — 24(—1236) + 30(1472) 
= 65,664 
21 24 30 
—32 18 -10 18 —10 
-10 -32 18| = 21 — + 30 
32 -35 -40 -35 —40 
-40 32 -35 
= 21(544) — 24(1070) + 30(—1600) 
= —62,256 
21 -15 30 
24 18 —10 —10 
-10 24 18/=21 + 15 +3 
—35 —40 -35 —40 
-40 22 -35 
= 21(-1236) + 15(1070) + 30(740) 
= 12,294 
21 -15 24 
24 —32 -10 -32 —10 
-10 24 -32|= 21 +15 + 24 
22 35 -40 32 —40 
-40 22 32 
- 21(1472) + 15(-1600) + 24(740) 
= 24,672 
w x y 2 
21 -15 24 30 
So, = 65,664w + 62,256x + 12,294у — 24,672z. 
-10 24 -32 8 
-40 22 32 -35 


Expand along the first column, and then along the first 
column of the 4 x 4 matrix. 


520 0 -2 
14 32 
0143 2 2 6 3 
02 6 3 
002 6 3)=5 -5()3 4 1 
03 4 1 
0034 1 002 
0002 
0000 2 
Now expand along the third row to obtain 
2 6 3 
2 6 
5(1)|3 4 1) = 5(2) aa = 10(-10) = —100. 
0 0 2 


33. Copy the first two columns and complete the diagonal 
product as follows. 
16 -9 0 


Add the lower three products and subtract the upper 
three products to find the determinant. 


3 04 
-2 4 1|21240-24-16-(-9) - 0 = 29 
1 -3 1 
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35. Using a graphing utility or a software program you have 45. (x + 3(x + 2) - 12) = 0 
0.1 0.6 -03 x-5x-6-2-20 
07 -01 0.1] = 0.281. ME 
0.1 03 -0.8 (x + 4)(x + 1) = 0 
х= —4, –1 


37. Using a graphing utility or a software program you have 


12-1 4 
47. (x -1(x -— 2) - 2) = 0 
ae (к - D - 2) - 302) 
= 19. x-3x42-620 
03 2 -l ў 
12 0 2 х^ -3x-4=0 
(x-4(x+1)=0 
39. The determinant of a triangular matrix is the product of x = -1,4 
the elements on its main diagonal. 
-2 0 0 A+2 2 
49. = (A + 2)(A) – (2) = 22 + 20-2 
4 6 0|= -2(6)(2) = —24 1 A 
-3 7 2 


The determinant is zero when 42 + 24 — 2 = 0. 


. А i th tic F l i Я 
41. The determinant of a triangular matrix is ће product of Mee aM 


the elements on its main diagonal. - + 4/22 - 4(1)(-2) 

58-42 d 2(1) 

00 6 O 

= soy) = o _22VB 

00 2 2 2 

00 0-1 _ 2+ 2V3 
2 

43. (a) False. See “Definition of the Determinant of a 

= -1+ V3 


2 x 2 Matrix,” page 110. 

(b) True. See the Remark, page 112. 

(c) False. See the “Minors and Cofactors of a Matrix’ 
box, page 111. 


^ 


A 2 0 
A+1 2 
51. |0 4+1 2|-À 
1 A 
0 1 А 


= AA? +A 2) = A(A + 2)(4 - 1) 


The determinant is zero when A(A + 2)(A – 1) = 0. 
So, A = —2,0, or 1. 
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Section 3.1 The Determinant of a Matrix 


53. To show that 


һа» — ba 
x = 2102 27D and x, = 
ааз) — and A497 — 93112 


bray, — Ба», 


is a solution to the given system, show that both equations are satisfied when the values are substituted. 


ban = ba ba, — Һа 
Е 1025 5012 2411 1421 
ащ + арх af + а|— 


411825 — 05,015 аа — 43141 


_ апа»ћ — апар} + aanb — azabi 
411875 — 43141 41,05) — 43141 


_ апа»ђ = aanb, + aanb — aab 


411875 — 43141 
Z (anan = azaz )b, 


411825 — 9141 


һа» — ba ba, — Һа 
= 102» 2012 2011 1051 
ах + 2х zi + da [—— — —— 


411822 — 05,01? 411825 — 05,015 


2305 — аад» M aanb, — aanb 


1497 — 051015 411825 — 05,015 


2305 — аар» + aanb — aanb 
аа); — 05,01? 
E (911 бә: аар) 


1497 — 93112 


би —1 
55. |. | = (6u)(3v) - (-1)(-1) = 18uv - 1 
-] 3v 
e2* езх 
57. = e**(3e3*) — 2e?*(e* 
2e?” 3e3* ( ) ( ) 
— Зе?* ?2е5х a e 
1 
59, | ct = x(I/x) - (In x) = 1 - In x 
1 Ix 
cos@ -rsin@ 0 
61. |sin@ rcos@ 0|= U(r cos? Ө + r sin? 6) -rg()-r 
0 0 1 


63. Evaluating the left side yields 


w x 
= Wz — xy. 
у 2 


Evaluating the right side yields 


у 2 


= —(ху— wz) = wz — xy. 
w x 


79 
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65. 


67. 


69. 


Chapter 3 Determinants 


Evaluating the left side yields 


Evaluating the left side yields 


2 


l1 x^ X 5 5 3 
XX x x 
ds ` s E 21 2 
[д ZU ZZ yy 
= уг? yz (xz? хл) + xy? – х?у 
= ху? – xz? + yz? – xy à х22 yz. 


Expanding the right side yields 


xy - у) 


(у = x)y(z = x)(z - y) - (yz Xy — XZ 4 


у 


xyz + ху х2 


wx 
= Wz — ху. 
yz 
Evaluating the right side yields 
w x-cw 
= w(z + cy) — у(х + cw) = wz + сиу — xy — сиу = wz — xy. 
y Z+ 


I 
I: 


(a) Expanding along the first row, 


x 0 c 

x b -] x 
-l x =x 

-l a 0 - 
0 -1 a 


(b) The right column contains the coefficients a, b, c. So, 


x 0 0 d 
x 0 c 0 Od 
-] x 0 c 
-x-1 x b|-l-l 
0-1 x b 
0 -1 a 0 -l a 
0 0 -l a 


= x(ax + b) + c(1) = ax? + bx + c. 


x b|- x(ax? + bx + c) + d = а? + bx? + cx +d. 


Section 3.2 Determinants and Elementary Operations 


1. 


11. 


Because the first row is a multiple of the second row, the 
determinant is zero. 


. Because the second row consists entirely of zeros, the 


determinant is zero. 


. Because the second and third columns are interchanged, 


the determinant of the matrix changes sign. 


. Because 5 has been factored out of the first row, the first 


determinant is 5 times the second one. 


. Because 4 has been factored out of the second column, 


and 3 factored out of the third column, the first 
determinant is 12 times the second one. 


Because 5 has been factored out of each row, the 


determinant is 5° times the second determinant. 


13. Because a multiple of the first row was added to the 
second row to produce a new second row, the 
determinants are equal. 


15. Because a multiple of the first row was added to the 
second row to produce a new second row, the 
determinants are equal. 


17. Because —1 has been factored out of the second row, the 


first determinant is —1 times the second determinant. 


19. Because the fifth column is a multiple of the first 
column, the determinant is zero. 
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21. Expand by cofactors along the second column. 4 7 9 1 4 -7 9 1 
10 2 6 т 0 6 2 70 
12 31. - 
-1 1 4/=1 I aed 3 -3 -9 27 -30 0 
203 0 7 4 ч 4 0 13 0 
A graphing utility or software program produces the 6 2 7 
same determinant, —1. =-|-9 27 -30 
4 0 13 
23. Expand by cofactors along the second column. 
51 0 1 6 6 2 7 
тузт саа (0)|2 1 2|--(8)-28 d dde 
20 12^" Ж |= - 4 0 13 
10 3 1 E 0 20 -13 
КИ . = 313 -9 10 
A graphing utility or a software program gives the same 
determinant, 8. 4 0 13 
NEUE ee = 3[(-3)260 + 4(200 – 117)| 
2./1 3. 1=0 4 4 = -1344 
4 8 1| |4 8 1-27 9J eo. 7 9 
po WI 3-45 5| 0 2 -16 -22 
2-0 -4 4 33. J3 6 2 0 12 -20 -28 
0 -20 13 4 5 3 2| |0 13 -25 -34 
1 7 -3 1-2 7 9 
=|0 -4 4|= 1(-4)(-7) = 28 0 1 -8 -ll 
=2 
0 -7 0 12 -20 -28 
uet bet d 0 13 -25 -34 
2.1 3 gles 3 259 Кер 2 
-6 3 3) lo 0 си 
0 0 76 104 
32 -3| |3 2 -3 0 0 79 109 
29. 7 5 1= {7 5 1 76 104 
-1 2 6| |5 6 0 Е Ош 109 
24 17 0 = 2|76(109) — 79(104) | 
=|7 5 1 = 136 
5 6 0 
24 17 
= -(1) 
5 6 
= (-1)(144 - 85) 
= -59 
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1-18 4 2 1 -l 8 4 2 37. (a) True. See Theorem 3.3, part 1, page 119. 
2 60-43 0 8 -16 -12 -1 (b) True. See Theorem 3.3, part 3, page 119. 
35.|2 02 6 220 2 -14 2 -2 (c) True. See Theorem 3.4, part 2, page 121. 
0 2 8 00 0 2 8 10 100 
MS ROR EEN Men out 39. |0 k O|-k|0 1 о|= к 
1 -1 8 4 2 0 1 0 0 1 
0 0 -24 -28 -17 
-|0 0 -16 -6 -6 0 100 
0 0 6 4 4 41. | 1 0|=|0 1 Of=1 
0 1 1 2 2 0 1 00 1 
—24 -28 -17 
-(-)|-16 -6 -6 
6 4 4 
—24 -28 -17 
= 2-6 -6 -6 
-3 2 2 
-24 -28 -17 
=2/-25 0 0 
3 2 2 
= 50(-56 + 34) 
= -1100 


43. Expand the two determinants on the left. 
а ар аз bi а: аз 
а а» а3|+| an аз 


43; ау аз һу а» аз 


an аз аз аз ар 5 b an аз b аз а; b аз dj 
= 4 — 91 + аз] + Oy = Dz + Dy 
аз; аз аз; аз an аз аз; 33 аә аз ар 05 
а» 5 аз аз ар аз 
= (ai F b) - (a>, + by) + (аз, + b) 
аә 053 аә 033 an 055 
(ai + bi) Ary 3 
= (a>, + bj) а» 5 
(аз F b) аз аз 
cos@ sin@ | А j 225 
45. (a) | = cos Ө(соз 0) — (—5їп Ө)(зїп Ө) = cos? 0 + sin? Ө = 1 
-sin@ cos@ 
sin Ө 1 
(b) - A = (sin O)(sin Ө) — 1(1) = sin? ө - 1 = —cos? Ө 
sin 
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47. Suppose B is obtained from A by adding a multiple of a row of A to another row of A. More specifically, suppose c times the 
jth row of A is added to the ith row of A. 


а ап 
В = (ал + сал) (аһ + са) 
an Ке Ann 


Expand along this row. 
det B — (aa + ca )Ca Tee (аһ + es, Cs, - [ai Ci Tee AinC in| + [cas Ca Te CBC | 
The first bracketed expression is det A, so prove that the second bracketed expression is zero. Use mathematical induction. For 


n = 2 (assuming i = 2and j = 1), 


а а) 


са С + са›С» = ы | = 0 (because row 2 is a multiple of row 1). 


сар сар 
Assuming the expression is true for n — 1, then 
CaCa + + са„С„ = 0 


jn in 


by expanding along any row different from c and j and applying the induction hypothesis. 


Section 3.3 Properties of Determinants 


-2 1 -1 2 1 
1. (a) |A| = =0 
4 -2 3. (a) |4|2| 1 0 1|22 
Я xil T 0 10 
OT == -1 0 
geek S Teles (b) |B|-| 0 2 0=—6 
А а alo -| |4 6 00 3 
ie -1 2 Il|-1 0 0 1 3 
ө jas- ы (dd m 10 1|0 2 0|=|]-1 03 
0 105003 020 
Notice that | 4||B| = 0(-1) = 0 = |48|. P 
143 
(d |4B| 2 -1.0 3|= -12 
020 


Notice that [4| | = 2(-6) = -12 = |48. 


2 011| j 110 
pk un |11 1| |11 1 
1-10 1) |1 -10 1 
5. (a) |4|- = =|2 3 1/=/0 1 -1/=/0 1 -1|23 
2 1 0f |2 10 
1 2 3! |12 3 ї 2 
1 230 j1 230 
10-1 1) |1 0 -1 1 
01 2 0 1 2 
2 1 02| [0 1 20 
(b) |B| = = =-|1 1 -—|=-1 1 -1|26 
1 1-1 0) |1 1 -1 0 
E MA 0-1 4 
з 2 10 |3.2. 10 
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2 0 110-11] [6 3 -2 2 
1-10 1/2 1 02| |21 0-1 
(c) AB = = 
2 oļi 1-1 0) |94 3 8 
1 30132 10| [8 5 4 5 
63-2 2| |00 -2 
21-0 |2 1 0 21-4 210 
2 1 0-1 21 0-1 
(d) | AB] = = --29 4 8|-59 4 -3 =-211 0 12-53 4 
94-3 8| |9 4 - 
85 5 85-4 85 5 |8 5 —4 
8 5-4 5| i8 5 4 
2 1-1 
--2|1 0 12| 5-4)(1 - 3) 
-2 0 10 
= -2(-34) - 50 = 18 
Notice that | 4||B| = 3 -6 = 18 =|AB\. 
5 15 in 3 2-4 6 
7. |A|= = 5? = 5°(-10) = —250 
10 —20 2 -4 H.|4|-|-4 6 -8 
6 -8 10 
dde Ne Шз т fe d 
. |Al=] 6 12|= 392 3 4|= 33) 0 10 
9. |A| 9 7 -2:-2 3 -4 
9 12 15 345 0 10 14 B cca un 
= (-27)(-2) = 54 ees 
= 22|0 -1 2 
0 2 -4 
= 8(0) 
-0 
5 0 -15 0 1 0 -3 0 
0 5 00 0 1 00 
13. | A| = = 54 = 625(-5) = -3125 
-10 0 0 -2 0 10 
0-20 0 5 0-4 01 
15. (a) |A] PERMET. 
. (a = = 
2 0 
b) |B|- --2 
GEI S g 


E | hee H l Д 
(с) А+ В = + = 

2 0 -2 0 0 0 
d) |A a\-|° ИЕ 

@ [4+ 8|= | |= 


Notice that 
| A|+|B| = 2 + (-2) = -4 #/A+ B|. 
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-1 1 2 
17. (а) |А|=| 0 1 1-1 
1 -1 
1 0 1 
(b) |B|=|-1 1 212-1 
0 12 
=1 1 2 1 0 1 0 13 
(с) A+B=}] 0 1 1|+|-1 1 2|2]-12 3 
11-1 0 1 2 1 
0 1 3 
(d |4- B|2|-1 2 3|= -8 
121 
Notice that 
|4|*|B| 2 1+ (-) = 0 + -8 =|4 + B|. 
19. Because 23. Because 
5.4 10-8 2 
10 8| ' 0 8 -1 10 
the matrix is singular. 00 0 1 
00 0 2 
21. Because 
the matrix is singular. 
Xi 379 
2 4 3 
2... 205 
айы Бы М LN 
E 114 -3 5 5 
1 1 1 25 ave = 
5|-1 2 d 2 
the matrix is nonsingular. 5 5 
| 3 4( 2 1ү 3) 8 3 
5\5 5Л 5 25 25 5 
; E 1 1 
Notice that | 4| = 5, so |A |= =< 
lal 5 
1 
са 
PEN 1 
л. А == 14 
-1 2 0 
1 
bue 
= їй] 
Мел дже 
-1 2 0 
2 -2 3 
Notice that | 4| = 1 -1 2 = -3,s0 |а| 4 = -4 
lal 3 
з 0 3 
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1 5 
ub i Ww c 
8 8 8 
5 5 LI. b 
3, 41.112 12 4 3 
MR 
8 8 8 
1l 1 1g 
| NO, oe ] 
E ES T 1 5 7 
j RU M bog 
5 5 1 1 8 8 8 ат 1 5 7 
— > -= - 8 8 8 -— -> — 
E 12-12... 4-3 3 7 5 18 8 8 1 
|4 |= = = 0 -1 2|=—— = — 
3 7 5 3 8 8 8 3) 0 -1 2| 24 
= = == 9 1 1 1] 
8 8 8 ds Gh. n Ze. s FS 0 -2 3 
ye ok ag 2.394 00 У 
2; 7294 `2 
1 - 3 
1-1 3 1-1 3 1-1 3 
| 1 0 3 -2 
Notice that |A| = 2-31 3 -2/=-310 4 -5/= -3|0 —5| = 24. 
2 0 2 -1 
23 9: e 2 2 -1 0 -7 
1-3 1 2 
1 1 
So, 4| 2 — = =. 
|4| 24 


31. The coefficient matrix of the system is 


ku 


Because the determinant of this matrix is 7, not zero, the 
system has a unique solution. 


33. The coefficient matrix of the system is 


1-1 1 
2-11 
|3 -2 2 


which has a determinant of 


1 -11 
2 -1 1|=0. 
3-2 2 


Because the determinant is zero, the system does not 
have a unique solution. 


35. The coefficient matrix of the system is 


21 5 1 
113 -4 
22 2 -3/ 
15-6 0 


Because the determinant of this matrix is 115, and not 
zero, the system has a unique solution. 


37. Find the values of k necessary to make A singular by 


setting | A] = 0. 
k-1 3 
[5| Bt igs 
= (К – 1)(6 – 2) – 6 
=k? – ЗЕ – 4 


= (k 406 +1) = 0 


So, A| = 0 when k = -1, 4. 


39. Find the value of k necessary to make A singular by 
setting |A] = 0. 
1 0 3 
|A|=|2 -1 0/= 1(-&) + 3(8) = 0 
4 2 k 
So, k = 24. 
41. Find the value of k necessary to make A singular by 
setting | A| = 0. 
0 k 1 
|4|= Е 1 k/= 2k? -1=0 
1k 0 


v [s 
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45. 


47. 


49. 


6 -ll 
4 -5 


First observe that |a] = = 14. 


(a) [47 = |a|» 14 


€) |4?|=|4|] 4] = | AP. = 196 


(с) | 44^] - |А||АТ | = 14014) = 196 
(d) |24| = 4|4| = 56 
x ub e d 
|а| 1 


(е) |a] 


5 00 


First observe that | A] = 1 -3 0/2 -30. 


0-12 
(a) |A7|=|A] = -30 
(b) |4^| =| A|| 4| = 900 


(с) AT | =| Al] A? |= 900 


(d) |24|= 2°|А| = —240 


1 1 
A! = A 
Л лт 
2 0 5 
First observe that | A] = 4 -1 6/= 29. 
3o 2] 


(a) |4" =| 4] = 29 


(Ы) 4^ =| || A] = 29? = 841 


(с) ААТ | |ala 29(29) = 841 


(d) |24| = 2?| A| = 8(29) = 232 


1 1 

А! Fo — =» 

г. | |4| 29 
-3 0 0 0 
02 0 0 

First observe that |A| = 
00 10 
0005 


(а) [47 |= [4|= -30 
Œ) [42 |= |414 = 900 
(о) [44 |= | 4|| 4^ = 900 


(d) |24|= 2* |4| = –480 


(©) |401 = -— 


= –30. 


51 


53. 


55. 
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- (a) 


(b) 


(с) 


(d) 


(a) 


(b) 


(d) 


(e) 


4 2 
A|= ILI 
4 -i 
А? |= Жз ve = 22 
‚| |14 18 
2 |= = 484 
-9 23 
8 4 
24|- - 88 
-2 10 
1) 922% CT ap sot 
4 |= а. 222: 
22 11 
3 1-2 
A|2|2 -1 = -26 
-3 1 2 
А | =|A| = -26 
A?| =| Al A] = 676 
2A| = 23|A|= -208 
ш eit 
|A| -26 
42 1 5 
3 8 2 -1 
| A] = = -115 
6 8 9 2 
2 3 -1 0 
4 36 2 
2 88 3 
|4 |= = -115 
129-1 
5-12 0 
26 -1 4 24 
„|46 71 38 11 
|a |= = 13,225 
106 130 101 40 
11 12 -1 5 
8 4 2 10 
6 16 4 2 
|24| = = -1840 
12 16 18 4 
4 6 2 0 
63 173 71 
15 пз aum. = 
38 108 41 1 
|| 115 115 115 = 1 
-42 .22 19 о 15 
115 115 115 
91 186 TI 2 


87 
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57. 


59. 


61. 


63. 


65. 


81. 


Chapter 3 Determinants 


(a) ||» |4|" = (-5Y. = 25 
(b) |в? |= |в) = BY =9 
( 


(с) |2|=[|А[ = 


(à |в°|=|В|' = (3^ = 81 


AB = I, which implies that | AB| = | A]|B| = n =1. 
So, both | A| and |B | must be nonzero, because their 


product is 1. 


Let 
1 0 1 
= and B= 
0 0 0 
Then 
1 1 
| A|+|B| = 0+ 0 = 0, and| 4 + B| = = 0. 
0 0 
(The answer is not unique.) 
For each i, i = 1, 2, ..., n, the ith row of A can be written as 


Ais dj <» i 


n-l 
25145. 
Therefore, the last column can be reduced to all zeros by 
adding the other columns of A to it. Because A can be 


reduced to a matrix with a column of zeros, A| = 0. 


Let det(A) = x and det( 4!) — y. First note that 


xy = det(A) - det(4~') 
= det(447) 
= det(Z) 
zx 


Assume that all of the entries of A and 4^! are integers. 
Because a determinant is a product of the entries ofa 


matrix, x = det(A) and y = det(4-') are integers. 


Therefore it must be that x and у are each +1 because 
these are the only integer solutions to xy = 1. 


3 4 
3 9 
А=|0 1 0 
4 3 
5 5 


Using a graphing utility, you have 


395 
At=| 0 1 O|=A?. 
03 
Because 4! = A’, A is an orthogonal matrix. 
For this given A, A| =1. 


67. 


69. 


71. 


73. 


75. 


77. 


79. 


PAP + Ain general. For example, 


However, the determinants | A| and | PAP] are equal. 


Е E Е 1 
РАР |= |P= | pP] - ||| P]4] = jp] 11141 
Let A bean n x n matrix satisfying 47 = —A. 
Then, 
а= [а= 1-а Co l4} 
(a) False. See Theorem 3.6, page 127. 


(b) True. See Theorem 3.8, page 128. 
(c) True. See “Equivalent Conditions for a Nonsingular 
Matrix,” parts 1 and 2, page 129. 


The inverse of this matrix is 

o a fo 1 

{ i i f i 

Because А7 = ^ | is orthogonal. 


Because the matrix does not have an inverse (its 
determinant is 0), it is not orthogonal. 


The inverse of this elementary matrix is 


10 0 
A'=|0 0 1. 
010 
Because 4 = A’, the matrix is orthogonal. 


Suppose 7, is an n x n identity matrix. Then J;! = I, 


and ГТ = I, Because 7,! = 17, I is orthogonal. 
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83. Let А be an idempotent matrix, and let х = det(A).Then 4^ = 4 so det( 4^) = det(A). You also have 


det( А?) = det(A - A) = det(A) - det(4) = det( 4)". So, x = det(A) is a real number such that х? = x. Solving the 


last equation for x you obtain x = Oor x = 1. 


Section 3.4 Applications of Determinants 


1. The matrix of cofactors is 3. The matrix of cofactors is 
4 3 4 3 | 12 6] 0 6 0 2|] 
2 1l -2 1 -4 -12| lo -12| Jo 4 
0 0 0 
So, the adjoint of A is Е 0 0 1 0 B 0 = 10 -12 4. 
—4 -12 0 -12 0 -4 
ái(4 4-3] 4 -2 0 -6 2 
a = = } 
ђ а. У" ooj ро 1 0 
2 6 0 6 0 2 
Because | A| = —2, the inverse of A is s А 
0 0 0 
Les d à if4 22 2 1 So, the adjoint of A is adj( 4) = |0 -12 -6|. 
= — а = —— = 2 
V 2|—3 1 i E 0 4 2 


Because row 3 of A is a multiple of row 2, the 
determinant is zero, and A has no inverse. 


5. The matrix of cofactors is 


4 3 2 3 2 4 
1 -l 0 -l 0 1 
-7 2 2 
5 -7 3 -7 3 -5 
— = =/-12 3 3 
1 -l 0 -l 0 1 
13 -5 -2 
5 -7 3 -7 3 -5 
| | 4 2 3 [X all 
-7 -12 13 
So, the adjoint is adj(4) = | 2 3 -5 |. Because | 4| = 3, the inverse of A is 
2 3 -2 
EP E 
-7 -12 13 3 3 
PER ы те Ж! 
[4| 3 3 
2 3 -2 2 2 
ЕЕ 
| 3 3 | 
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7. The matrix of cofactors is 


-1 4 1 3 4 1 3 -1 1 3 -1 4 
0 1 2| -|0 1 2 0 0 2| -|0 0 1 
112 -] 12 -1 12 -1 1 1 
0 1 -1 0 1 -] 2 1 -] 2 0 
— 1-2 0 12 -|0 0 2 0 0 1 7 Gah 032 
1; 1242; -] 12 -] 1 2 -] 1 1 1 1 2 -l 
220 4) Ja oal [а 2 1| |ы 201 | 9 0-9 9 
-] 4 ЦУ 3 4 1 3 -1 1 -|3 -1 4 -13 -4 10 -5 
1 12 -] 12 -1 12 -1 1 1 
2.0 1 -] 0 1 -] 2 1 -] 2 0 
-|-1 4 1 3 4 1 -|3 -1 1 -1 4 
| 0 12 0 12 0 02 0 0 1 | 
7 1 9 -13 
2 . 7 7 1 0 -4 : | 
So, the adjoint of A is adj( A) = р Because det(A) = 9, the inverse of A is 
2-1 9 -5| 
[7 1 |13] 
9 9 9 
J- 1 у -4 
А = —ай(л)=| ? ? a 
|4| 4 2,19 
9 9 9 
21, $ 
L9 9 9 | 
9. The coefficient matrix is 11. The coefficient matrix is 
1.592, 
А = А|= 3. 3 4 
E | ana | | А = | | where | A| =-ll. 


Because |4| + 0, you can use Cramer's Rule. 
|4| # 0, Because | A| # 0, you can use Cramer’s Rule. 


CE 
s | | |A[- 3 A = E | |4|= -22 


4 3 
ЫР | |4,|= 6 a=); 4l [25 [522 
The solution is The solution is 

а ыш ПЕЕ 
scene ies 
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13. The coefficient matrix is 


20 8 
А = | | where | A] = —576. 
12 -24 


Because | A| + 0, you can use Cramer's Rule. 
11 8 
A = ; |4 |= –432 
21 -24 
20 11 
А = > 
12 21 
The solution is 


|а| -432 3 
acts, = 
|a] —576 4 


|4,|= 288 


4| 288 1! 
|a] -56 2 


il 


15. The coefficient matrix is 


-0.4 0.8 
zi } where | A|= 0. 
2 -4 


Because | A| = 0, Cramer’s Rule cannot be applied. (The 
system does not have a solution.) 
17. The coefficient matrix is 
4 -1 -1 
3, where |4|- 3. 
5 -2 -2 


Because | A| # 0, you can use Cramer’s Rule. 


1 -1 -l 
A4-|10 2 3, |А|=3 
-1 -2 -2 
[4 1 -1] 
42210 3| |4|-3 
[5 -1 -2 
[4 -1 I| 
A =|2 2 10, |4|=6 
[5 -2 -1| 


ES EP 
|| 3 
BN Bg 
|[4| 3 
_|4| _ 6 = 2 

| 3 7 
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19. The coefficient matrix is 


з 44 
А= |4 -4 6, and |4|= 252. 
6 -6 0 


Because | 4| # 0, you can use Cramer's Rule. 


п 44 

А= |1 -4 6, |А|=252 
3 6 0 
[3 11 4 

A,=|4 11 6 |4|= 126 
6 3 0 
[3411 

4 =|4 -4 1, |A|- 378 
16 -6 3 


The solution is 


_|Al _ 252 ., 
EUN 
4) _ me 1 
Tp 2522 
2 91 378 _ 3 
“(Al 22 2 


21. The coefficient matrix is 


4 -1 1 
A=|2 2 3| and |4|= 55. 
5-26 


Because | 4| 0, you can use Cramer's Rule. 


-5 -1 1 
A =|10 23, |А|=—55 
1 -2 6 
[4 -5 1 
4,212 10 3, |4|=165 
[5 16 
[4 -1 -5 
4 -|2 2 10, |A]|- 110 
[5 2 1 


The solution is 


Jal] | -55 

X = = —— = — 
|A| 55 

X5 zie doner а 
| А| 55 

X3 _|4|_ 0 _, 
|4| 55 
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27. 


29. 


Chapter 3 Determinants 


35 2 9 4 
Using a graphing utility, A| = =. Al = 19, and -17 0 -9 -6 
A = 
|4.|= -%@. d 
-4 0 8| 
A 19 
So, x $ = e = —12 and [3 35 9 4] 
12 Ж = -] -17 -9 —6 | 
C3 0 5 3 | 
galz E ani |i -4 gl 
| A| 19 Е 
ED 3 -2 35 4 3 -2 9 35 
-1 0 -17 -6 -j 0 -9 -17 
Аз = > En = 
0 5 І 0 0 5 
L 2 -4 8 2 2 0 -4 
Using a graphing utility, A| = 36, | A, | = 180, 
| 4,| = —108, | 4;| = 72, and |А,| = —36. 
So, x [4] _ 180 5, ху = 3, 
|4| 36 |4| 36 
X3 NUNC S and x, MEINE 1 
|4| 36 |A| 36 


The coefficient matrix is 
4-| k T and |4 = k? - (1 kJ = 2& - 1. 
l-k К 
Replacing the ith column of A with the column of constants yields 4;. 


a=] pu |4| = 4k -3 
з k 


aal” | || = 4k - 1 
l-k 3 
The solution is 


l4| _ 4k -3 
gels = 


|» ]|4 23k-1 
_ |4| 4-1 
ОД 2Ж-1 


Notice that when k = 


2 A| = 2k — 1 = 0 and the system will be inconsistent. 


Use the formula for area as follows. 
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31. 


33. 


35. 


41. 


43. 


45. 


47. 


51. 


Use the formula for area as follows. 


Section 3.4 Applications of Determinants 


37. Find an equation as follows. 


x Md -1 2 1 x yl jx y1 
Ara = +, y, 1= 445] 2 2 1|- +4(6) = 3 0-|x y» 1|=0 0 1|23y-4x = 0 
хз yz 1 -2 4 1 X; у» 1 3 4 1 
So, an equation of the line is —4x + 3y = 0. 
Use the fact that 
Xx* A] 121 39. Find an equation as follows. 
X y) ]73 4 1-0 x yl x yl 
X XX 1 5 6 1 О=|х у l|2-2 3 Ц= 7х +14 
; Р . 1 -2 -4 1 
to determine that the three points are collinear. % Ж 
So, an equation of the line is x = —2. 
Use the fact that 
x y 1 -2 51 
х y 1|=| 0 -1 1-2 
Хз Уз 1 3-91 
to determine that the three points are not collinear. 
Use the formula for volume as follows. 
* VM 2 l 1001 
x 2 
Volume = = RCM EE ш +10 s des + (-2) = 2 
X3 Уз zZ 1 0011 
X4 Y4 Z4 1 ] 1 1 1 
Use the formula for volume as follows. 
X » zn 1 3 -1 11 
x z, 1 ЕЖ 
Volume = +} то: = +1 PE e +4(-12) =2 
X, у; 23 1 1 111 
X4 ya Z4 1 0 0 11 
Use the formula for volume as follows. 
X y z l -3 -3 -3 1 
x z, 1 3 -1 -3 1 
Volume = +4)? 7? ^ l.l = +4(-60) = 10 
6x: y, zl $|-3 -1 -3 1 $ 
X4 Y4 24 1 -2 3 21 
Use the fact that 49. Use the fact that 
X » zn l| |41 01 X4 » a 1) |0 0-11 
x 25 1 x = 
2 XX» 22 _| 90 1 I] _ 4 2 Y» 2 l| |0 1 0l o 
X; уз z 1 43-11 % Ys 2 1 |1 1 01 
X4 Ya Ze ll |0 0 11 X Y4 Z4 || |2 1 2 1 


to determine that the four points are not coplanar. 


Use the fact that 


x y z l -3 -2 -1 1 
x z 1 2 -1 -2 1 
2 X» 22 = = 30 
Xy уз 23 l -3 -1 -2 1 
X4 Y4 Z4 1 3 2 1 1 


to determine that the four points are not coplanar. 


to determine that the four points are coplanar. 
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53. Find an equation as follows. 


x 1 1 
dei Же -2 11 raia Jia 1—1 
xy » z 1 1-211 
0 = = = х|-1 7 1-у|-1 7 Ц+24|-1 -1 1 1 -1 7|= 0, ог 4x – 10у + 32 = 27 
X) у» Z 1 —1 -1 7 1 
-1 3 1 2 31 2 -11 2 -1 3 
X% уз z 1 2-131 
55. Find an equation as follows. 
x 1 x 1 
Es E 0 01d Jo оц Jo o 1 |o оо 
xy y zZ l 0 0 1 
0 = = -x-1 0 1-01 0 Ц+41 -1 1-1 О = х+у+=2 = 0 
X) у Z 1 1 -l 1 
1 -1 1 0 -1 1 0 11 jo 1-1] 
Xy у; z l 0 1-11 
57. Find an equation as follows. 
X y zl X y zl 
б X » zn 1 |-4 -4 -4 1 
= X2 у» Za 1 Е 4 -] -4 1 
хз у; z l =4 =] -4 1 
-4 -4 1 -4 -4 1 4 -4 1 4 -4 -4 
= х|-1 -4 1|-у| 4 -4 1|+2| 4 -1 1 4 4 
-1 -4 1 -4 -4 1 4 -1 1 4 -1 -4 


= 242 + 96, or z = —4 


59. The given use of Cramer’s Rule to solve for y is not correct. The numerator and denominator have been reversed. The 
determinant of the coefficient matrix should be in the denominator. 


61. (a) The system of linear equations is as follows. 


a() + МО) + с =1568 at bt+c = 1568 
a(2) + b(2) + c = 161.7 > 4a + 2b + с = 161.7 
a(3) + (3) + с = 1772 9а + 3b + с = 1772 
(b) The coefficient matrix is 
[1-11 
А=|4 2 1), where] A| = —2. 
19 3 1 
[156.8 1 1] 
А = |1617 2 1|and|4 |= -10.6. 
[177.2 3 1| 
[1 156.8 1] 
A, =|4 1617 ап, |= 22. 
[9 1772 1| 
1 156.8 
A, =|4 2 161.7 |and|4| = -325. 
| 177.2 
So, a [a] _ -106 53, b L^ 11, and c 14] _ 325 L 1625. 
|j -2 | - |a| -2 
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(с) y = 5.372 — 11.0t + 162.5. 
190 


(d) The polynomial function fits the data exactly. 


63. If all the entries of A are integers, then so are those of the 67. Answers will vary. Sample answer: 
adjoint of A. 0 
1 Let A = | | 
Because 4^ = [4 adj( 4), and | 4| = 1, the entries of 1-2 
: -2 0 
A^! must be integers. ladi(4)| =, qm 
65. Because adj( A) = |A| A`, 
a= 3-2 
1 -1 n =1 n 1 n-l E 
aaj(4)| = | |4|4 | ES | 4| A | = |a] [4| = | 4| : 
So, |adj(4)| =| 4. 
69. Because adj 471) = | 4" [А апа 
(asia) = (а) = ра 
|4] 
you have adj(47) - (adj 4)) . 
Review Exercises for Chapter 3 
1. Using the formula for the determinant ofa 2 x 2 matrix, 3. Using the formula for the determinant of a 2 x 2 matrix, 
$e 4(2) - 2(-1) = 10. re He (-3)(-2) - 6(1) = 0. 
2 2 6 -2 


5. Expansion by cofactors along the first column produces 


-1 3 -4 
-2 ed 3 -4 3 -4 
0 -2 -1--1 +0 = 
eb | qeb al Set 
-1 -1 1 
= -1(-3) - 1(-11) 


I 
EN 
BA 


7. The determinant of a diagonal matrix is the product of the entries along the main diagonal. 


-2 0 0 
0 -3 0[= (-2)(-3)(-1) = -6 
0 © =I 


9. Expansion by cofactors along the first column produces 


3 6 9 
9 12 Alea =3|_ o| 6 EM 
0 15 -6 15 -6 15 -6 12 -3 


81+ 1539 + 0 = 1620. 
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11. Expansion by cofactors along the second column produces 


13. 


15. 


2 0 
-1 2 
з 0 
-2 0 
4 1 
1 2 
2 -l 
I^ 2 
-1 1 
0 1 
1 0 
0 -l 
0 1 


-1 
0 
1 
3 


N U — N 


-1 4 
] 2122 
3 1 
22 =] 
-2 1 
-1 3 
l| 2 
2 2 =] 
-4 -1 3 
-5 -1 6 
9 10 -1 
2 -1 
1 —3 
—5 -] 6 
9 10 -1 
2 -1 
1 —3 
0 —1 —9 
0 10 26 
2 -1 
1 —3 
0 -l —9 
0 0 -64 
-1 1 -l 
0 1 -l 
0 1 
0-1 0 
0 1 1 
1 -1 
(є)! 
-] 0 
1 1 
1 -l 
(-1) 1 O0 
-] 0 
2 O 
1 -l 
(-)»-1 1 
2 -1 
(-1)(1) = -1 


17. 


19. 


21. 


23. 


25. 


27. 


The determinant of a diagonal matrix is the product of its 
main diagonal entries. So, 


- 0 0 0 0 
0-1 0 0 0 
0 0-1 0 o= 6 =- 
0 0 0-1 0 
0.00 0-I 


Because the second row is a multiple of the first row, the 
determinant is zero. 


Because —4 has been factored out of the second column, 
and 3 factored out of the third column, the first 
determinant is —12 times the second one. 


(а) |4|2| | 2|» ~ 
І 
 |B|-|? 4 = -s5 
2 
(©) E T «4 A 
Quo" d |2 1 
(d) [48|= |, 7} = 5 
2 


Notice that | 4||B| = | АВ| = 5. 


First find 
-3 8 
| A] = = —35 
4 1 


(a) |47| =|4| = -35 
(6) [а = |а = (-35)° = –42,875 
(о) [4741 = [АТ || А|= —35(—35) = 1225 


(d) [54| = 54| = 25(-35) = -875 


-4| һо -4 
(а) |4J=| 0 з 2|-0 з 2-[| ?|=-20 
TI. Ьа pee 

NE 
b) |a] = — = -— 
i iri 20 
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E 
ө. ats У ае 
61-2 by gL 
6 3 
-1| _ 1/1 112) — 1 Т: 1 
|a sas] "48 9 6 
apod 1 
Notice that | A| = —6,s0 |Á |= — = —. 
|a| 6 
[12 3 1) 
5 5 10 
Sici si о 
5.5 5 
Ac SE 
[|5 5 10] 
UNE ME d 95-5 
5 5 10 
|51 Гы E ср 
5 5 5 TUN. P 10 
23 1 ig 
$T Wu) ver. d 
1 0 1 
Notice that |4| =|2 -1 4 = 10 = 24) + 112 + 2) = -10, so |4| = 75 
2 60 
-— AN jue d 
33 5 1 11 s 33 3 3 
33. (а) 3 5 9 212 э 212102 4125/0127 
SA 17 4 (rape 1 
3 3 00 1- 
L 21 
Soar s d 1 = ae Je 1 : = 0 
2 2 2 2 3\2 2 
jug Se ii) eee 100 0 100 0 
3 3 6 | | 
1 1 = see 
Ы |от2 [o 1 2 a |019 з 
1 1 
1 1 001 = 001 = 
00 d 00 1 >- 
2 2 2 2 
So, x, = 0, x, = -4, and Xx, = 
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(c) The coefficient matrix is 


33 5 
A-|3 5 9| and |A|= 4. 
5.9 17 
13 5 
Also, 4 = |2 5 9| and |A|- 0, 
4 9 17 
3 1 5 
А =|3 2 9) and |4|= —2, 
5 4 17 
3 3 
A, =|3 5 2| and |&|= 2 
5 9 4 
So, x, = 0 = 0, х = в T aud X, = шы 
4 4 2 4 
ET TT D Gg m i-o] ee es ac 
35. (а) | 2 -2 2 -8)/>/0 6 0 650 1 0 -1|2/0 1 0 ч 
-1 3 4 8 0 5 3 | 05 3 | 00 1] 2 
So, x; = 2, x, = -Land x, = —7 + 1(2) - 2(-1) = -3 
1 2 -1 -7 1 0 -1 -5 1 0 0 -3 
(b) 0 1 0 -1,2/j|0 1 0 -l}5/0 10 ч 
00 1 2 00 1] 2 00 1 2 
So, у = -3,x;, = -L and x, = 2. 
(c) The coefficient matrix is 
1 2 -l 
А= |2 -2 -2] and | A] = -18. 
-1 3 4 
-7 2 1l 
Also, 4, = |-8 -2 -2| and |4 |= 54, 
8 3 4 
- ENS 
4 =|2 -8 -2| and | 4, |= 18, 
-] 8 4 
= 3-5 
A, =| 2 -2 -8| and |4 |= 336. 
-1 3 8 
So, x, = 2d = —3,х = г pado usd 
-18 -18 -18 
37. Because the determinant of the coefficient matrix is 39. Because the determinant of the coefficient matrix is 
6 5 FE 
=-11 # 0, Luy 
1-1 2 з Ц= -15 #0, 
the system has a unique solution. 5 4 2 


the system has a unique solution. 
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41. Because the determinant of the coefficient matrix is 43. (a) BA| - |B | A| =-2-4=8 
12 6 œ) |B |=|B = 22 =4 
2 5 15|=0, 
3 1 3 (c) |24|= 2^|4|2 16:4 = 64 
the system does not have a unique solution. (d) (AB) =| B! AT | = |B" || 4” | = |8|4|= 2:4 = 8 


Equivalently, 


(АВ) | = 48| = |4||8|= 4-2 = 8 


_ 1 1 
© |в |= = 
|B| 2 
45. Expand the determinant on the left along the third row. 
ац ар аз 
a an аз 
(аз + C31) (az + сә) (аз; + C33) 
= а а; а 43 а ару 
= (ai К C31) = (az F сз) + (азз T сэз) 
an 05 а 05 а an 
_ а а; а аз а а; а a3 а арз а арз 
= ау + Сз] — 432 — ©з) + азз + C33 
an 05 an 05 а 05 а 93 а 0» а an 


The first, third, and fifth terms in this sum correspond to the determinant 
а ар аз 
а 0» 05 


аз 032. 033 


а 0» аз 


C31 C3 C3 


expanded along the third row. 


47. Each row consists of n — 1 ones and one element equal 1 1 0 
| 2 2 
to 1 — n. Th f th l ts is th 
o n e sum of these elements is then 53. TU = П П 01 = 2-1 ) TNT 
(n - t + (17 7) = 0. 2vw 2uw 2uv 
In Section 3.3, Exercise 63, you showed that a matrix 
whose rows each add up to zero has a determinant of 55. Row reduction is generally preferred for matrices with few 
zero. So, the determinant of this matrix is zero. zeros. For a matrix with many zeros, it is often easier to 


expand along a row or column having many zeros. 
49. By definition of the Jacobian, 


cos x 0 sin x 
ox 9x _1 1 ў cosx sinx 
ди ov 2 2 1 1 1 57. sin x 0 cos x --l. 
J(u, v) = = = —— - = —, А А sinx cosx 
ду oy 1 1 4 4 2 sinx — cosx 1 sinx- cosx 
Qu Qv 2:72 - —1(cos* x — sin? x) 
cosv —u sin v Я Lex = —cos 2x 
51. J(u,v) =| | =ucos v + u sinf v = u » 
SHES Meo Y —cos 2x = 0 > 2x = 7 + nz, where n is an integer. 
л nm 
х= = + = 
4 2, 
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1 2 
59. The matrix of cofactors is given by | | 


61. 


63. 


-1 0 


1 2 1 -l 
| |2 of 
The determinant of the coefficient matrix is 


0.2 -0.1 
0.4 -0.5 


0 
So, the adjoint is zl › 


= —0.06 = 0. 


So, the system has a unique solution. Using Cramer’s 
Rule 


0.07 -0.1 
1 = | } | А, | = —0.036 
-0.01 -0.5 
0.2 0.07 
> -| } | 4,| = -0.03. 
0.4 -0.01 
So, 
" _|Al _ 036 _ 9. 
|a|  -0.06 
_|4] _ -0.03 
УСТА] 2006 ^ 


The determinant of the coefficient matrix is 
2-3. «3 
6 6 12|= 168 # 0. 
12 9 -1 


So, the system has a unique solution. Using Cramer’s 
Rule 


33 3 
А =|13 6 12} |A|-8 
2 9 -1 
[2 3 3 
42:613 12, |4|= -56 
[12 2 -1 
2 23-3 
4-2|66 13, |4]|- 168 
12 9 2 
So, 
PEE а Зе 
|4| 168 2 
_|4|_ -56 1 
^ || 168 3 
281168 _ 
> JA] 168 


65. 


67. 


69. 


71. 


73. 


75. 


77. 


0.2 —0.6 
The coefficient matrix is A = | | 
-1 14 
| 2.4 x bs a 
A = ‚ А = 
-88 14 -1 -8.8 
Using a graphing utility, A| = –0.32, A, | = —1.92, and 
|4 | = 0.64. 
A — 
So, x, _| | ЕЕЕ 6 and 
|a| | (70.32) 
t |4| | 0.64 
Тар (-0.32) 


The formula for area yields 


x y il 101 
Area = +5) x, Vy |= +15 0 1 
хз у; 1 5 8 1 
zl = 
= +1(-8)(1 - 5) = 16 
Find an equation as follows. 
x yl x у 1 
О=|х y 1|=|—4 0 1|=-4х+8у-16=0 
X; y, 1 4 41 
So, an equation of the line isx — 2y = —4. 


Find an equation as follows. 


X yz 
=|1 0 3|= 0, ог9х c Ay – 32 = 0 
0 3 4 


RW ON 


Cramer’s Rule was not used correctly to solve for z. The 
given setup solves for x not z. 


(a) False. See the “Minors and Cofactors of a 
Matrix” box, page 111. 
(b) False. See Theorem 3.3, part 1, page 119. 


(c) True. See Theorem 3.4, part 3, page 121. 
(d) False. See Theorem 3.9, page 130. 


(a) False. See Theorem 3.11, page 137. 


(b) False. See “Test for Collinear Points in the 
xy-Plane,” page 139. 
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Cumulative Test for Chapters 1—3 


1. Because the equation cannot be written in the form a,x + ay = b, it is not linear in the variables x and y. 
2. Because the equation is in the form a,x + apx = b, it is linear in the variables x and y. 


3. Add — times the first equation to the second equation. 
x—-2y-25 х- 2у = 5 
> 
3x + у=1 Ty = -14 


So, y = -2and x - 2(-2) = 5 > x = 1. 


4. Interchange the first equation and the third equation. 


x Xo хз = —3 
2x, — 3х + 2x, = 9 


4x, + x, = З; = 11 


Adding —2 times the first equation to the second equation produces a new second equation. 
H+ ж» + x = -3 
- 5x, = 15 
4x, + xX — 3x; = 11 
Adding —4 times the first equation to the third equation produces a new third equation. 
H+ Xt g = 3 
= 5x, =-15 
— 3x» — Tx, = 23 
Dividing the second equation by —5 produces a new second equation. 
X + X +t g = 3 
X2 = -3 
= 3x, — Tx, = 23 


Adding 3 times the second equation to the third equation produces a new third equation. 


Х + Хх) + kg = —3 
X2 = -3 
= 7х3 = 14 


Dividing the third equation by —7 produces а new third equation. 


xX, + ху + x; —3 
х) = -3 
x; = 2 

Using back-substitution, the answers are found to be x, = 2, x; = —3,and x, = —2. 


5. Using a software program or graphing utility, the solution is x = —10, y = 20, z = —40, w = 12. 


x, = s—2t 
01-1 02 10 2-10 
х =2+t 
6. 110 2 -1 OJ >/0 1-1 
x, =t 
1 2 -1 4 00 0 
X4 = 8 
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B x, = -2s 
1 -2 12 0 0 
0 = 5 
7.| 0 2 -4| |0 0 1 -2 
xy = 2t 
-2 4 1-2 000 0 
2 Xy=t 
[1 2-13 12-1 3 1 2 -l 3 
8. |-1 -1 1215101 0 5 >]0 1 0 5 
[1 1 Lk 03 0 3+k 00 0 -12+k 
k = 12 (for consistent system) 
-2 -x= 
-2 2 x 2 1 0 4-y= 0 
9. 24- В = Е = > 
4 6 y 5 0 1 x= -3 
у= 4 
29 23 17 
5 1 
10. АА = |3 4 =: [237 (25. 27 
24 6 
6 17 2T 34 


T 


29 23 17 27 23 17 
Because А74 = |23 25 27| = |23 25 27 (44), the product is symmetric. 
17 27 37 17 27 37 


2 -2 3 [6 = 
`|46| P 


1 2 -l 
| 16. The coefficient matrix for the system is A = [ 
12. 


and the formula for the inverse of a 2 x 2 matrix 


гә 37! 6 35 edga еб produces 
12. | --4| |- 1 iod 
| i ' | | i Ё | | | | -| i ij 
1 1 
| БИН 2+2|-2 2 -1 1 
-100[ -1 0 0 in of 4 
1 lg 
13. i =10 2 0 х= Ар = | 4 4 = 
-i 110 2 
0 0 0 E 2 2 
7 The solution is: x = 4and у = 2. 
pd 1 0 [1 o vl 
14. 1-3 6 5| =|0 0 1 ТЇ ME EI |l: | 
3 1 9 ~ = 
10101 |5 $ 75 


1 Oj} 1 olo 1|2 -4 1 0 
15. The coefficient matrix is 0 -1 2 111 oli 0 = 0 1 


epar «ЕТ: 


1 1 [ro 4 (The answer is not unique.) 
x-4b-|? ‘| |=|? 
1 5181 l-4 40 3 
uot Ue ; PN 1 -3 -5| Jo 3 2 
The solution is: 18. a |^ Al 5 0-11 -3 55 
_ 4 = 2 
х= з and y = -5. 1 0 -3 1 5 | 
1 1 0 -3 
= 4(-2) +2 
= —6 
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19. (a) | A] = 14 1 1 0 1 
(b) B| = -10 23. а\0|+Ь1|+с|1|=|2 
1 0 1 3 
1 -3|-2 1 -2 -14 
(с) |48|= = The solution of this system is a = 1, b = 0,and с = 2. 
4 2| 0 5 -8 14 
24. a-bt+c=2 
(d) |AB| = —140 c=l 


4a+2b+c=6 
20. (a) | A| = 84 
and 


The solution of this system is a = 1, b= 


{Al 84 c =1,зо y = Jx? + lx +1. 


21. (a) |34| 2 3* -7 = 567 
œ) [4 = [4|= 7 


ө с! 


(@ | |= 7° = 343 


22. The matrix of cofactors is 2329 =1 123 
2 1 |o 1| |o -2]|] 
02 12 1 0 
-4 1 2 
5 -l 1 -l 1 -5 
— — =|10 3 -5 
0 2 1 2 1 0 
-7 -1 -2 
5 -1 1 -l 
| |2 Цю al fo -2|| 
-4 10 -7 
So,theadjointof4is| 1 3 -l 
2 -5 -2 
Because | A| = —11, the inverse of A is 
A 8 T 
A 10 7 odd 
Asha аы 
|a] U > s п пип 
С 710252 
11 11 11 


25. Find an equation as follows. 
x yl x у 1 
0-|x у l-|l 4 Ц= x(6) - y(—4) + 1(-22) = 6x + 4y — 22 
X; y 1 5 -2 1 


So, an equation of the line is бх + 4y — 22 = 0, or 3x + 2y = 11. 


26. Use the formula for area. 


x y i -2 2 1 
Area = +} X) у» 1|= +1 8 2 = -l(-70) = 35 units ? 
хз уз 1 6 -5 1 
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27. Applying Kirchoff's first law to either junction produces 

+1, =1, 

and applying the second law to the two paths produces 

RI, + RL = Ар + 1, =16 

Roly + RL = I, + 41; = 8. 

Rearrange these equations, form the augmented matrix, and use Gauss-Jordan elimination. 
1-11 0 1003 

4 10 16|2/|0 10 4 

0 14 8 00 1 1 


So, the solution is: J; = 3, J, = 4, and /; = 1. 


200 300 
28. ВА = [12.50 9.00 21.50] |600 350] = [13,275.00 15,500.00] 
250 400 


This product represents the total value of the three products sent to the two warehouses. 


1 2 з 0 1 0 
29. No; For example, let 4 = ‚В = ‚апа C = : 
1752 3 0 1 0 


е el eal А Р® 


So, АС = BC but А # B. 
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CHAPTER 4 
Vector Spaces 


Section 4.1 Vectors in R" 


1. v = (4,5) 


-5 -4 -3 -2 -1 


"i 13. v=u+2w 
= (2,3) + 2(-3, -2) 
= (-2, 3) + (-6, -4) 
= (2-6,3-4) 
= (8-1 
(-3,-4) _;[ " 
n 
C23) *7 
7. u + v = (L3) + (2, -2) 
24014232) 
= 
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17. (a) 2v = 2(2,1) = (2(2), 2(1)) = (4,2) 
(b) -3v = -3(2, 1) = (-3(2), –3(1)) = (6, -3) 
© зу = 5.0 = (20). 300) = (55) 


y y 
4 A 
4+ AT 2+ 
з + =}. 
р (4, 2) TY (2, 1) || Q.D 
| ay P+ х le ge 
1800 „ы ШР) 
| ЕЕЕ 23у 24 E pes 
Et | 123 4 Сб; —3) E T J 
19. u — v = (1, 2, 3) - (2,2, -1) = (-1, 0, 4) 21. 2u + 4v — w = 2(1, 2,3) + 4(2,2, -1) — (4,0, -4) 
v -u = (2,2, -1) - (1, 2,3) = (1, 0, -4) = (2,4,6) + (8, 8, —4) — (4, 0, —4) 
= (2+8-4,4+8-0,6 + (—4) - (—4)) 


= (6, 12,6) 


23. Зи — 4z = w implies that —4z = —3Зи + w, or Z = iu — +W. 


27. (a) Because (2, 3, 5) = 3(3, 2; 5), vis a scalar multiple of z. 


(b) Because (9, —6, –15) # c(3, 2, —5) for any с, w is not a scalar multiple of z. 


29. (a) u — v = (4,0, -3,5) — (0, 2,5, 4) 
-(4-00-2,-3- 5,5 — 4) 
= (4, -2, -8,1) 


(b) 2(u + 3v) = 2[(4,0, —3, 5) + 3(0, 2,5, 4) ] 
= 2[(4, 0, -3, 5) + (0,6,15,12)] 
= 2(4 + 0,0 + 6,-3 + 15,5 + 12) 
= 2(4, 6, 12, 17) 
= (8, 12, 24, 34) 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


108 


31. 
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(c) 2v — u = 2(0, 2,5, 4) — (4, 0, -3, 5) 
= (0, 4,10, 8) — (4, 0, —3, 5) 
= (74, 4, 13, 3) 
(a) u — v = (-7, 0, 0, 0, 9) — (2, 3, -2, 3, 3) 
= (-7 — 2,0 + 3,0 + 2,0 — 3,9 — 3) 
= (—9, 3, 2, -3, 6) 


(b) 2(u + 3v) = 2[(-7, 0, 0, 0, 9) + 3(2, -3, -2, 3, 3) | 
= 2[(-7, 0, 0, 0, 9) + (6, -9, -6, 9, 9) | 
= 2(-7 + 6,0 — 9,0 - 6,0 + 9,9 + 9) 
2(-1, -9, -6, 9, 18) 

= (-2, -18, -12, 18, 36) 


(с) 2v —u = 2(2,-3, -2, 3,3) - (-7, 0, 0, 0, 9) 
= (4, —6, —4, 6, 6) — (-7, 0, 0, 0, 9) 
= (11, -6, —4, 6, -3) 


33. Using a graphing utility with и = (1, 2, —3, 1), 41. The equation 
v = (0,2, 1, -2), and w = (2, —2,1,3), you have au + bw = у 
the following. a(l, 2) + b(1, -1) = (2,1) 


(а) u + 2v = (1,6, —5, -3) 


yields the system 


(b) w — Зи = (—1, —8, 10, 0) a+b=2 
(с) 4v + tu - w = (-1.5, 11, -6.5, -10.5) dd. 
Solving this system produces a = land b = 1. 
35. 3w = и - 2v So, v=u+w. 
ZA 2 
М сыын 43. The equation 
= i(1, —1, 0, 1) - 2(0, 2, 3, -1) au + bw = v 
—(1 _1 1 4 2 а(1,2) + Ь(1,—1) = (3,3 
(Ъ L 0, 1) (0, 4,2, 2) (1,2) + b(1,-1) = (3,3) 
B (4 E ) yields the system 
» rp 7T a+b=3 
37. lw = 2u + 3v dde eh 
2 Solving this system produces a = 2 and b = 1. 
w = 4и + 6v So, zu + w = v. 
= 4(1, -1, 0,1) + 6(0, 2, 3, -1) 
45. The equation 
= (4, —4, 0, 4) + (0, 12, 18, —6) 
au + bw = у 
зы. a(L 2) + b(1,-1) = (—1,—2) 
39. 2u+ v – Зу = 0 yields the system 
202 1 a2 
w= íu + ту a+b 1 
= 2(0,2, 7, 5) + 1(—3,1, 4, -8) 2a - b = 2. 
Solving this system produces a = —land b = 0. 
= (0, 4, 4, 19) (11,3 8) S = 
137/3173 9393? 3 О, У = —u. 


L444 104 (_8)) 
эз 38 E 3 
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47. The equation 


au, + bu, + cu, 
a(2, 3, 5) + b(1,2, 4) + c(-2, 2,3) 


yields the system 
2a+ b- 2c = 10 
За + 2b + 2c 
5а + 4b + Зс 


Solving this system produces a = 1, b = 2, and 


c = —3. So, v = u; + 2u, - 3u,. 


51. The equation 


1 2 
a7|-b8 
4 5 


3 


= |9 
6 


yields the system 


1 
4. 
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49. The equation 
у au, + bu, + cu; = V 


(10,1, 4) a(1,1, 2, 2) + b(2,3, 5, 6) + c(-3,1, —4, 2) = (0, 5, 3, 0) 


yields the system 
a+ 2b - Зе = 
a+ 3b+ с 
2a + 5b — 4c 
2a + 6b + 2c 


0 
5 
3 


0. 


The second and fourth equations cannot both be true. So, 
the system has no solution. It is not possible to write v as 
a linear combination of щ, u;, and и;. 


at+2b=3 
7a + 8b = 9 
4a + 5b = 6. 
Solving the system produces a = —land b = 2. 
3 1 2 


So, |9| = (-1)|7|+ 2) 8|. 


6 


53. Write a matrix using the given шщ, U5, .. 


The reduced row-echelon form for A is 


4 


11 0 
22 1 
A=|3 0 | 
42 1 
1-1 1 -4 
[1 0 0 0 
0100 
A-2100 10 
000 1 
0000 


So, v = 2u, + u, — 


1 


5 


2 


5 


9 


. U; as columns and augment this matrix with v as a column. 


2u, + u, — us. Verify the solution by showing that 


2(1,2, —3, 4, 1) + (1, 2, 0, 2, 1) — 2(0, 1, 1, 1,—4) + (2,1, —1, 2, 1) — (0,2, 2, 1, —1) equals (5,3, -11, 11,9). 
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55. The equation 
av, + bv; + СУ; 
a(1, 0,1) + b(—1,1, 2) + с(0,1, 4) 
yields the homogeneous system 
a- b = 0 
b+ c=0 
а + 2b + 4c = 0. 


57. (a) True. See the discussion before “Definition of 


= 0 Vector Addition and Scalar Multiplication in R”,” 
= (0, 0, 0) 


page 155. 


(b) False. The vector —v is the additive inverse of the 
vector v. 


59. If b = xa, + 
columns of A, then a solution of Ax = b is 


+ х,а, is a linear combination of the 


А fs І x 
This system has only the trivial solution | 
a = b = с = 0.So, you cannot find a nontrivial way of = 

writing 0 as a combination of v;, V2, and v3. X, 


61. (1) u + v = (2,-1,3,6) + 
(2) u +v = (2,-1,3,6) + 
v+u = (1,4,0,1) + 


So u+v=v+u. 


(2,=1, 3, 6) = 


The system Ax = b is inconsistent if b is not a linear 
combination of the columns of А. 


(1, 4, 0, 1) = (3,3, 3, 7) is a vector in №“. 


(1, 4, 0,1) = (3,3, 3, 7) 


(3, 3, 3, 7) 


(3) (u + v) + w = [(2,-1,3,6) + (1,4, 0,1)] + (3,0,2, 0) = (3,3,3,7) + (3,0, 2,0) = (6,3, 5,7) 
u + (v + w) = (2,-1,3, 6) + [(1,4, 0,1) + (3,0, 2,0)] = (2,-1,3,6) + (4,4, 2,1) = (6,3,5,7) 
So, (u + v) + w =u + (v + w). 

(4) u + 0 = (2, –1,3, 6) + (0, 0, 0, 0) = (2,-1,3,6) = u 

(5) u + (-u) = (2, —1, 3, 6) + (-2, 1, —3, —6) = (0, 0, 0, 0) = 0 

(6) cu = 5(2, –1, 3, 6) = (10, —5, 15, 30) is a vector in А“. 

(7) c(u + v) = 5|(2,-1, 3,6) + (1,4, 0,1)] = 5(3,3,3,7) = (15,15,15,35) 
cu + су = 5(2,-1,3,6) + 5(1, 4, 0,1) = (10,—5,15, 30) + (5, 20, 0,5) = (15,15, 15, 35) 


So, с(и + у) = cu + cv. 


(8) (c + d)u = (5 + (-2) 2. -13,6) = 3(2 
(-2)(2,-1, 3, 6) = 


cu + du = 5(2,-1,3, 6) + 
o, (c + d)u = cu + du. 
(9) c(du) = 5((-2) (2, -1, 3, 6)) 
(cd)u = py © -1,3, 6) 
So, c(du) = (cd)u. 


(10) Қы) = 1(2,-1, 3, 6) = ( 


= 5(—4, 2, -6,-12) = 
= -10(2, -1,3,6) = 


,-1,3,6) = (6,3, 9, 18) 


(10, -5, 15, 30) + (-4,2, —6, -12) = (6, -3,9, 18) 


(-20, 10, –30, —60) 
(-20, 10, –30, —60) 


2,-1,3,6) =u 
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Prove the remaining eight properties. 


(1) u + v = (m, uy) + (vi, v2) = (uj + v, u, + у) isa vector in the plane. 

(2) u+ve= (ui, U2) + (v, у») = (ш + у, + v) = (vi + Uj, V2 + и») = (vv) + (u, u2) =v+u 
(4) u +0 = (ш, u) + (0,0) = (u + 0, u, + 0) = (um, u) = u 

(5) u + (~u) = (u, u) + (~u, —u5) = (u — u, uz — u) = (0,0) = 


(6) cu = c(u, u) = (cu, cuz) is a vector in the plane. 


(7) c(u + v) c| (m, ur) + (v. »)] = с(ш+ у, ш + v) 


(с(и, + у), c(u; + »)) = (сщ + су, CU + су) 


(сщ, cuz) + (cv, су) 


= с(щ, Uy) + cw, v) = cu + cv 


( 
(9) c(du) = c(d(u, и›)) = c(du,, аи») = (саш, cdu;) = (са)(ш, и) = (cd)u 
) 


(10) (и) = Iu, и) = (u, u) = u 

Justification for each step: 67. Justification for each step: 

(a) Use the fact that c + 0 = 0 for any real number c, (a) Equality remains if both sides are multiplied by a 
so, in particular, 0 = 0 + 0. nonzero constant; property 6 of Theorem 4.2 assures 

(b) Use property 8 of Theorem 4.2. you that the results are still in R”. 

(c) An equality гешаішв;ап equality if you add the same (b) Use property 9 of Theorem 4.2 on the left side and 
vector to both sides; you also used property 6 of property 4 of Theorem 4.3 (proved in Exercise 62) 
Theorem 4.2 to conclude that Ov is a vector in R”, on the right side. 
so, —Ov isa vector in R”. (c) Use the property of reals that states that the product 

(d) Property 5 of Theorem 4.2 is applied to the left-hand of multiplicative inverses is 1. 
side. Property 3 of Theorem 4.2 is applied to the (d) Use property 10 of Theorem 4.2. 


right-hand side. 
(е) Use properties 5 and 6 of Theorem 4.2. 
(f) Use properties 4 of Theorem 4.2. 


Section 4.2 Vector Spaces 


1. 


3. 


11. 


13. 


The additive identity of R^ is the vector (0, 0, 0, 0). 7. In R?, the additive inverse of (у, vz, Уз) is 

The additive identity of M,, is the 4 x 3 zero matrix (=v =v, =v). 
0209 9. Мз is the set of all 2 x 3 matrices. The additive 
000 ; 

| inverse of 
E E а | 
DM) Q3 4» ay 
. P is the set of all polynomials of degree less than or T ai ар аз) |-аү 742 83 
equal to 3. Its additive identity is а а 93 ај -а» -—5 i 


Ox? + Ox? + 0х + 0 = 0. 


P, is the set of all polynomials of degree less than or equal to 4. The additive inverse of a4x^ + ax? + a,x? + ax + ag is 


—(ах* + аух® + ах? + ах + а) = —ayx* — ауд? — ax? — ax — ау. 


M 46 with the standard operations is a vector space. АП 15. This set is not a vector space. Axiom 1 fails. The set is 
not closed under addition. For example, 


ten vector space axioms hold. 
(^ + 4x?) + (e + 2x) = Ax? + 2x is not a third- 


degree polynomial. 
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17. This set is not a vector space. Axiom 1 fails. For 23. This set is a vector space. All ten vector space axioms 
example, given f (x) = xand g(x) = -x, hold. 
f(x) + g(x) = Ois not of the form ax, where a + 0. 25. This set is a vector space. All ten vector space axioms 
hold. 
19. This set is a vector space. All ten vector space axioms 
hold. 27. This set is a vector space. All ten vector space axioms 
hold. 


21. This set is not a vector space. The set is not closed under 
scalar multiplication. For example, 
(-1)(3, 2) = (-3, -2) is not in the set. 


29. This set is not a vector space because it is not closed under addition. A counterexample is 


0000] [0 о о 0] [0000 
0000] оооо! |0000 
0000) 10 000) |о 00 0 
0001) ооо 1 ооо 2 


31. This set is not a vector space because it is not closed under addition. A counterexample is 
1 0 0 0 1 0 
+ = . 
0 0 0 1 0 1 
Each matrix on the left is singular, while the sum is nonsingular. 


33. This set is a vector space. All ten vector space axioms hold. 


35. С[0, 1] is a vector space. All ten vector space axioms hold. 

37. Yes, V is a vector space. Verify the ten axioms. 
(ID xXyeV-—xty-2xeV (V = positive real numbers) 
(2) х+у=ху=ух=у+х 


(3) x+(y +z) =x + (yz) = х(у) = (xy)z = (x + yz = (x+ y) +2 


(4) x+l=xl=x=lx=lt+x (Zero vector is 1.) 
1 1 DEN > | 
(5) x*—-2x-—|-21 Additive inverse of x is —. 
x x x 


(6) Force А, хє У, сх =x € V. 
(7) (х * y) = (х+ yf = (xy = ху = x + y = сх + су 


(8) (c * d)x = х = x'x^ = x* + х“ = сх + dx 


с 


(9) с(ах) = (dx) = (х) = хі = (ас)х = (са)х 


(10) 1х 2x = х 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


Section 4.2 Vector Spaces 113 


39. Verify the ten axioms in the definition of vector space. 
(1) u + v = (u, 2u) + (v,2v) = (u + у, 2u + 2v) 
= (и + v, 2(u + v)) is in the set. 
(2) u+ve= (и, 2и) + (v, 2v) Е (и + у, 2и + 2v) 
= (у + u,2v + 2u) = (v, 2v) + (и, 2u) = v+u 
(3) u + (v + w) = (u, 2u) + [(v. 2v) * (w, 2w)] = (u,2u) + (v + w,2v + 2w) 
= (и + (v + w), 2и + (2v + 2w)) - ((u + v) + w, (2u + 2v) + 2w) 
= (u + v, 2и + 2v) + (w,2w) = [(u, 2u) + (v, 2v) | + (w, 2w) 
= (u 4 


tv) +w 


(4) The zero vector is 
0 = (0,0) 
u +0 = (u, 2u) + (0,0) = (u, 2u) = u. 
(5) The additive inverse of (u, 2u) is 
(7u, -2u) = ( и, 2( и)). 
u + (-u) = (u, 2u) + (^u, 2(-u)) = (0,0) = 0 
(6) cu = c(u, 2и) = (cu, 2(си)) is in the set. 


(7) c(u + v) = = &[( u,2u) + (v, 2v) | = c(u + v,2u + 2v) 
= (c(u + у), c(2u + 2v)) - (cu + cv, c(2u) + c(2v)) 
- (cu, c(2u)) + (cv, c(2v)) = c(u, 2u) + с(у, 2v) 
(8) (c + d)u = (c + d)(u, 2и) = ((с + d)u,(c + d)2u) = (cu + du, c(2u) + d(2u)) 
= (cu, с(2и)) + (du, d(2u)) = с(и, 2и) + d(u, 2u) 
= cu + du 
с(а(и, 2u)) = c(du, d(2u)) = (c(du), c(d(2u))) 
((cd)u, (cd)(2u)) = (cd)(u, 2u) = (cd)u 


(10) I(u) = Yu, 2u) = (u, 2u) =u 


(9) c(du) 


41. (a) Axiom 8 fails. For example, 
(1 + 2) (1,1) = 3(1,1) = (3,1) (Because c(x, у) = (cx, у)) 


(1, 1) + 2(, 1) = (1,1) + (2,1) = (3, 2). 


So, Ё? is not a vector space with these operations. 
(b 


— 


Axiom 2 fails. For example, 
(1, 2) + (2,1) = (1, 0) 
(2,1) + (1, 2) = (2,0). 
So, R? is not a vector space with these operations. 
(c) Axiom 6 fails. For example, (—1) (1,1) = (У, V-1), which is not in R?. 
So, R? is not a vector space with these operations. 
43. Suppose, by way of contradiction, that there are two distinct additive identities 0 and uy. Consider the vector 0 + up. On one 
hand, this vector is equal to uy because 0 is an additive identity. On the other hand, this vector is also equal to 0 because uy is 


an additive identity. So, in contradiction to the assumption that 0 and uy are distinct, you obtain 0 = ug. This proves that the 
additive identity in a vector space is unique. 
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45. Verify the ten axioms in the definition of vector space. Let x(t) = a, sin @ + a; cos wt, y(t) = b, sin wt + b, cos at, and 
z(t) = с sin «x + c; cos ct, and let d, and d, be scalars. 
(1) x(t) + y(t) = (а sin @t + a, cos æt) + (b, sin wt + b; cos o) 


a, sin Qt + b, sin @t + a; cos Qt + b, cos at 


= (a, + b,)sin wt + (a; + b;)cos æt is in the set. 
(2) x(t) + y(t) = (а + b)sin ex + (a; + Ь,)соѕ o 

= (b, + а)ѕіп e + (b,  a;)cos at 

= y(t) + x(t) 
(3) x(t) + (y(t) + z(t)) = (a sin œt + a; cos œt) + (b, + с) sin @ + (b, + с) cos æt) 
a, + (b + «)) sin at + (a; + (b; + c;)) cos at 


(a, + b) + а) sin æt + ((а, + b;) + с) cos æt 


a, + bj) sin at + (a; + b,) cos @ + с sin @t + c; cos at 


(4) The zero vector is 
0 = 0 sin æt + 0 cos ot 
x(t) + 0 = а, sin @ + a, sin cx + 0 sin e + 0 cos @ = a, sin @t + a, cos @ = x(t). 
(5) The additive inverse of x(t) is 
—x(t) = —a, sin ex — a, cos o 
x(t) + (-x(t)) = (а + (—а,))зїп ex + (a, + (-a5))cos wt = 0. 
(6) d,(a, sin @ + a; cos wt) = dia, sin wt + d;a, cos ox is in the set. 


(7 


— 


d,(x(t) + y(t)) = d,((a, + b) sin ex + (a; + b;) cos æt) 


= di(a + b) sin at + а (а + b;) cos at 


= да sin at + dıb, sin @t + да cos at + dıb, cos at 
= d,(a, sin c + a, cos at) + d,(b, sin «xt + b, cos æt) 
= d,x(t) + d,y(t) 
(8) (d, + d;)x(t) = (d, + 4„)(а sin ай + a, cos at) 
= (d, + d5)a, sin wt + (d,  d5)a; cos ct 
= da, sin 0 + da, sin 0 + d;a, cos at + d,a, cos at 
= d,(a, sin @ + a; cos wt) + d»(a, sin ct + a, cos at) 
= d, x(t) + d; x(t) 
(9) d,(d,x(t)) = d,(d,(a, sin et + a, cos @t)) 
= d,(d;a, sin @ + d,a, cos et) 
= 41а; sin at + dida, cos at 
= (did;)(a, sin @t + a, cos at) 
= (did;)x(t) 
(10) 1(x(¢)) = Ya, sin wt + a, cos æt) 


= la, sin @ + lay cos at 


a, sin @ + a, cos at 


x(t) 
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47. (a) Add —w to both sides. 51. Prove that Ov = 0 for any element v of a vector space V. 


(b) Associative property First note that Ov is a vector in V by property 6 of the 
definition of a vector space. Because 0 = 0 + 0, you 


(c) Additive inverse 
have Ov = (0 + 0)у = Ov + Ov. The last equality 


(d) Additive identity 
holds by property 8 of the definition of a vector space. 
49. (a) True. See the paragraph below the “Definition of a Add (-Ov) to both sides of the last equality to obtain 


Vector Space” box, page 161. 


(b) False. See Example 6, page 165. Ov + (Ov) = (Ov + Ov) + (-0v). 


(c) False. With standard operations on R°, the additive Apply property 3 of the definition of a vector space to 
the right hand side to obtain 


Ov + (-0v) = Ov + (Ov + (-Ov)). 


inverse axiom is not satisfied. 


Apply property 5 of the definition of a vector space to 
both sides to obtain 


0 = 0v+ 0. 


But the right-hand side is equal to Ov by property 4 of the 
definition of a vector space, and so you see that 
0 = Ov, as required. 


Section 4.3 Subspaces of Vector Spaces 


1. Because W is nonempty and W с R*,youneed only check that W is closed under addition and scalar multiplication. Given 
(х, 0,3,0) € W апд (y, у, уз, 0) € W, 
it follows that 
(х, X2, X3, 0) + (э, №, уз» 0) Е (x + у, 0 + у, 3 + уз, 0) e W. 
Furthermore, for any real number c and (х, х, X3, 0) є W, it follows that 


с(х\, X, 33, 0) = (cx, со, 6,0) € W. 


3. Because W is nonempty and W с M,,, you need only check that W is closed under addition and scalar multiplication. Given 
0 a 0 a . 0 a 0 a 0 a + a 
є W and € W, it follows that + = e W. 
b 0 b 0 b 0 b 0 b, +b, 0 


0 a | 0 a 0 ca 
Furthermore, for any real number c and € W, it follows that c - e W. 
b o b 0 cb 0 


5. Recall from calculus that continuity implies integrability, 9. This set is not closed under scalar multiplication. For 
so W c V.Furthermore, because Wis nonempty, you example, 
need only check that W is closed under addition and 
scalar multiplication. Given continuous functions /? (1 1) = (V2. ~) сый 
f.g € W, it follows that f + g is continuous, so 
f + g € W. Also, for any real number c and for a 11. Consider f(x) = е", which is continuous and 
continuous function f є W, cf is continuous. So, nonnegative. So, f є W.The function (-1) f =-fis 
cf e W. negative. So, —f € W, апа W is not closed under scalar 
multiplication. 


7. The vectors in W are of the form (a, b, —1). This set is not 


closed under addition or scalar multiplication. For 13. This set is not closed under scalar multiplication. For 


example, example, 
(0, 0,-1) + (0,0,-1) = (0, 0, -2) e W (-2) (1,1,1) = (2, -2, -2) е W. 
and 


2(0,0, -1) = (0,0, -2) e W. 
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15. 


17. 


19. 


21. 


39. 


41. 


47. 


Chapter 4 Vector Spaces 


The set is not closed under scalar multiplication. 23. This set is a subspace of C(—ee, œ) because it is closed 
For instance, 


123 з 6 9 
32 131-16 з 9e W. 25. This set is a subspace of C(—ee, œ) because it is closed 


under addition and scalar multiplication. 


140 3 12 0 under addition and scalar multiplication. 


The set is not closed under addition. 27. This set is a subspace of С(—, со) because it is closed 


For instance, when n = 2, under addition and scalar multiplication. 
| | 2. E А = | \ ew 29. This set is a subspace of M,,, because it is closed under 
0 1 0 -l 0 0 addition and scalar multiplication. 


31. This set is not a subspace because it is not closed under 


The vectors in W are of the form (a, a’). This set is not eas 
scalar multiplication. 


closed under addition or scalar multiplication. For 


example, 33. This set is not a subspace because it is not closed under 
(1,1) + (2,8) = (39 ew addition. 

and 35. This set is a subspace of М,, „ because it is closed under 
3(2, 8) = (6, 24) e W. addition and scalar multiplication. 


37. Wis а subspace of R? because it is nonempty and closed 


This set is not a subspace because it is not closed under ЭХ aan 
under addition and scalar multiplication. 


scalar multiplication. 
Note that W с R? апа W is nonempty. If (а, a, — ЗЬ, b) and (a, a — 3b,, bs) are vectors in W, then their sum 
(а, a, — 3b, b1) + (а,а — 3b), b2) = (а, + а, (а + а) – 3(b, + Ь›),Ь + by) 

is also in W. Furthermore, for any real number c and (a, a — 3b, b) in W, 

c(a, a — 3b, b) = (ca, ca — 3cb, cb) 


is in W. Because W is closed under addition and scalar multiplication, Wis a subspace of №3. 


W is not a subspace of R? because it is not closed under 43. (a) True. See Definition of subspace, page 168. 
addition or scalar multiplication. For example, (b) True. See Theorem 4.6, page 170. 
(1,1,1) € W, but (c) False. There may be elements of W that are not 

1 ts of U or vice- i 
(1,1) (1,1) = (22,2) e W. elements of U or vice-versa. 
Or, 45. If j < k, P; с P, Since P, is a vector space, it is 
20,11) = (2,2,2) e W. closed under addition and scalar multiplication. So, P; is 


a subspace of P,. 


(a) Since every continuous function is a function, C(—ee, œ) с F(—ee, e»). Because C(—ee, оо) is a vector space 
(see page 163), it is a subspace. 


(b) The sum of two differentiable functions is differentiable, and a differentiable function times a constant is differentiable. 
The set is closed under addition and scalar multiplication, so it is a subspace. 


(c) The set is nonempty because when f = 0, f/'— 3f = 0 — 3(0) = 0. Iffand gare such that f’ — 37 = 0 and 


, 


g -3g = 0, then (f +g) -3(/f +g) = f'+9'-3f -3g = f'-3f*g – 36 = 0-0 = 0. 
So, the set is closed under addition. If c is a scalar, then 
(cf)'- 3(cf) = cf’ - Зс = ef - 3f) = с(0) = 0. 


So, the set is closed under scalar multiplication as well, and the set is a subspace. 
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49. Let /,, (; € W be represented by /, = (at, bt, cot) and l, = (ast, byt, cot). W is nonempty because 0 = (07, Of, Or) e W. 


li + Ly = (at + at, bt + bt, et + cot) = (а + а), (bi + Ь,), (с + e)t) e W 
If d e Risascalar, dé, = (dat, dbi, dot) € W. 


So, W is a subspace. 


51. Let W be a nonempty subset of a vector space V. On the 53. Assume A is a fixed 2 x 3 matrix. Assuming W is 
one hand, if W is a subspace of V, then for any scalars a, 


1 
b, and any vectors x, y є W, ах є Wand by є W,and nonempty, let x є W. Then Ax = NE let c bea 


so, ax * by e W. à 
nonzero scalar such that с + 1. Then cx є R? and 


On the other hand, assume that ax + by is an element of 1 А 

W where a, b are scalars, and x, y є W.To show that W A(cx) = сАх = с А Е А 

is a subspace, you must verify the closure axioms. If 

х,у € W,then x + y є W (by taking a = b = 1). So, cx ¢ W. Therefore, W is not a subspace of R°. 


Finally if ais a'scalar ax E W (Буза юно o esp 55. Let W be a subspace of the vector space V and let 0, be 


the zero vector of V and 0,, be the zero vector of W. 
Because 0, є W c V, 


0, = 0, + (-0,) = 0,. 
So, the zero vector in V is also the zero vector in W. 
57. The set Wis a nonempty subset of М». (Еог instance, О, B є W.) To show closure, let X, Y € W = ВАХ = ХАВ and 


BAY = YAB. Then 
(X + Y)AB = XAB + YAB = ВАХ + BAY = ВА(Х +Ү) X «Y e W. 


Similarly, if c is a scalar, then (cX)AB = c(XAB) = c(BAX) = BA(cX) => cX e W. 


59. Let c be scalar and u є V ^ W. Then u є V and u є У, which are both subspaces. So, cu є V and cu є W,which 
implies that cu e VOW. 


Section 4.4 Spanning Sets and Linear Independence 


1. (a) Solving the equation (c) Proceed as in (a), substituting (1, —8, 12) for 
a(2, -1, 3) + ¢(5, 0,4) = (-1, -2, 2) (-1, —2, 2), which yields the system 
for c, and c; yields the system Зе Soe 
2c + 5e, = -l =å = -8 
=c = 2 3c, + 4c, = 12. 
oe ла: The solution of this system is c, = 8 and c, = -3. 


The solution of this system is c, = 2 and c; = —1. So, w can be written as a linear combination of the 


So, z can be written as a linear combination of vectors in S. 


tors in S. 
Ми (d) Proceed as in (a), substituting (1,1,1) for 


Р ; titi RE S 
(b) Proceed as in (a), substituting (8. ) for C 1, 2, 2), which yields the system 


(-1, –2, 2), which yields the system 


2c, + 5с, = 1 

2c + 5с› = 8 с = 1 
mud 

mal UA 3e + 4c, = -1. 
Зс + 4c = a 


This system has no solution. So, u cannot be written 


The solution of this system is c, = 1 and c; = 3. as a linear combination of vectors іп 5. 


So, v can be written as a linear combination of 
vectors in S. 
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3. (a) Solving the equation 5. From the vector equation 
¢,(2, 0, 7) + (2,4,5) + с(2,-12,13) = (—1,5,—6) |, 1 " | j | E) 
€ Co = 
for с, су, and сз, yields the system ME. же. 10 7 
2с 2c ae, шд you obtain the linear system 
1 2 3e 77. 
4e; – 1264 = 5 2a = 6 
7e, + 5c, + 136 = -6. -3a + $e = -19 
2, а f 4c + су = 10 
One solution is су = “pa =F and с; = 0.So, -— 2 
itt li inati f t 
x io be written as a linear combination of vectors Vie ddlutomoFiyay denies =. Зай е9, 
(b) Proceed as in (a), substituting (—3, 15, 18) for 6 -19 23 2| 2 0 5 — 34 —2B 
10 7 4 1 ] 2 


(-1, 5, —6), which yields the system 


and so the matrix is a linear combination of Aand B. 


26 2с, 2c, = -3 
4c, — 12c, = 15 7. From the vector equation 
7с, 5c; 13c, = 18. 2 -3 0 5 -2 23 
. € + с) - 
This system has no solution. So, v cannot be written 4 ] 1-2 0 -9 


as a linear combination of vectors in S. ; К 
you obtain the linear system 


(c) Proceed as in (a), substituting (4. a 1) for 2c, = —2 
(-1, 5, — 6), which yields the system -3e« + 5c, = 23 
2c + 2c, + 2, = i SO odo 0 
Я с, — 2€ = —9. 
4c, — 12е; = 3 
i The solution of this system is су = —l and c; = 4. So, 
Ta + 5e, + 13с; = D. 
-2 23 2 -3 4 0 5 д 
One solution is с = EIS = a and с; = 0.So, 0 -91 E 4 1 Ы 12| -A + 4B 
w can be written as а linear combination of vectors 


ins and so the matrix is a linear combination of A and B. 
in S. 


= "P . 
(d) Proceed as in (a), substituting (2, 20, —3) for 9. Let u = (ш, u) be any vector in R. Solving the 


equation 
с\(2, 1) + с›(—1, 2) = (u, и) 


for cj and c; yields the system 


(-1, 5, — 6), which yields the system 
2c, + 2c) + 2c; = 2 
4c, = 12c; = 20 
7e, + Sey + 13e, = -3. 


2с|— со = ц 


БӨКРЕ € + 2€, = Uy. 
One solution is c; = —4, c; = 5, and с; = 0.So, 


2 А е This system has a unique solution because the 
z can be written as a linear combination of vectors . E E 
ins determinant of the coefficient matrix is nonzero. So, S 


spans R?. 


11. Let u = (ш, ш) be any vector іп R°. Solving the 
equation 
c(5, 0) + с(5, -4) = (u, u) 
for c, and c, yields the system 
5c + 5с) = u 
—4c, = Uy. 


This system has a unique solution because the 
determinant of the coefficient matrix is nonzero. So, S 


spans R?. 
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S does not span А? because only vectors of the form 23. Let u = (i, и, из) be any vector in R?. Solving the 
t(-3, 5) are in span(S). For example, (0, 1) is not in equation 

span(S). S spans a line in R?. c(l, -2, 0) + с›(0, 0, 1) + (71, 2, 0) = (u, uz, us) 
S does not span R? because only vectors of the form for cı, c», and c; yields the system 

1(1, —2) аге in span(S). For example, (0, 1) is not in e = а= ц 

span(S). S spans a line іп R?. -24 +26 = и 


с = из. 
S does not span R? because only vectors of the form 


Р (1, 3) are in span(S). For example, (0, 1) is not in This system has an infinite number of solutions if 


из = —2u,, otherwise it has no solution. 


ain p2 
spans) Sanwa menmi R= For instance (1, 1, 1) is not in the span of S. So, S does not 


Let u = (ш, uz, из) be any vector in R°. Solving the span R°. The subspace spanned by 5 is 

equation ѕрап(5) = {(a, —2a, b): a and Р are any real numbers], 
(4, 7, 3) + с(—1, 2, 6) + с(2, —3, 5) = (u, и», из) which is a plane in ВЗ. 

for cı, сз, and c; yields the system 25. S does not span Р, because only vectors of the form 

4c, — c; + 2с; = щ s(x?) + (1) are in span(S). For example, 1 + x + x? is 
Ta + 2c, — 36 = Uy not in span(S). 

3c бс» 5c, = U3. 


| | : 27. Because (2, 2) is not a scalar multiple of (3, 5), the set 
This system has a unique solution because the 


determinant of the coefficient matrix is nonzero. So, S S is linearly independent. 


3 
spans К. 29. The set S is linearly dependent because 


This set does not span R°. 5 spans a plane in R°. 1(0, 0) + 0(1, —1) = (0, 0). 


31. Because (1, —4, 1) is not a scalar multiple of (6, 3, 2), the 


set S is linearly independent. 


33. This set is linearly independent because 
3(-2, 1, 3) — 2(2, 9, -3) + 5(2, 3, -3) = (0, 0, 0). 
From the vector equation 


(533) «e(542) (7562) = 000) 


you obtain the homogeneous system 


P T 3c; E 
ja + 4c, + бс; = 0 
ja + 20; + 2c; = 0. 


503 = 0 


This system has only the trivial solution с = c; = с; = 0.So, the set is linearly independent. 


Because the fourth vector is a linear combination of the first three, this set is linearly dependent. 


(1, 5, —3) = (1, 0, 0) + 3(0, 4, 0) + 4(0, 0, —6) 
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39. 


41. 


43. 


45. 


47. 


49. 
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From the vector equation 
с\(0, 0, 0, 1) + c,(0, 0,1,1) + с;(0,1,1,1) + c4(1, 1,1, 1) = (0,0,0,0) 


you obtain the homogeneous system 
с, = 0 
с; + с = 0 
с) + с; + с, = 0 
с, + с) + с; + с, = 0. 


This system has only the trivial solution с = c; = c4 = c, = 0. So, the set is linearly independent. 


From the vector equation a(2 = х) + с,(2х -= x°) + c (6 = 5x + x°) = 0 + Ox + 0x’, you obtain the homogeneous system 
2c + бе; = 0 
= + 2c, — 5с; = 0 
—с) + с; = 0. 
This system has infinitely many solutions. For instance, с = —3,c; = 1, and с; = 1.So, S is linearly dependent. 


From the vector equation с(х2 + 3x + 1) + e(2x? + x — 1) + с;(4х) = 0 + Ox + Ox’, you obtain the homogeneous system 
q 1 2 3 


@ = € = 0 
3c + C$ + 4с; = 0 
€ + 26; = 0. 


This system has only the trivial solution. So, S is linearly independent. 


From the vector equation 


a(-x + х?) + с,(-5 + х) + e(-5 + х?) = 0 + Ox + Ox? 


you obtain the homogenous system 


-5c — 5с; = 0 

—e + C5 = 0 

с, + с; = 0. 
This system has infinitely many solutions. For example, с = 1,с› = land с; = —1.So, S is linearly dependent. 


From the vector equation 
e(7 —3х + 4х?) + с,(6 + 2х – x’) + c(1 = 8x + 5x°) = 0 + Ox + 0x? 
you obtain the homogenous system 
7с, 6c; €4 = 0 
—3c, + 2c, — 8c; = 0 


46 — c, + 5с; = 0. 


This system has only the trivial solution. So, the set is linearly independent. 


The set is linearly dependent because 


1 0 0 1 -2 1 
-24+ В = –2 + = LG 
l 4 |" A | 1 Ң 
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From the vector equation 57. (a) From the vector equation 


ely E " al 4 | А «| І « Е К | c(t, 1, 1) + (1,2,1) + (1,1,0) = (0,0,0) 


4 5 -2 3 22 23 0 0 you obtain the homogeneous system 
you obtain the homogeneous system i + c + 6-0 
q+ 46 + 0-0 € + їс) + с; = 0 
-04 + 30 – 8с; = 0 cq + су + їс; = 0. 
4c, — 2c, + 2264 = 0 The coefficient matrix of this system will have a 
5c, + 3c, + 23с; = 0 nonzero determinant if £ — 3t + 2 # 0.So, the 


vectors will be linearly independent for all values of 


Because this system has only the trivial solution doter thai 4-559 ort Sb 


с, = Cy = c, = 0), the set of vectors is linearl . | | 
8 i : " (b) Proceeding as in (a), you obtain the homogeneous 


independent. syste 

One example of a nontrivial linear combination of tc C5 с; = 0 

vectors in S whose sum is the zero vector is с + 620 

2(3, 4) – 8(-1, 1) — 7(2, 0) = (0, 0). Solving this fas De ёл dee 50, 

equation for (2, 0) yields (2,0) = 205 4) - 3(-1, 1). The coefficient matrix of this system will have a 
nonzero determinant if 2 — 4t z 0. 

One example of a nontrivial linear combination of So, the vectors will be linearly independent for all 

vectors in S whose sum is the zero vector is values of ¢ other than ¢ = 1. 


2 
(1, 1, 1) = (1, 1,0) — 0(0, 1, 1) – (0,0, 1) = (0, 0, 0). 
59. Let U be another subspace of V that contains S. To show 
Solving thi tion for (1, 1, 1) yield: k 
oboe thus equation for узен that span(S) c U, let u € span(S). Then u = Уу, 
(1,1,1) = (1,1,0) + (0,0,1) + 0(0, 1, 1). ied 
where v; € S.So, v; € U, 


because U contains S. Because U is a subspace, u € U. 


12 -l 10 -3 
| -2 6 0 10-3 
Because the matrix |0 1  l|rowreducesto |0 1  l|and Я Ps row reduces to Ж di , you see that S, 
2 5 -l 00 0 


and S, span the same subspace. You could also verify this by showing that each vector in S; is in the span of S5, and 


conversely, each vector in S; is in the span of S,. For example, (1, 2, -1) = ni 2, —6, 0) + 11, 1, —2). 


(a) False. See “Definition of Linear Dependence and Linear Independence,” page 179. 
(b) True. Any vector и = (и, и›, из, иц) in. R^ can be written as 


u = u(1, 0, 0, 0) — u (0, —1, 0, 0) + u5(0, 0, 1, 0) + u4(0, 0, 0, 1). 


1 1 1 100 67. Let S be a set of linearly independent vectors and 
The matrix |1 1 O|rowreducesto|O0 1 0l, which T c S.I T = {v,,---, у} and T were linearly 
100 0 0 1 dependent, then there would exist constants сі, :**, Cp, 
shows that the equation not all zero, satisfying суу + = + c,v, = 0. But, 
a(l, 1, 1) © c(l, 1, 0) M c(l 0, 0) = (0, 0, 0) у; € S, and Sis linearly independent, which is 


impossible. So, 7 is linearly independent. 
only has the trivial solution. So, the three vectors are 


linearly independent. Furthermore, the vectors span R? 69. If a set of vectors [vi, уз, --- contains the zero vector, 
because the coefficient matrix of the linear system then 0 = Ov, +... + Ov, + 1*0, which implies that the 
1 1 1а uy set is linearly dependent. 
1 1 Olle |= |u 


1 0 Olle, из 


is nonsingular. 
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71. 


73. 


77. 


Chapter 4 Vector Spaces 


If the set ivi, T. vial spanned v, then 
у, = Vy + + C aV 

for some scalars c;,:::, сь. So, 

CV, +9 + C Vg — Vy = 0, 

which is impossible because (у, ---, ур} is linearly 


independent. 


Consider the vector equation 

alu + v) + o(u - v) = 0. 

Regrouping, you have 

(а + c;)u + (а — c;)v = 0. 

Because u and v are linearly independent, 

€ + су = Cc, с = 0.80, сү = c; = 0, and the 
vectors и + v and u — у are linearly independent. 


75. 


Consider 

Cc AV, + GAV, + GAV = 0 
0 
A'0 


A(avi + су) t C3V3) 


A" A(evi + суу) + evi) 
CV, + CV + CVs = 0. 

Because {v,, v5, Уз} are linearly independent, 

€, = €; = c = 0, proving that {Av,, Av», Avs} are 

linearly independent. 

If A = 0, then {Av,, Ау», Avi] = 10} is linearly 

dependent. 


On the one hand, if u and v are linearly dependent, then there exist constants с and с», not both zero, such that 


А А А c 
cu + cv = 0. Without loss of generality, you can assume c, # 0, and obtain u = -2y, 


(1 


On the other hand, if one vector is a scalar multiple of another, и = cv, then и — cv = 0, which implies that и and v are 


linearly dependent. 


Section 4.5 Basis and Dimension 


1. 


11. 


13. 


There are six vectors in the standard basis for R°. 
{(1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0), 
(0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 0, 1} 


. There are nine vectors in the standard basis for М; з. 


10 0] [0 то јо o 1) [o o 0] [o o 
0 о 0,100 0,0 о 0,1 0 0|,|0 1 
ооо ооо ооо ооо [0 o 
[0 0 о Гоо о јо o о јо o 0| 
0 0 1, [о о 0,00 0,00 0 
[o o Of {1 0 о [0 1 Of jo O IJ 


. There are five vectors in the standard basis for P,. 


П, x, x7, x), “| 


. Sis linearly dependent ((0, 0) є S) and does not span 


R?. For instance, (1, 1) ¢ span(S). 


. S does not span А?, although it is linearly independent. 


For instance, (1,1) ¢ span(S). 


A basis for R? can only have two vectors. Because S has 
three vectors, it is not a basis for R°. 


S is linearly dependent and does not span Ё?. For 


instance, (1,1) ¢ span(S). 


15. 


17. 


19. 


21. 


A basis for Ё? contains three linearly independent 
vectors. Because 


—2(1, 3, 0) + (4, 1, 2) + (2, 5, -2) = (0, 0, 0) 
5 15 linearly dependent and is, therefore, not a basis for 


Р. 


S does not span R^, although it is linearly independent. 
For instance, (0, 1, 0) & span(S). 


S is linearly dependent and does not span R?. For 
instance, (0, 0, 1) ё span(S). 


5 15 linearly dependent and has too many vectors. A basis 


for R? can have only three vectors. 
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23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


45. 


47. 


49. 
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A basis for P, can have only three vectors. Because 5 39. The vectors in S are not scalar multiples of one another, 
has four vectors, it is not a basis for P}. so they are linearly independent. $ consists of exactly 

two linearly independent vectors, so it is a basis for R?. 
S does not span Р,, although S is linearly independent. 


41. To determine if the vectors in S are linearly independent, 
find the solution of 


с1(1, 5, 3) + e(0,1, 2) + c3(0, 0, 6) = (0, 0, 0) 


For example, 1 + x + x? # span(S). 


S does not span Р,, although S is linearly independent. 


For example, 1 + x + x? є span(S). which corresponds to the solution of 
с, = 0 

S is not a basis because the vectors are linearly Sc; 45 3 -0 

dependent. 
3e + 2c) + бе; = 0. 


-2(1 х) + 3(1 - х2) + (-1- 2x + 3x?) = 0 
This system has only the trivial solution. So, S consists 
of exactly three linearly independent vectors, and is 


A basis for М › must have four vectors. Because 5 has | 3 

OU. f therefore a basis for R^. 
only two vectors, it is not a basis for М». A . . : 
" 43. To determine if the vectors in S are linearly independent, 


S is not a basis because the vectors are linearly d 


dependent. с\(0, 3, -2) + (4, 0, 3) + e4(-8,15, 16) = (0, 0, 0) 
5 LY —4 9. 1 +3 1 0 z 8 -4 = 0 0 which corresponds to the solution of 

0 0 10 0 1| 14 3| |0 0 jos д 
Also, S does not span M32. Зс + 15с; = 0 


—2c, + 3c, — 16e, = 0. 


Because }V,, У,у consists of exactly two linearl | x3 ў 
i ! 2} y y Because this system has nontrivial solutions (for 


independent vectors, it is a basis for R°. instance, с = —5, с = 2,and c, = 1), the vectors are 


; ; ; 3 
Because v, and v, аге multiples of each other, they do linearly dependent ando ie nog basis Юг, К 


not form a basis for R?. 


To determine if the vectors of S are linearly independent, find the solution of 
ci(-1, 2, 0, 0) + c,(2, 0, —1, 0) + c4 (3, 0, 0, 4) + c4(0, 0, 5, 0) = (0, 0, 0, 0) 


which corresponds to the solution of 


—c, + 2€ + 3с; = 0 
26 = 0 
=C, + 5с, = 0 

4с; = 0. 


This system has only the trivial solution. So, S consists of exactly four linearly independent vectors, and is therefore а 


basis for А“. 


Form the equation 
afl- 22 +) + e(-4 + 2) + e(2t +) + e (5r) = 0 + OF + 02 + 0° 
which yields the homogeneous system 
с, + с; = 0 
—2с| + с, = 0 
2с; + 5c, = 0 
c — 4c; = 0. 


This system has only the trivial solution. So, $ consists of exactly four linearly independent vectors, and is therefore a 
basis for Б. 


Because a basis for Р, can contain only four basis vectors and set 5 contains five vectors, 5 is not a basis for P. 
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51. 


53. 


55. 


57. 


59. 


61. 


63. 


65. 


Chapter 4 Vector Spaces 


Form the equation 


2 0 1 4 0 1 0 1 0 0 
СІ + Cy + C3 + C4 = 
0 3 0 1 37:2 2 0 0 0 


which yields the homogeneous system 
2с, + Cy = 0 
4c; + Ch + c& = 0 
3c, + 2c, = 0 
3с, + c, + 26 = 0. 
This system has only the trivial solution. So, S consists 


of exactly four linearly independent vectors, and is 
therefore a basis for M332. 


Form the equation 
c(4, 3, 2) + ¢,(0, 3, 2) + c3(0, 0, 2) = (0, 0, 0) 


which yields the homogeneous system 


3c, + 3c; = 0 
2c, + 2c, + 2с; = 0. 
This system has only the trivial solution, so S is a basis 


for R?. Solving the system 

4c, = 8 

Зс + 3c =з 

2c, + 2с› + 2с; = 8 

yields c; = 2, c; = —l,and с; = 3.So, 

u = 2(4, 3, 2) – (0, 3, 2) + 3(0, 0, 2) = (8, 3, 8). 


The set S contains the zero vector, and is therefore 
linearly dependent. 


1(0, 0, 0) + 0(1, 3, 4) + 0(6, 1, —2) = (0, 0, 0) 
So, S is not a basis for R^. 


Because a basis for R° has six linearly independent 
vectors, the dimension of R^ is 6. 


Because a basis for P; has eight linearly independent 
vectors, the dimension of Р, is 8. 


Because a basis for М»; has six linearly independent 


vectors, the dimension of М; is 6. 


Because a basis for R^" has 3m linearly independent 


vectors, the dimension of R?” is 3m. 


One basis for Р, з 15 
100 000 ооо 

0 ‚ |0 1 0, |0 0 0 

0 ооо 00 1 
Because a basis for D, has three vectors, 
dim(D,;) = 3. 


67. 


69. 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


The following subsets of two vectors form a basis for R?. 


{6 0), (0.0). (0. 0). 1}. (ол), (. 0] 


Any vector that is not a multiple of (2, 2) will form a 
basis with (2, 2) For instance, {(2, 2), (1, 0)} is a basis 
for R?. 

(a) Wisa line through the origin. 

(b) A basis for Wis {(2, 1)}. 

(c) The dimension of Wis 1. 

(a) Wis a line through the origin. 

(b) A basis for Wis {(2, 1, -1)}. 

(c) The dimension of Wis 1. 


(a) A basis for Wis {(2, 1, 0, 1), (-1, 0, 1, 0)}. 
(b) The dimension of W is 2. 


(a) A basis for Wis {(0, 6, 1, -D. 
(b) The dimension of Wis 1. 
(a) False. See paragraph before "Definition of 


Dimension of a Vector Space," page 191. 


(b) True. Find a set of n basis vectors in V that will 
span V and add any other vector. 


Because the set S, = levi, 5, су, } has п vectors, you 


only need to show that they are linearly independent. 
Consider the equation 


a,(cv,) + a,(ev,) + + a,(cv,) = 0 


C(aV, + ау + + a,v,) = 0 


QV, + dV, tes + ау, = 0. 
Because ivi, ©, у,} are linearly independent, the 
coefficients aj, ---, a, must all be zero. So, S, is linearly 
independent. 


Let W c V anddim(V) = n. Let wi, +, уу, be a basis 
for W. Because W c У, ће vectors w;,:::, Уу are 
linearly independent in V. If span(w;, ©, wx) = VJ, 
then dim(W) - dim(V). If not, let v e V, v e W. 
Then dim(W) < dim(V). 


If S spans V, you are done. If not, let v, є span(S ), апа 
consider the linearly independent set $ = S U {v,}.If 


S, spans V you are done. If not, let v; € span(S,) and 


continue as before. Because the vector space is finite- 
dimensional, this process will ultimately produce a basis 
of V containing S. 
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Section 4.6 Rank of a Matrix and Systems of Linear Equations 


11. 


13. 


. (a) (0, –2), (1, -3) 15. Use уу, V2, and у; to form the rows of matrix A. Then 
0] f-2 write A in row-echelon form. 
| 4 4 8jv 1 1 0м, 
(b) А=|1 1 24у, > В= |0 0 IW, 
a (6500-0) 1 1 Iv; 0 0 0 
d 4 3171 So, the nonzero row vectors of B, w; = (1,1, 0) and 
(b) | | Li lo w, = (0, 0,1), form a basis for the row space of A. That 
is, they form a basis for the subspace spanned by S. 
. (a) A basis for the row space is {(1, 0), (0, 1). 


| | 17. Begin by forming the matrix whose rows are vectors in S. 
(b) Because this matrix row reduces to 


[2 9 2 53 
1 0 
3 2 3 -2 
0 1 
УН — 8 —3 -8 17 
t t t > 
е rank of the matrix is оз 0 15 
. (а) A basis for the row space is (0, 0, 1), (0, 1, 4. This matrix reduces to 
(b) Because this matrix row reduces to 10-10 
10 1 0 1 0 | 
gi 0 0 1 
оо 0 


the rank of the matrix is 2. 
So, a basis for span(S) is 


. (a) A basis for the row space is Г, 0, -1, 0), (0, 1, 0, 0), (0, 0, 0, 1)}. 


{(1, 0, 0), (0, 1, 0), (0, 0, 1)}. 


(b) Because this matrix row reduces to 19. Begin by forming the matrix whose rows are the vectors 


in S. 


100 
-3 2 5 28 
0 10 
—6 1 -8 -1 
0 0 1 
14 -10 12 -10 
the rank of the matrix is 3. | 0 5 12 50 
(a) A basis for the row space of the matrix is This matrix reduces to 
{(1, 2, —2, 0), (0, 0, 0, 1)}. [1000 
(b) Because this matrix row reduces to 0 100 
1 2 -2 0 00 то! 
00 0 1 10 0 0 1 
00 00 


So, a basis for span(S) is 
the rank of the matrix is 2. fa, 0, 0, 0), (0, 1.0, 0), (0.0, , 0), (0, 0.0, 1). 


Use v;, v5, and у; (о form the rows of matrix A. Then 


write A in row-echelon form. 


12 4]w 1 0 0м, 
A=|-1 3 4, > B=|0 1 0м, 
2 3 1v 0 0 1lw, 


So, the nonzero row vectors of B, w, = (1, 0, 0), 
W, = (0, 1, 0), and W, = (0, 0, 1), form a basis for the 


row space of A. That is, they form a basis for the 
subspace spanned by S. 
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21. (a) Row-reducing the transpose of the original matrix 
produces 


b ib i 


So, a basis for the column space of the matrix is 
{(1 3). (о, 1)} (or {(, 0). (0,1). 


(b) Because this matrix row reduces to 


b ib i 


the rank of the matrix is 2. 
23. (a) Row-reducing the transpose of the original matrix 
produces 
1 0 
0 1. 
0 0 


So, a basis for the column space of the matrix is 
{(1 0), (0, 1}. 


(b) Because this matrix row reduces to 


pi 


the rank of the matrix is 2. 


pta nju 


25. (a) Row-reducing the transpose of the original matrix 


produces 
5 2 
p 95-0 
4 2 
01-5 $| 
00 00 
00 00 


So, a basis for the column space is 


1, 0, 2), (0, 1, E 3). or, the first and third 
columns of the original matrix. 
(b) Because this matrix row reduces to 


120 


3 
4 
0 
0 


о о oc 
о oc 
© ьо m 


the rank of the matrix is 2. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


Solving the system Ax = 0 yields solutions of the form 
(t, 2t), where t is any real number. The dimension of the 


solution space is 1, and a basis is {П, 2 


Solving the system Ax = 0 yields solutions of the form 
(2s — 3t, s, t), where s and t are any real numbers. The 


dimension of the solution space is 2, and a basis is 


1-2. 19]. 3. 0,17). 


Solving the system Ax = 0 yields solutions of the form 
(3t, 0, t), where t is any real number. The dimension of 


the solution space is 1, and a basis is ls. 0, Jm Р 


Solving the system Ax = 0 yields solutions of the form 
(7t, 2t, t), where t is any real number. The dimension of 


the solution space is 1, and a basis for the solution space 


is {{-1, 2,1]'} 


The only solution of the system Ax = 0 is the trivial 
0 

solution. So, the solution space is 4| 0 |; whose 
0 


dimension is 0. 


Solving the system Ax = 0 yields solutions of the form 
(-s + 21,5 — 21,5, t), where s and t are any real 
numbers. The dimension of the solution space is 2, and a 
basis is [[2, -2, 0, iJ [-1, 11,0]. 


The only solution to the system Ax = 0 is the trivial 


solution. So, the solution space is llo. 0,0, or] whose 


dimension is 0. 
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41. (a) 


(b) 


(с) 


(4) 


(е) 


(f) 


43. (a) 


(b) 
45. (a) 


(b) 
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rank(A) = rank(B) = 3 
nullity(A) = n — rank(A) = 5 - 3 = 2 


Matrix B represents the system of linear equations 
x + 3x; = 4х; = 0 
хо - X + 2х5 = 0 
x4 — 2x5 = 0. 


Choosing the nonessential variables x, and х; as the 
free variables s and t produces the solution 
x, = —3s + 4t 


х =s —2t 


x3 = 8 
x, = 21 
Xs =t. 


So, a basis for the null space of A is 


-3 4 
1| |-2 
1,0 
0 2 
0 1 


By Theorem 4.14, the nonzero row vectors of В form 
a basis for the row space of 


A: {(1, 0, 3, 0, —4), (0, 1, -1, 0, 2), (0, 0, 0, 1, -2)- 


The columns of B with leading ones are the first, 
second, and fourth. The corresponding columns of A 
form a basis for the column space of 


A: {(1, 2, 3, 4), (2, 5, 7, 9), (0, 1, 2, –1)}. 


Because the row-equivalent form B contains a row of 
zeros, the rows of A are linearly dependent. 


Because 0; = 3a, — a, la. a, аз} is linearly 
dependent. So, (i) and (iii) are linearly independent. 


This system yields solutions of the form 
(^t, —3t, 2t), where t is any real number and a basis 


is {(-1, -3, 2)}. 


The dimension of the solution space is 1. 


This system yields solutions of the form 
(в — 3t,-s — 2t, 5, t), where s and t are any real 
numbers and a basis for the solution space is 


Te 21.1.0). (-3, —2, 0, 1)}. 


The dimension of the solution space is 2. 


4T. 


49. 


51. 


53. 


(a) This system yields solutions of the form 


(4, -4t, =t, t), where t is any real number and a 


basis for the solution space is {(4, = =1, ) or 


{(8, -9, —6, 6)}. 


(b) The dimension of the solution space is 1. 


The system Ax = b is consistent because its augmented 


matrix reduces to 


1 -4 17 
0 0 0. 
0 0 0 


The solutions of Ax = bare of the form (17 + 4t, t), 


where t is any real number. That is, 


(a) The system Ax = b is consistent because its 
augmented matrix reduces to 


10—3 
01 45 
оо оо! 
00 00 


(b) The solutions of Ax = b are of the form 
(3 + 2t,5 — 4, t), where t is any real number. That is, 


3 2 
x-/5|-1-4, 

0 1 
where 

3 2 
x, =|5 and x, = t-4. 


0 1 


The system Ax = b is inconsistent because its 
augmented matrix reduces to 


100 2 0 

1 
010-50 

1 ; 
001 50 
000 0 1 
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55. (a) The system Ax - b is consistent because its 
augmented matrix reduces to 


120 0 -5 1 
00 10 6 2 
0001 4 33| 
0000 0 0 


(b) The solutions of the system are of the form 
(1 — 2s + 5,5,2 — 6t,-3 — 4t, t) 


where s and t are any real numbers. That is, 


1 -2 5 
0 1 0 
x =] 2|+5| 0О|+ 4—6, 
-3 0 -4 
0 0 1 
where 
1 -2 5 
0 1 0 
x, =| 2| and x, = 5 0} +1¢/-6|. 
-3 0 -4 
0 0 1 
65. (a) Let 


1 0 0 
and В = 
l | | 


Note that гапк( 4) = rank(B) = 2, апа rank(4 + B) = 


(b) Let 
1 0 0 1 1 
А = апа В = А Then 4 + В = 
0 0 0 0 0 
Note that rank(4) = rank(B) = 1, and rank(A + B) = 
(c) Let 
1 0 0 0 1 
= and B= ; Then 4 + B = 
0 0 0 1 0 


Note that rank( 4) = rank(B) = 1, апа rank(A + B) = 


67. (a) Because the row (or column) space has dimension no larger than the smaller of m and n, r 


(b) There are r vectors in a basis for the row space of A. 


(c) There are r vectors in a basis for the column space of A. 
(d) The row space of A is a subspace of R”. 


(e) The column space of А is a subspace of R”. 


1 
; Then 4 + B = 
0 1 


11 
1 


1. 


1. 


2. 


57. The vector b is in the column space of A if the equation 
Ax = bis consistent. Because Ax = b has the solution 


b is in the column space of A. Furthermore, 
-1 2 3 
b=1 +2) |=] | 
4 


0 4 
The vector b is not in the column space of A because the 
linear system Ax = b is inconsistent. 


59. 


61. The vector b is in the column space of A if the equation 


Ax = bis consistent. Because Ax = b has the solution 
3- t 
—3 + 2t|, 
t 


x 


where t is any real number, 5 is in the column space of A. 


Furthermore, 
-1 -1 1 0 
b-2 1|—| 0|+|1|=| 3. 
-3 -2 1 -3 


63. Assume that A is an m x n matrix where и > m.Then 


the set of n column vectors of A are vectors in R” and 
must be linearly dependent. Similarly, if m > n, then 


the set of m row vectors of A are vectors in R”, and must 
be linearly dependent. 


| 


< 


m (because m « n) 
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69. Consider the first row of the product AB. 


ау c Ay [Loy c bip (abii poseen Pn) x (aii, Test а,Ь) 


Amn b, x bap (ambi с а a,b.) e (ар, Бур аб) 


т1 


А В АВ 
The first row of AB is [audi +e + аа) (aibi, Tee a,b, 


You can express this first row as а (р, by, by) + а(Б, =, bap) Tec ay (bu, 5,2, by), 


which means that the first row of AB is in the row space of B. The same argument applies to the other rows of A. A similar 
argument can be used to show that the column vectors of AB are in the column space of A. The first column of AB is 


аб zu Л ay аһ 
= by |+ + by 
amb Da Gba Amı Amn 
71. Let Ax = b be a system of linear equations in n 77. (a) Ax = Bx > (A = B)(x) = 0 forall 
variables. 


x e А" = nullity(A — B) = n and 


a) If rank( A) = rank(|4:b|) = n, then b is in the 
(a) (4 ((4:b]) ilis) 


column space of A, and so Ax = b has a unique 


solution. (b) So, 4- В = О > А = В. 

(b) If rank(A) = rank([4:b]) < n, then b is in the 79. Let A bean m x n matrix. 
column space of A and rank( 4) « n, which implies (a) If Ax = bis consistent for all vectors b, then the 
that Ax = b has an infinite number of solutions. augmented matrix [4 b]cannot row-reduce to 

(c) If rank(A) < гапк([4 : b]), then b is not in the [U 7], where the last row of U consists of all zeros. 
column space of А, and the system is inconsistent. So, the rank of A is m. Conversely, if the rank of A is 


m, then rank(A) = rank([4 b]) for all vectors b, 


73. (a) True. The null space of A is the solution space of the which implies that Ax = b is consistent. 


homogeneous system Ax = 0. 
(b) True. See Theorem 4.16, page 200. (b) Ax is a linear combination xa; + --- + x,a,, of the 
columns of А. So, Ax = xa, + ++: + х,а, = 0 


n*n 


75. (a) False. See “Remark,” page 196. 


has only the trivial solution x, = = = x, = Oif 
(b) False. See Theorem 4.19, page 204. 


and only if a, ··· ‚а, are linearly independent. 


81. The rank of the matrix is at most 3. So, the dimension of the row space is at most 3, and any four vectors in the row space must 
form a linearly dependent set. 


Section 4.7 Coordinates and Change of Basis 


1. : 5. Because [x], - "| you can write 

| -2 | 1 

а х = 4(2, -1) + 10,1) = (8, -3). 

=4 Moreover, because (8, —3) = 8(1, 0) — 3(0, 1), it follows 
3. -] that the coordinates of x relative to S are 

| 2 k], = E 
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7. Because [x], - 


11. 


Chapter 4 Vector Spaces 


2 
3 | you can write 
1 


x = 2(1, 0, 1) + 3(1, 1, 0) + 1(0, 1, 1) = (5, 4, 3). 


Moreover, because 
(5, 4, 3) = 5(1, 0, 0) + 4(0, 1, 0) + 3(0, 0, 1), it follows 


that the coordinates of x relative to S are 


5 
Ы, = |4 
3 
1 
-2 | 
. Because [x] ralia , you can write 
—1 
x = 1(0,0,0,1) — 2(0, 0,1,1) + 3(0, 1,1,1) — 1(1,1,1, 1) 
= (-1,2,0,1) 


which implies that the coordinates of x relative to the 
standard basis S are 


Begin by writing x as a linear combination of the vectors 
in B. 
x = (12, 6) = &(4, 0) + с,(0, 3) 
Equating corresponding components yields the following 
system of linear equations. 
4c, = 12 

3c, = 6 
The solution of this system is су = Запіс, = 2. So, 
x= 3(4, 0) + 2(0, 3), and the coordinate vector of x 


B 


3 
relative to B is [x] = | | 


13. 


15. 


17. 


Begin by writing x as a linear combination of the vector 
in В. 

x = (3,19, 2) = «(8 11,0) + c2(7, 0, 10) + с;(1, 4, 6) 
Equating corresponding components yields the following 
system of linear equations. 


8c, + 7с, + с = 3 
llc + 4c; = 19 
10c, + бс; = 2 


The solution of this system is c, = 1, c; = —1, and 
c = 2.80, x = 1(8,11, 0) + (-1)(7, 0,10) + 2(1, 4, 6), 


and the coordinate vector of x relative to B is 


Begin by writing x as a linear combination of the vector 
in B. 

x = (1,18, -7) =¢,(4, 3, 3) + с(—11,0,11) + (0,9, 2) 
Equating corresponding components yields the following 
system of linear equations. 


4c, = 110 = 11 

За + 9c; = 18 

3e + lle; + 2с; = -7 

The solution of this system is с = 0,c; = —l, and 
с; = 2. 80, 


х = (1 1, 18, - 7) - 0(4, 3, 3) - I(-1 1, 0, 11) t 2(0, 9, 2) 
and the coordinate vector of x relative to Bis 
0 


Begin by forming the matrix 


ТЕ! 1 1 | 


43 0 1 


and then use Gauss-Jordan elimination to produce 


Ж MITES RSS. 
[s =|} 12 | 


So, the transition matrix from B to B'is 
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19. 


21. 


23. 


25. 


Begin by forming the matrix 


Г а= |, 0 2 a 


014 3 


Because this matrix is already in the form L 2 РЇ}; уой 


see that the transition matrix from B to B'is 


sick 
(44 3) 


Begin by forming the matrix 
002-10 0 

[BP B)=|1 40 01 0 
5 02 00 -l 


and then use Gauss-Jordan elimination to produce 


1 1 1 
100 + L-l 
[nP]-00 10 0 1 о 
0.0 1-1 0 


Do i У 
5 20 2 
Pt=/ 0 І o. 
aa x 
Begin by forming the matrix 
1003-2 | 
[8 В]=|0 1 0 4 ~ 0, 
00 10 1 -3 


Because this matrix is already in the form р 3 P the 


transition matrix from B to B'is 


3 -2 1 
P'z|4-1 0 
0 1 -3 


Begin by forming the matrix 


[z ШЫ -1 2 ] 


1 252 


and then use Gauss-Jordan elimination to produce 


[n Р\]= [ | | 


So, the transition matrix from B to B'is 


ujo calo 
Moo vje 


foo uje 
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27. 


29. 


131 


Begin by forming the matrix 
-5 7-3 3 
-6 -8 4 -5 


[B’ В] = 


and then use Gauss-Jordan elimination to produce 


ар] 100 8I 


19 
0 1-Д 82 | 


So, the transition matrix from B to В! іѕ 


-2 п 

р! -| 4 2 
2197 43: |; 

41 8 


Begin by forming the matrix 
11 1100 
8 823540 10 
36 5001 
and then use Gauss-Jordan elimination to produce 
100 1 1 -l 
[5 P']=|0 10 -3 2 ~il. 
001 3-3 2 


So, the transition matrix from B to B'is 


1 1 -l 
P'z|-3 2 -I 
3 -3 2 


. Begin by forming the matrix 


0 -2 1 1-12 
[B B]=|2 112 24 
1 014 0 0 
and then use Gauss-Jordan elimination to produce 
100-7 3 10 


[; Р\]=|0 1 0 5 -1 -6). 

0.0 1 11 -3 -10 

So, the transition matrix from B to B' is 
-7 3 10 
P't=| 5 -1 -6. 
11 -3 -10 
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33. Begin by forming the matrix 


1-2-1-21000 

7 3 -5 -2 -3 0 100 
е5 2 -5 2 -5 0 0 10 
-l 4 4 11000 1 


and then use Gauss-Jordan elimination to produce 
1 0 0 0 -24 7 1-2 


(1, P 0 1 0 0 -10 3 0 1 
$ “10 0 1 0 29 7 32V 
0001 12 3 -1 1 


So, the transition matrix from B to B'is 


-24 7 1 -2 
ML ы БЕ 
29 7 32 
12 -3 -1 1 


35. Begin by forming the matrix 


1-2 00 110000 
2-3 1 1-101000 
в ві = 4 4 22 000100 
-1 2 -2 2 100010 
2 1 11 200001 


10000 1-i $i 0-7 
01000 0 -2 5 0 -4 
R E Ores Е 
QC IL M ee ae т 
00001 0-L-2 0 3 


So, the transition matrix from B to B’ is 


3 5 7 

Fg п 0 i 

2 3 1 

0 -i z l -i 

рі = |5 9 19 1 21 
4 2 44 4 2 

3 1 1 1 1 

4 2 4 4 2 

0 -4 -2 9 2 


= 
о 
an 
бый зш 
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2 1 101 1 0 4 Se (ob 
39. (а) [B B] -| 1 0 2 0 1 1|2]0 1 0 -7 -10 -1|- [1 P7] 
101231) [001 -2 - 0| 
[Г 7 [ 1 1 5] 
012 10 0 » ges 
[B В]=|0 1 1 10 2/5 -4 -1 i'z[r P] 
3 1 5 
12 3 1 10 Ij [0 Qu» cae zil 
1 5 
5S Ue. xc 100 
-Ip — 1 3] _ 
(с) Р-Р =}|-7 —10 373 347010 
3 5 
<2. 2 OI 057 | 00 1 
1 1 5] 11 
2 2 7% 1 zu 
@ [x], = P[x], =|-4 -+ 3] 2] = |-4 
3 1 5 5 
2-^ 2. М 4 
14 2 4 6 2 0 -1 -3 0 1l 
41. (а) [28° B]=|0 2 5 2 -5 -1 43. (а) [ B] =|-1 3 -2 0 -1 
4 8 -2 -4 -6 8 3 -2 0 -1 3 -2 
48 4 19 9 44 
1 0 0 -Ẹ 24 4 100 3 —-5 3 
-1] _ 1 Ed 3 6 9 
[z P']=jo 10 4 10 1 m Pt]=]o 10 -3 -é -3 
6 2 23 2 4 
бсо Ох. cun TA шс 07.0: 95 x еле 
So, the transition matrix from В to B’ is So, the transition matrix from В to В is 
E. NK m l9. .9.. 44 
s 4 5 39 B 39 
= Ed 3 6 9 
Р! =| 4 10 i. pl=|-3 -é -2| 
c6. ques 22 223) 2 4. 
5 5 39 B 3 
4 6 214 2 2 0 1 0 -1 -3 
(b) [B B] =| 2 -5 -1 0 2 () [B 8] =| 0 -1 -3 -i 
-4 -6 8 4 8 -2 p, 3 -2 -3 -2 
2 4 B 
1005 5 i ns едат 
[Z Р|= 1010 -2 -8 -1 
= 010-5 s -& ы 
16 10 2 Е С E 
0014 € 0 7 m. 7 
So, the transition matrix from В to B is So, the transition matrix from В! to B is 
2 4 13 
3 17 5 22 mS DAI. 
32 20 4 a T 
TES ONERE OM P=/-5 -5 ш 
Р = lis cue ci] 4 B 5 
| 6 7 1 7 
» 39 
(c) Using a graphing utility, you have PP! = I. 
(c) Using a graphing utility, you have PP! = J. 
22 
p Tæ NN EE 
po (à) [x], = Px], = P|-3| =| $ 
B B yi 
@ [x], = P[x], = P3117 - 8 Ф| p 
ара ; 
10 
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45. The standard basis for P,is S — П, x,x?, x and 


because 
p= 1(1) + 5(x) = 2(x?) + (х?) 


it follows that 


47. The standard basis for Р, 15 S = П, x, x? j x and 
because р = 13(1) + 114(х) + 362) + 0(х°) 


it follows that 


13 
[| 114 
pls =] 3t 
0 
49. The standard basis in M; , is 
1/10/10 
S = 0 Ы 5 0 
0110 
and because 
1 0 0 
Х = 0/0} + 3/1} + 2/0 
0 0 1 


it follows that 


51. The standard basis in М» is 


53. 


55. 


57. 


Section 4.8 Applications of Vector Spaces 


1. (a) If y = e', then y” = e*and у + y = 2e # 
(b) If y = sin x, then y” = -sin x and у + y = 
(с) If y = cos x, then y” = —cos x and у + y = 
(d) If y = sin x — cos x, then y” = -sin х + cos xand у + y = 
3. (a) If y = x, then y = L y" = y" = 0 and y" y" c y + у 
(b) If y = е", then y = y" = y" = еї and у” + y" +у +y 
(c) If y = e, then y = y" = -e', y" = e' and y" + y" + y 
(d) If y = хе", у = (1- x)e™, y” = (x - 2e, y" = 


a solution of the equation. 


— 
о 


S = 40|, 11110 
0 


and because 


0 0 
X = 101+ 2) 1}/- ЦО 
0 1 


it follows that 


Yes, if the bases are the same, В = В!. 


(a) False. See Theorem 4.20, page 210. 


(b) True. See the discussion before Example 5, page 
214. 


(c) True. See paragraph before Example 1, page 208. 


If P is the transition matrix from B" to B’, then 
Pix],,. 
then [х], Е [x]. So, 

[x], = Ox], = ОР|х],, 


which means that QP is the transition matrix from B” to B. 


= [x] g Hf О is the transition matrix from В to B, 


0. So, e* is not a solution of the equation. 


0. So, sin x is a solution of the equation. 


0. So, cos x is a solution of the equation. 


0. So, sin x — cos x is a solution of the equation. 


= x +1 # 0.So, x is not a solution of the equation. 


= 4e* + 0. So, е" is not a solution of the equation. 


(3 - x)e?, and y" + y" + у + y = 2e 


+ y = 0. So, е“ is a solution of the equation. 


x 


# 0. So, xe™ is not 
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5. (a) If y = 1, then y" = у” = у = Qand y? + 
(b) If y = x, then y" = у” 
(c) Ify = х2, then y" = 2, y" = y = 0 and y? 


m 


(d) If y = е", then y” = y = e'and y“ 
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- y" — 2y” = 0.So, 1 is a solution of the equation. 


= у = бапа y + y" — 2y” = 0.So, x is a solution of the equation. 


Д y" -- " 


2y" = —4 + 0. So, x? is not a solution of the equation. 


+ y" — 2y” = 0. So, e' is a solution of the equation. 


6 


1 » _ 6 ” 
7. (a) If y = X then y ALL xiy-2y2x 
(b) If y = x’, then y” = 2.So, xy" - 2y = x°(2 


(c) If y= e" then y= Axle + 2e". So, x?y" 


of the equation. 


(d) If y = е , then y= Axle — 2e". So, x? 


solution of the equation. 


9. (a) If y = Vx, then у = 1570 and ху - 2y = 
(b) If y = x, then у = land ху – 2y = -x 2 0 
(c) If y = x°, then у = 2x and xy’ - 2y = 


3 


(d) If y = x^, then у = 3x7 and ху - 2y = x 


11. (a) If y = e ^, then у 


So, е7“ is not a solution. 


(b) If y = e*', then у = 4e* and y" = 16e *.So, у - у - 12у = 1бе — 


and e^ is a solution. 


0. So, x? 


—4e *' and y” = 16e~**. So, у - у – 12y = 16e ^* — 


1. : А 
$) Е {=| + 0,and y = E is not a solution of the equation. 


)- 2x? = 0,and у = x? is a solution of the equation. 


-2y = хае" + 2е") - е") + 0,and y = e” is not a solution 
у”-2у = [nee - 2e) - е") + 0,and у = e* is nota 
-Mx # 0.So, x is not a solution of the equation. 


. So, x is not a solution of the equation. 


is a solution of the equation. 


# 0. So, x? is not a solution of the equation. 


(-4e**) - 12e # 0. 


4e^ – 12e* = 0 


(c) If y = e", then у = —3e "and у” = 9e. So, у - у - 12у = 9e?* – (-3e") -= 12(e?7) =0 
and e^" is a solution. 
(d) If y = e", then у = 3e" and y" = 9e**. So, y” - у — 12у = 9e* – 3e* – 12e? + 0. 
So, e is not a solution. 
x -—sinx 
13. W(x, -sin х) = 
І —cos x 
= —x cos x + sin x 
е* е“ E za 
15. W(e", e) =d; a d, |? s е9 
a ) ale ) let е 
X sinx cosx 
17. W(x, sin х, cos х) =|1 cosx -sin x| = x( cos? x sin? x) 1(0) = —x 
0 -sin x -cosx 
e xe™ (x + 3)e™ 1 x x+3 1 x x+3 
19. W(e™, хет", (x + 3)e™) =|-e* (ї—х)е* (-x-2)je™|= еЗ] 1-х -x-2|2e?*"0 1 1 |=0 
е“ (x-2)e" (х + 1)е" 1 x-2 х+1 0-2 -2 
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21. 


23. 


25. 


27. 


29. 


31. 


33. 


Chapter 4 Vector Spaces 


e et 
Wil, е", е) =|0 е" 2е2 |= Де?" – 2е%* = 2e* 
е“ 4e 
lx x x 
0 1 2x 3x? 
Wil, X55, х?) = е 12 
0 6x 
0 6 


—-e"*cosx-—e"sinx 


av peb (b - ае” 
ae e 


If a # b,then W (e^, е") + 0. Because е“ and e" are solutions to y" — (a + Б)у + aby = 0, the functions are linearly 


independent. On the other hand, if а = b, then e^ = e*, and the functions are linearly dependent. 


First calculate the Wronskian of the two functions. 


: соз ax sin ax 5 5 
W (cos ах, sinax) = = a cos? ax + asin’ ax = a,a # 0. 


—a sin ax acos ax 


Because W (cos ax, sin ax) + 0 and the functions are solutions to the differential equation, they are linearly independent. 


(а) y = sin 4x > у = -16sin 4x > y" +16у = 0 


cos 4x > y" = —16 sin 4x > у +16у = 0 


34 


ѕіп 4х соѕ 4х 


(b) Because W (sin 4x, cos 4х) = = —4 sin?4x — 4 cos?4x = -4 = 0, 


4 cos 4x —4 sin 4x 


the set is linearly independent. 


(c) y = C sin 4x + С, cos 4x 


a —8e^?* > y" + Ay" + Ay = 0 


Ш 
% 
Б 
| 
N 
® 
b 
E 
N 
+ 
% 
Е 
„В 
< 


(a) y 
y = хе? > y = (1- 2x)e, y" = (4x - 4e", y" = (12 - 8x)e ?? => y" + Ay" c 4y = 0 


1 
— 
N 
M 
+ 
= 
— 
Q 
5 
x 
= 
~ 
1 
| 
D 
Бау 
G 
ux 
1 
=> 
оо 
M 
| 
AR 
— 
Q 


y y = (16 — 16x)e?* > у”+4у +4у = 0 
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e? xe" (2x + 3e?" 


(b) Because W(e?", x e°*, (2x + Ne Eoi -|2e? (1-2xe? -4xe ?* 


(c) 
35. (a) 


(b) 


(c) 


37. (a) 


(b) 
(c) 


39. (a) 


4e ?* (4x — 4)e? (8x — 4)e?* 
1 x 2x +1 

= 06-2 1-2x  -4x 

4 4x-4 8x-4 

] x 2х+1 


=e*l0 1 2 


4 -8 
= 0, 

the set is linearly dependent. 
Not applicable 
y=l у= у” = 0 у" + 4у = 0 
y = ѕіп 2х > у = 2cos 2х, y" = -8cos2x > у + 4у = 0 
y = с05 2х > у = -2sin2x, y" = 8cos2x > у + 4у = 0 

1 sin 2x cos 2x 
Because Wii, sin 2x, cos 2x) =|0 2cos2x -2sin2x 


0 -4sin2x -4cos2x 
= —8cos?2x — 8sin?2x = —8 = 0, 
the set is linearly independent. 
y = С, + C, sin 2x + C; cos 2x 


yee > y are dy = -е* > y'3y +3y ty =0 


у= хе" > y = (1 - х)е", y” = (x — 2e*, y” = (3 – х)е" => у" + 3у" + 3у +y =0 


у= e™ + хе" > y = –хе*, y” = (х – 1)е"*, у" = (2-xJe* => у +3у +3у+у=0 


Note that e * + xe™ is the sum of the first two expressions in the set. So, the set is linearly dependent. 
Not applicable 
2 2 
e(t) = sin, [8 40 sin, [2 ¢ > 29489 0 
L L dt L 


SUE 


8 
At) = 
(t) = cos 2 


а рн oe a 
Р үкү ER E 
Efe EE 


up. z 0, 
L 


the solutions are linearly independent. 


t 


RES 
Mare sca 


137 
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20 g g 
b —+20=0,2>0 
(5 d? L L 


A(t) = С р ] +C, cof j£ ] 
Let ф be given by tan ә sou T ggg 
= y L C, 2 2 


Then С, р o) = -G cof f£ 2 


C C 


41949 
нЕ) Е) nl ЕЕ) ЕСЕ) al [Et 


41. No. For instance, consider the nonhomogeneous 2x) y . 
differential equation y^ — 1. Two solutions are 47. The graph of the equation 9 16 = Lis a hyperbola 


Let A = 


9 2 
x х : 
у = Ty and у = > but yı + yz is nota 


centered at the origin, with transverse axis along the 
X-axis. 


solution. 


43. The graph of the equation y? = —x is a parabola with 
the vertex at the origin. The parabola opens to the left. 


49. The graph of the equation 1 
(x +2) = -6(y - 1) 1+ 
2 =; 
y +х=0 . 
is a parabola that opens | | 1—4 x 
à А downward with vertex -4 -3 -2 -l ! 
45. The graph of the equation z + A = 1 is ап ellipse at (2, I). 
—2 + 
centered at the origin, with major axis falling along 
the x-axis. PT 
y 51. The graph of the equation 
А 2 
5+ 2 zi 
a к= De» Е 
3T 36 16 
is the single point (2, 1). 
| > х 
-4 4 5 » 
A 
eal id 
-5+4 
х? + 4y -16=0 IT 


16x? + 36y? — 64x – 36у + 73 = 0 
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53. 


55. 


57. 


59. 


(y = 5) 
1 


(x +3) 
The graph of the equation 5 
1 


= 1 15 


3 
a hyperbola centered at (33, 5), with transverse axis 


parallel to the x-axis. 


| 
C35 ? 
84 


| 
-6 '-4 -2 1 
9x? — y? + 54x + 10y + 55 = 0 


о} 4) 
+ VAD oig 


> Х 


The graph of the equation 


an ellipse centered at (—2, —4), with major axis parallel to 


the x-axis. 


| | | c 
| | 1 | 1 >x 


x? + 4y? + Ax + 32у + 64 = 0 


(7 = 5) 
1 


=] is 


The graph of the equation 


a hyperbola centered at (—1, 5), with transverse axis 


parallel to the y-axis. 
y 
A 


> x 


h 
T 
2 


a —2 4 
2x! -y? + 4x +10у - 22 = 0 


xyt2=0 


cot 20 = —“ = 0 > Ө = 45° 


Matches graph (c). 


61. 


63. 


Section 4.8 Applications of Vector Spaces 139 


x? – xy + 3y? -5 = 0 

A=1,B =-1,C =3 

The graph is an ellipse. 
a-c 1-3 


cot 20 2 
b -l 


0 = 13.28? 


Matches graph (a). 


Begin by finding the rotation angle Ө, where 


a-c 0-0 


b 1 


cot 20 0, implying that 0 = E 


1 1 
So, sin Ө = —— and cos Ө = ——.By substitutin 
EE ы n 


1 


x = x cos 8 — ysin Ө = ——(x – y 
4 ya >) 
and 
1 
= X sin Ó + у cos 0 = ——(x + y 
у у в у) 
into 
ху+1= 0 


and simplifying, you obtain 
(xy - (yy «220. 
In standard form, 


2 2 


This is the equation of a hyperbola with a transverse axis 
along the y'-axis. 
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65. 


67. 


Chapter 4 Vector Spaces 


Begin by finding the rotation angle 0, where 


cot 20 Bw = 0 0 т 
Ь 2 4 


So, sin Ө = ES d cos @ = = B bstituti 
О, an . suostitutin. 


V2 


x = x cos 0 – ysin 0 = =) 


апа 
1 
= X sin 0 + у cos 0 = ——(x + y 
y y 5 у) 


into 4х2 + 2xy + 4y? — 15 = 0 and simplifying, you 


n2 n2 
obtain eT + e = 1, which is an ellipse with major 


axis along the y’-axis. 


Begin by finding the rotation angle 0, where 


a-c 


cot 20 = = EÉ implying that Ө = 71.57°. 


3 1 
So, sin Ө = —— and cos Ө = ——. By substitutin, 
10 10 7 5 


into 2x? — 3xy — 2y? + 10 = 0 and simplifying, you 


CY _ OF T | 
obtain дл а = 1, which is a hyperbola with a 


transverse axis along the x’-axis. 


> 


69. 


71. 


Begin by finding the rotation angle 0, where 
с_ 9-16 - 
24 24 


cot 20 = £ Т implying that 


^ 


0 = 53.13°. 


Ha |1 — (-7/25 
So, sin Ө = prone ай ) o md 
2 2 5 
1 + (-7/25 
сйс [1 +cos20 _ [1+(—7/ ).3 
2 2 5 
3 


x — 4y’ 
5 


By substituting x = x’ cos Ө — у'ѕіпӨ = 


pds j Ax + 3y. 
and y = x sin + y cos @ = —— ——— into 


9x? + 24ху + 16y? 90x — 130y = 0 and 
simplifying, you obtain 25(x’)” — 50x — 150y = 0. 
In standard form, 

/ 2 МУ , 1 
(x - 1) = 6(y + 1). 


This is the equation of a parabola. 


/ 
2+ . 
/ 


Begin by finding the rotation angle 0, where 
-c 7-13 1 
b -6/3 43 


cot 20 = s 


, implying that 

Ө = 7/6. 

So, sin Ө = 1/2 and cos @ = ~/3/2. By substituting 
x cos 0 — ysin 0 = (3x - y)/2 and 


x 


y = x sin Ө + ycos@ = (x + v3y')/2 into 
7x? – 6\/3xy + 135? — 64 = 0 and simplifying, you 
obtain 
х) + 16(y) — 64 = 0. 
In standard form, 
^2 ^2. 
eF, 0? 1 
16 4 


This is the equation of an ellipse with major axis along 
the x'-axis. 


\ 44 
34 т 


-4+ \ 
-5 + i 
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73. Begin by finding the rotation angle Ө, where 


75. 


79. 


— 3-1 —1 
cot 20 = 2 2 
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b 23 45 EI 
So, sin Ө = SB ang cos 0 = > By substituting 


x = x cos Ө — y sind 


ll 
| 
= 
| 


апа 


ll 
| 
+ 

| 


y = x sin + у cos 0 


24/3xy + 


into 3x? у? + 2x 4 


Begin by finding the rotation angle 0, where 


cot 20 = — = 0,implying that 9 = T 


; 1 1 
So, sin Ө = —— and cos Ө = —=. By substitutin 
J2 JEU a 


1 


x = X cos 0 — y'sin@ = ——(x – у) 


Ej 


and 


1 
= x sin 0 + у cos@ = ——(x + 
y y m у) 


into x? — 2xy + y? = 0 and simplifying, you obtain 
A2 

Xy) = 0. 

The graph of this equation is the line y’ = 0. 


y 
A 


= 


Ifg- a then sin Ө = and cos Ө = 


1 
V2 
x = x'cos 0 — узіп Ө = We - y) 


and 


y = хіп Ө – y'cos0 = 


sat 235 


2 /3y = 0 and simplifying, you obtain x’ = 


yy, which is a parabola. 


77. Begin by finding the rotation angle 0, where 


cot 20 = E 0, implying that = " 


1 1 
So, sin Ө = —— and cos Ө = ——. By substitutin, 
J2 Jur a 


1 


x = x cos 0 — y'sin 0 = ——(x – у) 


i 


and 
y = xsinQ — y cos 0 = Airs y) 
V2 
into 
x? + 2ху + y? — 1 = Oand simplifying, you obtain 
{x -1=0. 
У 


The graph of this equation is two lines x’ = E 


Substituting these expressions for x and y into ax? + bxy + ay? + dx + ey + f = 0, you obtain, 


a(x — yr * bv — у)(х + y) + au — y" +d 


x+y)+f =0. 


П 1 
S y) 7. 


Expanding ош the first three terms, you see that x’y’-term has been eliminated. 
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a p 
81. (a) Let A = i and assume | A| = ac — d. + 0.If a = 0, then 


NIS 


2 
ax? + bxy + cy? = bxy + cy? = y(cy + bx) = 0, which implies that y = богу = Id 
с 


the equations of two intersecting lines. 


On the other hand, if a + 0, then you can divide ax? + bxy + cy? = 0 through by a to obtain 


2 2 2 2 
Рае Pe iE 2 y + ©у? b у? = 0 ie =| Е ©. 
а а а 2a a 2a 2a 2a a 


Because 4ac + b?, you can see that this last equation represents two intersecting lines. 


b 
qum 
2 


(b) If | 4| = = 0, then b? = 4ac, and you have 


— с 

2 

ах? + bxy + су? = асх? + boxy + с2у? = 0 > bx?  Abexy + 4с?у? = 0 > (bx + 2cy) -0 
=> bx + 2cy = 0, which is the equation of a line. 


83. Answers will vary. 


Review Exercises for Chapter 4 


1. (а) u+v= (1,-2,-3) + (3, 1, 0) 
= (1+ 3,-2 + 1,-3 + 0) 
= (4-1,3) 

= 2(3, 1, 0) 

= (6, 2, 0) 


N 
< 
| 


(b) 


(с) u- v = (L-2, -3) - (3,1, 0) 
= -3,-2-1,-3-0) 
(—2,—3,—3) 


(d) Зи - 2v = 3(1,-2, –3) - 2(3, 1, 0) 
(3, -6, —9) – (6, 2, 0) 
= (3 - 6,-6 — 2,- 9-0) 
= (-3,-8,-9) 


3. (a) u + v = (3,-1,2,3) + (0, 2, 2, 1) = (3,1, 4, 4) 
(b) 2v = 2(0, 2, 2, 1) = (0, 4, 4, 2) 


(c) u- v = (3,-1, 2, 3) – (0, 2, 2,1) = (3,-3, 0, 2) 
(d) 3u – 2v = 3(3,—1, 2,3) – 2(0, 2, 2,1) = (9,-3,6,9) — (0, 4,4,2) = (9, 7,2, 7) 
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5. x = lu -iv- iw 
= 1(, -1, 2) - 3(0, 2,3) – (0,1,1) 
= (4-4-4) 
7. Sju 2х = Зу + у 
2x = -5u + 3v + w 
х = Su - Зу — iw 
= 3(1,-1, 2) - 3(0, 2,3) – 1(0,1,1) 


9. To write v as a linear combination of u,, u2, and и;, 
solve the equation 
cu, + cu, + сй; = V 
for сү, сг, and сз. This vector equation corresponds to 
the system of linear equations 
& +t 26+ CG = 3 
-c + 40 + 24, = 0 
2c, = 2€, — 4c3 = -6. 
The solution of this system is с = 2, c; = —l, and 


с; = 3.бо,у = 2u; — u, + 3u,. 


11. To write v as a linear combination of u,,u,, and u;, 
solve the equation 
cU, + cju; + cus = V 
for cj, су), and сз. This vector equation corresponds to 
the system of linear equations 
€— Cy =1 
2c — 26; - 


2 
Зор — 3c) + с; = 3 
5. 


4c, + 4с) + с; 
The solution of this system is c; = 2; с) = ra and 


сз = 0.бо,у = RT + iu. 


13. 


15. 


17. 


19. 
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0 0 
‚ |0 0 
The zero vector is 
0 0 
0 0 
а] ар а 2 
E vas а anj. |42 an 
The additive inverse of is 
аз 05) 43 432 
ал ар Tagy Tay 


The zero vector is (0, 0, 0, 0, 0). The additive inverse of 


a vector in Ris ( dj, —d5, —d3, —44, —4;5 ). 


Because W = {(x, у):х = 2y} is nonempty and 


W c R?,youneed only check that W is closed under 


addition and scalar multiplication. Because 
(2x, х) + (229, x2) = (2(х + 5), +m) EW 
and 


c(2x,, xj) = (2сх\, cx) eW 


conclude that W is a subspace of R?. 


W is not a space of R?. 

Because W = (x, у) : y = ах, a is an integer] is 
nonempty and W c R?, you need only check that W is 
closed under addition and scalar multiplication. Because 
(х, axı) + (x2, ax) = (х + Xo, а(х + х›)) ew 

and 

c(x,, ax) = (cx, асху) is not in W, ac is not necessarily 


an integer. So, W is not closed under scalar 
multiplication. 


21. Because W = Tox. 2x, 3x) : x isa real number] is nonempty and W c А?, you need only check that W is closed under 


addition and scalar multiplication. Because 


(х, 21, 3x1) + (х, 225,35) = (х + х, 2 + х), 3( + x2)) e W 


and 


c(x,, 221, Зх) = (cx, 2(em), 3(cx;)) ew 


conclude that W is a subspace of R^. 
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23. W is not a subspace of C[-1, 1]. For instance, 27. (a) To find out whether S spans R?, form the vector 


f(x) = х – land g(x) = —1 are in W, but their sum equation 
ci(1,—5, 4) + с,(11,6,-1) + ¢3(2,3,5) = (щ,и, из). 


(f + g)(x) = x — 2is not in W, because 
This yields the system of linear equations 


(f + g)(0) = -2 # —1. So, Wis closed under addition 


€ + lle; + 2с; = щ 
(nor scalar multiplication). 5c, бе, + 3e, = и, 
25. (а) The only vector іп W is the zero vector. So, W is 4c — C + 53 = из. 
nonempty and W с R°. Furthermore, because W is This system has a unique solution for every 
closed under addition and scalar multiplication, it is (u, Uz, из) because the determinant of the 
a subspace of R°. coefficient matrix is not zero. So, S spans R°. 
(b) Wis not closed under addition or scalar (b) Solving the same system in (a) with 
multiplication, so it is not a subspace of R°. For (ш, и), из) = (0, 0, 0) yields the trivial solution. So, 
example, (1, 0, 0) є W, and yet 5 is linearly independent. 
2(1, 0, 0) = (2, 0,0) e W. (с) Because S is linearly independent and S spans Ё?, it 


is a basis for R?. 


29. (a) To find out whether S spans R°, form the vector equation 


«(=4, 3, -1) + с(5, 2, 3) + єз(—4, 6, -8) = (ш, uz, us). 


This yields the system 

—5€ + 5c, — 4с; = ц 
40 + 2€ + 66, = Uy 

—c + 3c, — 8e, = и; 


which is equivalent to the system 


€ — 106; + 86 = —2u 
7с = 2и – из 
0 = –34щ + 28u, + 38u3. 


So, there are vectors (ш, и», из) not spanned by S. For instance, (0, 0, 1) € span(S). 

(b) Solving the same system in (a) for (ш, и», из) = (0, 0, 0) yields nontrivial solutions. For instance, с, = -8,c, = 0, and 
сз = 1. 
So, -8(-4, ze -1) + 0(5, 2, 3) + 1(-4, 6, —8) = (0, 0, 0) and S is linearly dependent. 

(c) Sis not a basis because it does not span R? nor is it linearly independent. 


31. (a) S span R? because the first three vectors in the set form the standard basis of R°. 


(b) Sis linearly dependent because the fourth vector is a linear combination of the first three 
(-1, 2, -3) = —1(1, 0, 0) + 2(0, 1, 0) — 3(0, 0, 1). 


(c) Sis not a basis because it is not linearly independent. 


33. S has four vectors, so you need only check that S is linearly independent. Form the vector equation 
all- 0) + e(2t + 39) + (0? - 20) + e (2 8) = 0+ OF + o? + oe 


which yields the homogenous system of linear equations 


с, + 2с, = 0 
-c + 2с› = 0 
3 + с; = 0 


—2с; + cy = 0. 


This system has only the trivial solution. So, S is linearly independent and S is a basis for P. 
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35. S has four vectors, so you need only check that S is linearly independent. Form the vector equation 


37. 


39. 


41. 


43. 


-2 3 2 0 1 3 1 0 0 0 
с, + с + сз + C4 = 
1 0 -4 0 -] 1 2 1 0 0 


which yields the homogenous system of linear equations 


| 


—2¢, + 2c) + G + Cy = 0 
3с, + 3с; = 0 
€ — 44 — с; + 2с, = 0 
с; + с = 0 
Because this system has nontrivial solutions, 5 is not a basis. For example, one solution is с = 1, с = 1,с; = —l, and 
c4 = 1. 


-2 3 2 0 1 3 1 0 0 0 
+ = + = 
1 0 -4 0 -] 1 2- 1 0 0 
(a) The system given by Ax = 0 has solutions of the 
form (3t, 4t), where t is any real number. So, a basis 
for the solution space is {(3, 4)]. 


(b) The nullity is 1. 
Note that rank(A4) + nullity(4) 2 12-12 2 =n. 


(c) The rank of A is 1 (the number of nonzero row 
vectors in the reduced row-echelon matrix) 


(a) The system given by Ax = 0 has solutions of the 
form (3s — t, —2t, S, t), where s and t are any real 
numbers. So, a basis for the solution space of 
Ax = 015 {(3, 0, 1, 0),(-1, —2, 0, 1)]. 

(b) The nullity of A is 2. 

Note that rank(A) + nullity(4) = 2+2 = 4 = п. 


(с) The rank of A is 2 (the number of nonzero row 
vectors in the reduced row-echelon matrix) 


(a) The system given by Ax = 0 has solutions of the 
form (4, —2t, t), where / is any real number. So, a 
basis for the solution space is {(4, =2; 1). 

(6) The nullity is 1. 

Note that rank(A) + nullity(4) = 2+1=3=n. 


(c) The rank of A is 2 (the number of nonzero row 
vectors in the reduced row-echelon matrix) 
(a) Using Gauss-Jordan elimination, the matrix reduces to 
1 0 
0 1). So, the rank is 2. 
0 0 


(b) A basis for the row space is {(1, 0),(0, 1)]. 


45. (a) Using Gauss-Jordan elimination, the matrix reduces to 


100 
0 1 0| So, the rank is 3. 
00 1 


(b) A basis for the row space is 
{(1, 0, 0),(0, 1, 0),(0, 0, 1). 


47. (a) This system has solutions of the form 
(-2s — 3t, s, At, t), where s and ѓ аге any real 


numbers. A basis for the solution space is 
{(-2, 1, 0, 0), (-3, 0, 4, 1)}. 


(b) The dimension of the solution space is 2—the 
number of vectors in a basis for the solution space. 


49. (a) This system has solutions of the form 


(25 —1, 3s, 5, t), where s and ѓ are any real 


numbers. A basis for the solution space is 
{(2, 3, 7, 0), (-1, 0, 0, 1)}. 


(b) The dimension of the solution space is 2—the 
number of vectors in a basis for the solution space. 


3 
51. Because [x], = p write x as 


x = 3(1,1) + 5(-1, 1) = (-2,8). 


Because (-2, 8) = -2(1, 0) + 8(0, 1), the coordinate 


vector of x relative to the standard basis is 
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l 
53. Because [x], = H write x as 
2 


55. 


61. 


c= 1452) 169 = (11) 
Because e 1) = (L 0) + 100, 1), the coordinate 
vector of x relative to the standard basis is 


0 |, write x as 
—1 


Because [х], = 


x= 2(1, 0, 0) + 0(1, 1, 0) — 1(0, 1, 1) = (2, —1, —1). 
Because 
(2, —1, —1) = 2(1, 0, 0) — 1(0, 1, 0) — 1(0, 0, 1), the 


coordinate vector of x relative to the standard basis is 


To find [x],, = 2 |, solve the equation 


C3 


C4 


57. 


c 
To find [x] = | | solve the equation 
C2 


с\(5, 0) + e(0, -8) = (2, 2). 


The resulting system of linear equations is 
5с = 2 


. To find [x], = | c; | solve the equation 


C3 
a(l, 2, 3) + c(l, 2, 0) + c(0, —6, 2) - (3, -3, 0). 


The resulting system of linear equations is 


с, + G = 3 
2c + 2cy — 6c = -3 
3c + 2c; = 0. 
The solution of this system 15 с = —l,c) = 4, сз = 9: 
and 
-1 


niuo A 


c(9, —3, 15, 4) + c2(-3, 0, 0, —1) + сз(0, —5, 6, 8) + c4(-3, 4, —2, 3) = (21, —5, 43, 14). 


The resulting system of linear equations is 


9c, — 3c, -= 3c4 = 21 
-3c — 5с; + 4c, = -5 
15c + бе; — 2c, = 43 

4с, Cy + 8с; + 3c, = 14. 


The solution of this system is 


€ 230,210 = 0, and c, = 1. So, 


[x], = 


— © н ч 
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63. 


67. 


69. 


71. 


Begin by forming 
л 1013 
[В В| = ; 
0 1 -11 


Because this matrix is already in the form [Z РЇ], you 


have 


Begin by forming 
T =3 -3 12 3 
[BB] =|-1 1 0 1 3 3). 
-1 0 12 4 3 


Then use Gauss-Jordan elimination to obtain 
10 0 10 23 21 
аР =|0 1 0 11 26-24), 
0 0 1 12 27 24 


10 23 21 
So, P'=]11 26 24|. 
12 27 24 
[0 1 -2 1 to 2 2] 
(a) [B’ B] = > 2 = [zP] 
[2 1 1-1 0 1 -2 1 
(b) [8 21 [-2 101 10-2 -2 
= > = 
| 1 -1 2 1 0 1-4 - 
зра о 
(с) P'P=]| 2 = 
|-2 11-4 -3] |0 1 


(а) [В|=|0 110 11;5]0 10 ч 


0 
(b) [BB] =|0 110 1 1|5|0 10 -1 0 
0 


(с) P'P=|-1 0 0|-1 0 0|- 
de afi 11 


[0-10] 0-10 | 


о 


о 


Review Exercises for Chapter 4 


65. Begin by forming 
0 0 1 
[B’ B}=|0 1 0 
1 0 0 


Then use Gauss-Jordan elimination to obtain 


1 0 0 
0 1 0. 
0 0 1 


10000 I 


[ Р] = |0 1 
0 0 

So, you have 
00 I 
Р! =|0 1 0| 
1 0 0 


0 0 


1 


1 


1 0|, 


0 0 


147 
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73. 


75. 


77. 


79. 


81. 


83. 


85. 


Chapter 4 Vector Spaces 


0 -1 0|[-1 -2 
(@) [x], = Р], =|- 0 Off 2: = |1 
1 1 I1[-3 -2 


Begin by finding a basis for W. The polynomials in W must have x as a factor. Consequently, a polynomial in W is of the form 


p= х(с + сх + сух?) = сх + Ex? + су. 


A basis for W is {x, x ca Similarly, the polynomials in U must have (x — 1) asa factor. A polynomial in U is of the form 


р = (х- le + Ox + cx?) 


а(х = 1) + cx? - x) + ohx - xj 


So, a basis for U is {x -Lx-xi- x) The intersection of W and U contains polynomials with x and (x — 1) as a factor. 


A polynomial in W ^ M is of the form 


p = х(х—1)(с + ох) = alx - x) + о(х3 - x): 


So, a basis for W ^ U is {x? —-xx - x 


No. For example, the set {x? + x, x? 


— X, Ц is a basis for Р). 


Because W is a nonempty subset of V, you need only show that W is closed under addition and scalar multiplication. If 
(х + х)р(х) апа (х + x)q(x) are in W, then [P + x) p(x) + (x + x)q(x) = (х + x)(p(x) + q(x)) є W. Finally, 


ex: + x) p(x) = (2 + х)(ср(х)) є W.So, W is a subspace of Р, = V. 


The row vectors of A are linearly dependent if and only if the rank of А is less than n, which is equivalent to the column 


vectors of A being linearly dependent. 


(a) Consider the equation 


of + og = cx + о |х| = 0.If x = 5, then 
lo + lc, = 0, while if x = -4, you obtain 


-ia + lec, = 0. This implies that с = c; = 0, 
and fand g are linearly independent. 
(b) On the interval [0, 1] f = g = x,and so they are 


linearly dependent. 


(a) True. See discussion above “Definitions of Vector 
Addition and Scalar Multiplication in R”,” 
page 155. 

(b) False. See Theorem 4.3, part 2, page 157. 


(c) True. See “Definition of a Vector Space” and the 
discussion following, page 161. 


(a) True. See discussion under “Vectors іп A"," 
page 155. 


(b) False. See “Definition of a Vector Space,” part 4, 
page 161. 


(c) True. See discussion following “Summary of 
Important Vector Spaces,” page 164. 


87. (a) Because у = 3e? andy” = 9e", you have 
y” — y — бу = 9e — 3е?* — 6(e**) = 0. 
Therefore, е?" is a solution. 
(b) Because y' = 2e”* andy” = 4е°*, you have, 
y = y — бу = 4e* — 2е?^ — 6(е?*) 
= -4eg* 
z 0. 
Therefore, е2" is not a solution. 
(c) Because у = —3e ?* andy” = 9e", you have 
у= у = бу 29e? – (-3e7*) - 6(e**) 
= 6e?* 
# 0. 
Therefore, e~** is not a solution. 
(d) Because у = -2e ?" andy” = 4e ?*, you have 


y — y – 6y = 4e?* – (26?) = 6(e°*) = 0. 


Therefore, e^ is a solution. 
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89. (a) Because у = —2e°*, you have у + 2y = -2e?* + 2e?* = 0. 


Therefore, е ?* is a solution. 
> 


—2x -2x 


(b) Because у = e?* — 2xe ^", you have у + 2y = e?* — 2xe?* + 2xe?* = e™ +0. 


Therefore, xe?" is not a solution. 
X 


2 


(c) Because у = 2xe * — x?e ?, you have у + 2y = 2xe? — x/e? + 2xe™ = 0). 


Therefore, x?e^* is not a solution. 


(d) Because у = 2e?* — 4xe ?*, you have у + 2y = 2e?* — 4xe?* + 2(2xe*) = 2е°* +0. 


Therefore, 2xe?* is not a solution. 


1 x e 1 sin 2x cos 2x 
91. w(i, x, е") = |0 1 е |= ех 93. (1, sin 2х, cos 2х) = |0 2cos2x -25іп 2х |= -8 
0 ое" 0 -4sin2x —4cos 2x 


95. (а) y = e > y = -3e ", y" = 9e? — y" + бу + 9y = 0 
у= хе => у = (1-3x)e*"",y" = (9x - 6)e™ => y^ + 6у + Dy = 0 
(b) The Wronskian of this set is 
en xe ^* 


Wiese) EET (1 — 3x)e^* 


= (1 — 3x)e 9" + Зхе 6 = eo, 


—6x 


Because W (e^, xe™) =e°* + 0, the set is linearly independent. 


3x 


(с) y = Се?" + Cxe 
97. (а) у= е >y =y =y" = е > у – 6у + Пу – бу =0 
у = e” = у 22e", у" = 4e”, у" = 8e" > у" -6y' + 11у — бу = 0 


у= е = е > у = еї – 2е2*, у" = ех – 4е?*, у" = e – ge => у" —6y' + Пу – бу = 0 
(b) The Wronskian of this set is 
ех e^ eu e 


We, e, e — gn) -e 2e™ e – 2е* |= 0. 


ех 4e" ех – Де?" 


Because the third column is the difference of the first two columns, the set is linearly dependent. 


(c) Not applicable 
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99. Begin by completing the square. 


101. 


103. 


(x? + 4x + 4) + (у -2y +1) =114+441 


(x +2) + (у - iy =16 


This is the equation of a circle of radius V16 = 4, 
centered at (— 2, 1). 


2 


xX +y -4x-2y-10p-20 


Begin by completing the square. 


х2 -y +2x-3=0 


(2 + 2х +1) - у? = 
(х +1) -y = 
(х+1) y 
о? » 


This is the equation of a hyperbola with center (-L 0). 


—2 + 
-3 + 


х? – у +2x-3 


0 


Begin by completing the square. 


2x? — 20x — y + 46 
2(x? - 10x + 25) 


2(х — 5)" 


This is the equation of a parabola with vertex (5, —4). 


y 


0 
y — 46 + 50 
y+4 


2x! — 20x- y + 46 = 0 


105. Begin by completing the square. 


Ax? + у? + 32х + 4у + 63 = 0 
A(x? + 8x + 16) + (y? + 4y + 4) = —63 + 64 + 4 


A(x + 4 + (у + 2) 


5 


This is the equation of an ellipse with center (4, -2). 


L9 +a 
—3 + 
=4 + 
(-4, -2) -5+ 


Ax? + y? + 32х + 4y + 63 = 0 


. From the equation 


кэй a 0 
b 1 


you find that the angle of rotation is 0 = Е Therefore, 


1 1 
sin Ө = —— and cos Ө = ——.By substitutin 
V2 J y 8 


1 
x = x cos 0 – y sind — = (x – y 
y V2 ( у) 
апа 
аана а) 


a 
into xy = 3, you obtain Уу - iy = 3. 
In standard form, 
@ E al 

6 6 


you can recognize this to be the equation of a hyperbola 
whose transverse axis is the x’ -axis. 
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109. From the equation 
dr аа lores 7 
b —24 24 
you find that the angle of rotation is 0 = —36.87°. 


Therefore, sin Ө = —0.6 and cos Ө = 0.8. 


By substituting 
x = x cos 0 — у sin Ө = 0.8x + 0.6y 
and 
y = x sin ð + у cos 0 = —0.6x  0.8y 
into 16x? — 24xy + 9y? — 60x — 80y + 100 = 0, you 
obtain 25(x’)” — 1005" = —100. In standard form, 
n2 , 
Y =4 9 
you can recognize this to be the equation of a parabola 
with vertex at (x^, у) = (0,1). 
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Section 5.1 Length and Dot Product in R” 


1. 1%] Е 1/43? + 32 = JJ25 =5 9. (a) A unit vector v in the direction of u is given by 
у= 12 = : (-5.12) 
з. [|у|= s + (-3) + (-4) = V50 = 52 Jel /(—5) + 122 
е уы ы - ics) 
1 17 17 
5. (a) || = cy «(1 - a | e) 
131 
ү 1025 _ 5/41 
b = ,/4 4 = = 2 2 
ы es n= ds )+@ 
13 13 
1 
(c) 1-82 25 144 
= — + — 
169 169 
_ |a: | Ві 577... 50577 = 1 
8 64 8 (b) A unit vector in the direction opposite that of и is 
given by 
7. (a) u= V3? +1 +3? = V19 v- | 5 2)-(2 2 
: 13° 13 13 13) 
(b) |v| 2 4/0 + (-1) +12 = V2 ES T 
"Te (= is) * Cis 
= 4/32 +0 +4 2.125,14 
169 169 
= 4/25 
я 1 


11. (a) A unit vector v in the direction of u is given by 

и 1 1 3 2 5 
= - 3, 2, 5 = 3, 2, 5 = E E Я 
Jul fs? +22 + (5)? | BE) | Fa v38 F) 


M-A + (Ge) +) eU 


(b) A unit vector in the direction opposite that of u is given by 


У 


= (m x) -( Ju Ax) 


bt C) Гуш A) 2 
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13. First find a unit vector in the direction of u. 25. (a) u- v = (2)(2) + (-2)(-1) + ()(-6) = 0 
и 1 1 1 
M m esu А20 [e о b) у-у = 2(2) + (-I(-1) + (-6)(-6) = 41 
Then v is four times this vector. (с) Jul? ые 
tr (o e) л = 2(2) + (-3-2) + (90) 
al RENI о E 
15. First find a unit vector in the direction of u. (d) (u: v)v = 0(2, -1, 6) 
и _ 1 (V5, 5,0) = (0,0, 0) = 0 
LT (vay + +0 (е) u- (5у) = 5u- у) = 5:0 = 0 
sa eS s) 27. (u + у): (2u — v) = и: (2u - v) + v: Qu - v) 
on = 2u-u-u:-v+2v-:u-v-v 
- (So) =2(u-u)+u-v-v-v 


= 2(4) + (-5) - 10 = -7 
Then v is five times this vector. 


vos VS V30 ‚| _ (56 5430 | 29. (а) |u|| ~ 1.0843, |v| = 0.3202 
6 Ы 6 У 6 ? 6 Ы : 
(b) ivi = (0, 0.7809, 0.6247) 
M 
17. (a) Because is a unit vector in the direction of у, 
MI (c) — = (0.9223, -0.1153, 0.3689) 
you have Iu] 

Ei m (d) u-v = 0.1113 
2|v| 2 (е) u-u = 1.1756 


= а! 3, 0, 4) = E: 2, 0, 2} (f) v- v = 0.1025 


31. (a) |u| = 1.7321, 


у|=2 


(b) Because T4 is a unit vector with direction opposite 
У 
leds. (b) ivi = (-0.5, 0.7071, —0.5) 
=2 у u 
u = 2|v| E (c) jui = (0, —0.5774, —0.8165) 
u 
= -2v = -2(-1,3,0,4) = (2, —6, 0, -8). dires 
19. d(u, v) = |u - v|=|(2,-2)|= V4 +4 = 242 (E d 
(f) v-v=4 
21. d(u, v) = |u - v| 
33. (а) |u| = 243, |v| » Vil 
= [G.-2.-9] 
v 2411 2411 3411 2/11 
-A + (2) «oy = 4/9 =3 (b) ivi | ip uer deor tT | 
23. (а) u- v = 3(2) + 4(-3) = 6-12 = -6 () s E 1 46 J 
(b у-у = 2(2) + (-3(-3) = 4 +9 = 13 LI 3° 2 6'2 
(о) |uff = u-u = 3(3) + 4(4) =9 +16 = 25 (d u-v =-4- 6 
(d) (u- v)v = —6(2,—3) = (12,18) (e) u-u = 12 
(© v-ve=ll 


(е) u- (5v) = S(u - v) = 5(—6) = —30 
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35. You have 
u-v = 6(3) + 8(-2) = 2 
|u| = V6 + 8° = 10 
Ivl= V? 27 = vis 
ju -v| <|ullly| 
|2| < 10(/13) 
2 < 104/13 = 36.06 


37. You have 
u- v = (1) + 1(-3) + (-2)(-2) = 2, 
|u| 2 JP +P + (2) = 4/6, and 
|= J? + (3) + (2) = 14. So, 
|u у ||| v] 
| « 576-74 
2 € 24/21 = 947. 


39. The cosine of the angle 0 between и and v is given by 
ucv _ 3(—2) + 1(4) 

[ЙУ зур + 

2 те? 


10/2 10 ` 


V2 


So, 0 = 8j = 1.713 radians (98.13°). 


cos Ө = 


41. The cosine of the angle Ө between u and v is given by 


cos 0 = GOES 
[ч lv | 


1 1 

о о 

о о 

a a 
ERIT NU OSTEN 
mein | 
NIN — 
VL NIN 

NI 


So, ө 


IHE radians (105°). 
12 
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43. The cosine of the angle @ between u and v is given by 


1(2) + 1(1) + 1(-1) 


— цу — 
[ЧЇ м2 +22, [22 + + (1? 
2 N52 


36, Ө 
J2 


So, Ө = cor?) = 1.080 radians (61.87°). 


cos Ө 


45. The cosine of the angle Ө between u and v is given by 
u-v 
Ө = —— 
ЦІМ 
0(3) + 1(3) + 0(3) + 1(3) 
VO +1? +0? + PS +3? +3? +3? 


2.6 22 
6/2 2 
So, 0 = cos! у? Ee 
2 4 


47. Because u · v = 2(3) + 18-1) = 0, the vectors и and 


у are orthogonal. 


49. Because v = —6u, the vectors are parallel. 


51. Because u · у = 0(1) + 1(—2) + 0(0) = —2 # 0, the 
vectors u and v are not orthogonal. Moreover, because 
one is not a scalar multiple of the other, they are not 
parallel. 

53. Because 

= 1 5 we or 
u v = —2(1) + s(-3) + 1(0) + 0(1) = -22 = 0, the 
vectors u and v are not orthogonal. Moreover, because 
one is not a scalar multiple of the other, they are not 
parallel. 

55. u-v= 


(0,5) - (v, v2) = 
Ov, + Sv, = 


о о о c 


У = 


So, V = (t, 0), where t is any real number. 


57. u-v=0 
(2, —1, 1) (v, у, уз) = 0 
2v; -vV + У; = 0 

So, v = (t, s5,—2t + 5), where s and t are any real 


numbers. 
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59. Because и + v = (4,0) + (L1) = (5, 1), you have 61. Because u + v = (1,1,1) (0, 1,2) = (1, 0, 3), you 
h 
la + vi su] |у | Fd 
16.9] 104. 0) |+ 10,1) 
„26 < 4+ 4/2. | 


Ju + у| < [0 |+ |У | 
(1,0, 3)| < |01,1.) | - | (6, —1, 2) 


V10 < 4/3 + V5. 


63. First note that и and v are orthogonal, because и · у = (1, -1) . (1, 1) = 0.Тһеп поїе 


lu + уф = ор + [vp 
\(® о) =|G-nf + 
4 = 2 + 2. 


(DF 


65. First note that u and v are orthogonal, because u · у = (3, 4, -2) . (4, —3, 0) = 0). Then note 


2 


о + vi? =u]? +]у| 
IL-2 = |63, 4-2)? + |04, -3,0 [ 
54 = 29 + 25. 
67. (а) u-v = uv = [3 | (b) у-у = үу = [2 EM 
= [3(2) + 4(-3)] = [2(2) + (-3)(-3)] 
= 6-12 = [449] 
ee = 13 
© [uf = uu = [3 4; ӘӘ — (u-v)v = (u^ v)v 
= [3(3) + 4(4)] = [ 4] | 2 
= [9 + 16] B B 


: Er 


(е) u- (5v) = 5(u* v) 


ll 
чл 
м 
— 
чә 
EN 
pa 
| 
o N 
= 
$= = 


69. (а) u-v = иу = [-1 1 22] -3| = [(-1)(1) + 173) + (-2(72)] = [~ + (-3) +4] = 0 


(0) v-v=v'w=[l -3 -2]/-3] = [1(%) + (-3)(-3) + (-2)(-2)] = [1 9 + 4] = 14 
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71. 


73. 


75. 


77. 


79. 


81. 
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E 
(c) |uff = а= ату = [11-2] 1] = [(-1)(-1) + 10 + (72)(72)] = [1 1 4] = 6 
-2 
yf 1] [o 
(à (u:v)v = (u^ - vv = |[-1 1 -2] -3|]-3 = 0-3] = Jo 
-2|1-2 -2| |0 
1 
(e) u- (5v) = 5(u" - v) = 5 [1 1 -2] -3 | = 5(0) = 0 
-2 


Because и - v = cos sin Ө + sin Ө(—соз Ө) — 1(0) 


cos O sin Ө — cos 8 sin Ө = 0, 


the vectors u and v are orthogonal. 


(a) False. See “Definition of Length of a Vector in R” ," page 232. 

(b) False. See “Definition of Dot Product in A", " page 235. 

(а) (и. v) — v is meaningless because v is a vector and u · v is a scalar. 
(b) u + (u · v) is meaningless because и is a vector and u - v is a scalar. 
у = (vi, v3) = (12, 5), (у, vi) = (5, -12) 

(12, 5) - (5, 212) = 12(5) + 5(-12) = 60 60 = 0 

So, (va. -vi) is orthogonal to v. 


Answers will vary. Sample answer: 
Two unit vectors orthogonal to v: —1(5, 12) = (5,12): (12,5) - (—5,12) 


12(5) + 5(12) 
—60 + 60 

0 

12(15) + 5(-36) 
180 — 180 

0 


3(5, -12) = (15, 36): (12,5) - (15, -36) 


u = (3140, 2750), v = (2.25, 1.75) 

u- v = 3140(225) + 2750(1.75) = 11,877.5 

The total revenue earned from selling the hamburgers and hot dogs is $11,877.50. 

Let t = length of side of cube. The diagonal of the cube can be represented by the vector у = (t, t, t), and one side by the 
vector u = (t, 0, 0). So, 


u-v fe 1 


1 
cos Ө = = = > Ө = сө | = 547°. 
EBEN Bi 
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83. Given u- v = Oand u- у = 0, 

u · (cv + dw) = и: (cv) + u - (dw) 
c(u - v) + d(u - w) 
c(0) + d(0) 
= 0. 


Il 


ll 


So, u is orthogonal to cv + dw. 
85. Let u = (cos 0)і — (sin @)jand v = (sin 6)i + (cos 0)j. Then 
lul = cos? 6 + sin? Ө = 1, |v| = vsin? Ө + co? 8 = 1, 


and п. у = cos O sin Ө — sin 0 cos Ө = 0.So, u and v are orthogonal unit vectors for any value of 8.If Ө = t you have 


the following graph. 
y 


T 
87. Property 1: u- v = шу = (u"v) =vu=v u 
u 


Property 2: и · (у + w) = u” (у + w) = Шу + иу =u- v+u- w 


Property 3: c(u - v) = c(u’v) = (си) у = (cu) - v and c(u - v) c(u’v) = u” (cv) = u - (cv) 


89. Ax = 0 means that the dot product of each row of A with the column vector x is zero. So, x is orthogonal to the row 
vectors of A. 
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1. l. Since the product of real numbers is commutative, 3. Ifcis any scalar, then 
(п, v) = Зщу + uv, = Зушщ + van c(u, v) = с(Зщу + u2) 
= (v, u). = З(сш)у + (cu5)v, 
2. Let w = (w, и»). Then = (cu, v). 
lu, y4 w) = Suv, + w) + (о + w) 4. Since the square of a real number is nonnegative, 


(v, v) = 3v? + у; > 0. Moreover, this expression 


ll 


Зиру + 3uw, + UV. + UW 


is equal to zero if and only if v = 0 (that is, if and 
only if у = v = 0). 


= 3uyv, + uv, + Зири + uw 


= (u, v) + (u, w). 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


3. 


р 


zs 


. I. 


2: 


Since the product of real numbers is commutative, 


d 1 zy 1 
(u, у) ошу + 402% МШ + 47202 
= (vu). 
Let w = (ул, и). Then, 
(u, v t w) = gui t wi) t qlo(2 і w;) 
= luy Lyw Luv изу 
2*1*T рма а! 4^72"2 4722 
= loy ly 1 1 
ошм T 4U3V2 T 0 T 40205 


(u, v) + (u, w). 
If c is any scalar, then 


c(u, v) 


О + luy; 


l(cu)v, + l(cuj)v; 


(cu, v). 


Since the square of a real number is nonnegative, (у, у) = 1 


and only if у = 0 (that is, if and only if v, = v; = 0). 


Since the product of real numbers is commutative, 
(u, v) = 2щу + Зизу + uzv 

= 2wu, + Зуи) + из 

= (уа). 
Let w = (m, у, wm). Then, 


(u, v + w) = 2ui(v, + уй) + 3u(v, + wj) + u3(V3 + wi) 


1 


2и\уу + 2ujWw, + 3u5v; + Зизи + uzv; + изи 
2ujv, + Зизу + изу; + 2uyw, + 3u5w; + изи 
(а, v) + fu, w). 

If c is any scalar, then 


c(u, у) 


cuv, + 3uv + U3V3) 


2(сш)у + 3(си„)у› + (cus)v, 


(си, у). 
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n + 103 2 0. Moreover, this expression is equal to zero if 


Since the square of a real number is nonnegative, (у, у) = 2v? + 302 + vi > 0.Moreover, this expression is equal to 


zero if and only if у = 0 (that is, if and only if v, = v, = v = 0). 


Since the product of real numbers is commutative, 
(u, v) = 4щу  3u5v, + 2u3V3 

= Ay, + Зуи + 2vyus 

= (уш). 
Let w = (m, у, э). Тһеп 


(u, v + w) = 4u,(v + эң) + 3u(v + wy) + 2us(v, + э») 


4ujv, + Aujw, + Зизу + Зизу + 2uyv4  2u4w4 


4ujv, + Зизу + 2изуз + Аири  3u5w;  2u4ws 


= (u, v) + (и, w). 
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3. If cis any scalar, then 
c(u, v) = c(4uyy, + Зизу + 2usv;) 
- 4(cui)v, + З(си›)у» + 2(сиз)уз 
= (cu, v). 
4. Since the square of a real number is nonnegative, (v, v) = 4v? + 3v2 + 2v? > 0. Moreover, this expression is equal to 


zero, if and only if v = 0 (that is, if and only if у = у = v, = 0). 


9. The product (u, у) is not an inner product because nonzero vectors can have a norm of zero. So, Axiom 4 is not satisfied. 
For example, let v = (0,1), then, (v, v) = 0? = 0. 

11. The product (u, у) is not an inner product because Axiom 2, Axiom 3, Axiom 4 are not satisfied. For example, let 
u- (1, 1), v = (1, 2), w = (2, 0), and c = 2. 
Axiom 2: Then (u, v+ w) = | А Gy - - Y Gy = = 5and 
(и, у) + (u, w) = [ar - *(2) (2) | + [o y Qy (0) | = 1, which are not equal. 
Axiom 3: Then c(u, v) = y (1 y ss (1 piss = —6 and (cu, v) = Qy (1) - OKON = —12, which are not equal. 
Axiom 4: Then (у, у) = (1) ay - Qy y = —15, which is less than zero. 

13. The product (u, у) is not an inner product because Axiom 4 is not satisfied. For example, let у = (1, 1, 1). Then, 


(у, у) = —(1)(1)(1) = –1, which is less than zero. 
15. The product (u, у) is not an inner product because Axiom 2 is not satisfied. For example, if u = (1,0,0), у = (1,0,0),апа 
= (1, 0, 0), Шеп (u, v+ w) = iy + 0^(0)* T о?(о)* = 4and 
(u, v) + (и, w) = 1201)? + 02(0)* + 0(0)* + P(A)’  0*(0) + 02(0)* = 2. 


So, (u, v + w) # (u, у) + (u, w). 
17. (а) (u,v) = u - v = 3(5) + 4(-12) = -33 
(b) |= uu) = Vu -u = /3(3) + 44) = 5 
(с) |v = J. v) = Ууу = +/5(5) + (—12)(—12) = V169 = 13 
(d) d(u,v) =[«-у[|= [lu - v,u - v) = J(u - v) -(u- v) = 4/(-2)(-2) + 16(16) = 2/65 


19. (a) (u, v) = Зи + uv = 3(-4)(0) + 3(5) = 15 


o [ele ic = 7 e$ = Vm 


(с) |v| = Jv. v) 243.00 +52 =5 
(d) d(u, у) = |а - v| /(u-v,u-v) = NEE + (-2)° = 
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. (а) (u- v) = 0(9) + 7(-3) + 2(-2) = -25 
(b) Jul = (uu) = vu -u = V0? +7 +2? = 53 
© v= Jv) = Уусу = 9 C3 + (2)? = 494 


(d) d(u, v) = |u - v|=|(-9, 10, 4)|| = J (C9) + 10? + 4? = 197 


. (а) (u, v) = 2um + Зи + uv; = 2-8-84+3-0-3+4(-8)-16=0. 


©) Ju=/2-8-84+3-0-04+(-8) = 8/5 
(с) [|у|= NET 242.8 43.33 +162 = V411 
@ d(u v) = [u - у |= |0, -3,-24)|= 3/67 


- (а) (uv) = -1(0) + 2(1) + 0(2) + 1(2) = 4 
(b) |u|- J@u) = маа = J) +22 «0 +1 = V6 
() |= JW. у) = Муу = V0 +P 42742? =3 
(à) d(u,v) =|u - v]- |-1.1.-2,-9| 4/06) + P + (—2)* + (C1)? = V7 


. l. Since the product of real numbers is commutative, 
(A, B) = аб + арб» + azb + anban 


= Ба + Ьа; + by ay, + baan 


= (B, A). 
(Note: Multiplication of matrices is not commutative) 
Wi Уй? 
2. Let W = . Then, 
Wi Wn 
(A, B + W) = ayi(bi t mi) t ap(biz t Wi) t a(b t Wy) * Ay) (dy. + Wy) 
= абу + аул + apb + ауруй) + azb + аруу”; + аро + аууз 
= аб + арро + ар + anba + ay Wy + di Wi) + aW + d53W»; 
= (4, В) + (4, W). 


3. If cis any scalar, then 

c(A, B) = c(aybii) t c(abi;) * с(а›б»\) + с(аЬ) 
(сауу) t (ca )bz + (саз), 2 (ca5)b», 
- (CA, B) 


4. Since the square of a real number is nonnegative, (B, B) = bào b) + b), + Ь = 0. Moreover, this expression is equal 


to zero if and only if B = О (that is, if and only if bj, = b; = bj; = by = 0). 
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29. (a) (А,В) = 2(2)(-2) + (—4)(1) + (-3)(1) + (1)(0) = -15 
© [а= 4.4) = 020) «C47 «C3 + (0° = 35 
(с) [в|= (8.8) = ү/2(—2)° + (1? + Q + (0) = Vio 


(d) Use the fact that d(4, B) =|А— В|. 


2 2 2 


(A - B, A- B) = 2(4)  (-5Y + (-4)' + (1) = 75 


4(А, В)  J(4 - B, A- B) = 543 


31. (a) (A, В) = 2(1)(0) + (2)(-2) + (=1)(1) + 2(4)(0) = -5 
© Мај SAA = N20) + Qf «Cn «xf = 5 
© [|в|= J(G.B) = J20} + 2) +12 +0 = Js 


(d) Use the fact that d(4, B) = |4 — В|, 
(A - B, A- B) = 21)” + 4 + (2) + 24)? = 54 


d(A, B) = (A - B, A – В) = 454 = 346 


33. 1. Because the product of real numbers is commutative, 
(р, а) = абу + 2ab, + aby 
= body + 2һа, + Ьа» 
= (фр). 


2. Let W(x) = w + mx + Wx’, then 


(p,q + w) = ao(by + wo) + 2a,(b, + m) + a(b, + wy) 


= абу + awọ + 2a,b, + 2aw, + а,Ь, + ауу, 


= абу  2ajb, + ab, + agwo + 2aw, + aw, 
= (р, 4) + (р, v). 
3. If cis any scalar, then 
c(p, q) = (аф + 2a,b, + aba) 
= (са), + (2ca,)b, + (са,)Ь, 
= (ср, д). 
4. Since the square of a real number is nonnegative, (q, q) = bo + 2b? + b = 0. 


Moreover, this expression is equal to zero if and only if q = 0 (that is, if and only if ду = q, = 9 = 0). 


35. (а) (p,q) = 1(0) + (~1)(1) + 3-1) = -4 
©) 15[= Jtr. p) = JP + + 3° = vn 
© lal= fa) = Je +P (y = v2 
rata КО СО repr WEN Pee ср 
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37. (a) (p,q) = ЦІ) + 0(0) + 10-1) = 0 
©) ||p|= Jp. p) = VP +0 +02 = V2 


© |#|= ш) = VP +0 «C» = V2 


(à (р, а) =|p - al» Jp -a p-a) = 30 +0 «2 =2 


39. (a) (f, в) = | /(х)в(х)ах 


бл U4) = [Pee = [x = 2 
Ifl= JP = v2 


© lel?» (e.g) = [ (4x - 1) ax =| (16х* — 8x? + 1)ax 


16. 8, | 46 
-|—x—-—x +x| = — 
5 3 ko 18 


lel = e g) = 690/5 


(d) Use the fact that d(f, g) = |7 — g|. Because f - g = 1 
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(4x? 


(f - e. f - 8) = | (o4 +2) ах = fi (16x* - 16x? + 4)dx 


- E - Bs + “| = 36 
5 3 a 115 
So, d(f, g) = J (f - 2, f - в) = о 


15 


œ) 17р = Gf) = [i Pax = =| -i 
f = 


(с) [е E (в, в) = | ody = © 


1) = -4x? 4 


2, you have 
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(d) Use the fact that а(7, в) - = |7 - gl. Because f —g = x — е“, you have 
(6-2 f-g-2 f (x-e)a 


1 x? = 2xe* + е? *)dx 


i 


2 20?" 


So, d(f.g) = J( - 2: f - 8) ENE i а = = 1.680. 


43. Because 53. (a) To verify the Cauchy-Schwarz Inequality, observe 
i js + 4(- 2 -33 _ -3 o | = n ^" 
V3? + тт 65 (5. 12) 
the angle between и and v is 63 < | Е = 65. 
e (22) = 2.103 radians (120.51°). (b) To verify the Triangle Inequality, observe 
65 
Ju + у| sul |у 
45. Because | ( 
uv)  — 3(-4)(0) + (3X5) J320 < 13 +5 
Inllv] 34? + 32/30)? + 5? 8/5 < 18. 
15 
= 757 3 = JsT 55. (a) To verify the Cauchy-Schwarz Inequality, observe 
the angle between u and v is |u, v) с |u || Y | 
cose] = 1.16 radians (66.59°). 100, 1,5): (- 
57 18 < 4/26 /34 
47. Because 18 € 24/221. 
(u, v) = 1(2) + 2(1)(-2) + 1(2) = 0, (b) To verify the Triangle Inequality, observe 
TNR: [u + visually] 
the angle between u and v is соз (0) = —. 
2 |4, 4, 8)| < |(0. 1, 5) | + |(<4, 3. 3) | 
49. Because V96 < V26 + 4/34 
(p. q) 1-121 1 9.7979 < 10.9299. 
lella] зз 8 57. (a) To verify the Cauchy-Schwarz Inequality, observe 
the Е between р and q is |(p. q)| « I lla | 
сө = 1.23 radians (70.53°). |0(1) + 2(0) + 0(3)| < (2)/10 
0 < 24/10. 
Bre Pogues | (b) To verify the Triangle Inequality, observe 
4 
(e) [o v= -= 0, |p + a) <|ol+lal 
= |1 + 2x + 3x < 2+ 10 
the angle between fand g is cos !(0) = 2. Ла € 2 4 J10 
3.742 < 5.162. 
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59. (a) To verify the Cauchy-Schwarz Inequality, observe (b) To verify the Triangle Inequality, observe 
10и, B)| < [Apa] а + B[s]4]*]5] 
|0(-3) + 3(1) + 2(4) + 1(3)| s 14/35 | -3 i baie 
14 < 5/14/35. Ж 


ATI. < A14 + 4/35 


8.775 < 9.658. 


61. (a) To verify the Cauchy-Schwarz Inequality, compute each part of the inequality. 
(f. g) = (sin x, cos x) 


zj4 . 
= (А sin x cos х dx 


4 
Е eT 
2 5 


_ sin?(z/4) 51020 1 
2 2 4 
"E (sin x, sin x) 


4 4] —cos2 
=j” sin? x dx = pz Sa 


E i - xt) d х 


2 
8 


So, 


|g P= mo x, COS х) 


4 41+ 2 
= ү cos? х dx = (7 Lc ee 
0 0 2 


E zu ПІ 

= + =+ 

2x 4 | 8 4 

п d 

B a 3 Therefore, observe that |(7, g) < 

п 1 mo 1 

"Ns a melo а 
п 1 п 1 

"e etel 


n + g| = (sin x + cos x, sin x + cos x) 


М) 


л/4 | — cos 2x dx + 2 2/41 + cos 2x dx 


“| n2 : 2 
= Е. sin^x + 2 sin x cos x + cos x)dx 


ү sin x cos x dx Я 


0 2 0 2 
zl l zæ l 
8 4 2 8 4 
z 1 
= — + — 
4 2 
So, fr+el= E 5 Therefore, observe that 17+ els|£ lal. 
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63. (a) To verify the Cauchy-Schwarz Inequality, compute 
8 = (x, e) - I, хе“ dx = Ге (х - )], = 1 


2 1 x | 1 ~ 
а БЕЛЕЕ 
2 X 4XX = T x = е?" _ e 1 
kf - ee) = ne E] -- Poll e JE - 1 
and observe that 
Ge) 171181 
BNE 
3 2 2 
1 < 1.032. 
(b) To verify the Triangle Inequality, compute 
2 x X 1 X 2 е x x | 
7 + &| =(xtetxtet) = | (+ е) ах -|2 + 2e -92| 
е? 1 1 
= Ё + 2е(0) + ] - р + 2(1)(-1) + ] 
e 1l e 1l 
PI Elya 


and observe that 


ЕДЫ 


2 2 
e 1.3, [e 1 
6 3 2 2 


2 


2.35] < 2.364. 


л/2 
= 0, / апа g are orthogonal. 


z[2 : . 2 
65. Because (f. g) = [ oe x sin x dx = E sin J 
7 -z[2 


67. Because 
1 
1 1 lp! 1 
(fsa) = [ie -aa = M t ejas Dn | = 0 


f and g are orthogonal. 


69. (a) proju = " Ds : e * Xo, РЕ B Jj 
Б тшу = edo = ЖУ Зз) = aa = (23) 


(c) 
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73. (a) proj, u = 


(b) proj, v = u 


zio) ы 


5 + (-3) + P 


5, -3, 1) 


. _ (u,v) 0(—1) + 1(1) + 3(2) + (-6)(2) _ 5 _ G RN 4j 
I) Dela = (v, y. ~ (-1)(-1) + ца) + 2(2) + 2(2) — 19 bb 22) = [3 7373 
._ _ (vu) (-1)(0) +11) + 2(3) + 2(-6) | 5 _ | 5 15 5) 
(b) prov = (u, ч)" 0 + 1(1) + 3(3) + (—6)(—6) = "m а 0; 46 46 23 
77. The inner products ( Í: 2) and (е, 2) are as follows. 79. The inner products ( f. g) and (е, g) are as follows. 
1 1 T 
ТИРЕ ИС (в) = [ре = [ее] = ort = 
i i (e.g) = "n dx = d „=! 
(eso fon] =2 Кин р 


So, the projection of fonto g is 


WEE. oe 1 2.2 2e 
(1) = 0. proje. f (g, 2)" (2 -12 её - г 


So, the projection of fonto g is 


(58. _ 0 
(eg) 2 


proj. f = 
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81. The inner product ( Т; 2) is 89. Verify the four parts of the definition for the function 


n 
*_. sin? x Г (u, v) = CMY oco Cu, V, = УУ сш. 

USES sin x cos x dx = ——| = 0. 1 

-=m 

-mT 


2 
So, the projection of fonto g is 1. (u,v) = den E 2 enu = (ш 
proj, = Veg = g =o. ES a og 
z (g, g) (g. в) 2. (uv + Ww) = 2 cv +) = Lew + 2 


83. The inner products ( Jf g) and (е, 2) are as follows. E (в, v) d (в, ш. 


| li 3. diu, v) = d j сщу = j c;(du;)v; = (du, v 
(7.8) = [ xsin 2x dx = E = = =-лт (u,v) 2, 2, (аи) ( ) 
Я 1 d І 4. (v, v) = J cv? > 0,and (v, v) = Oif and only if 
(e.g) = |. (sin22) dx = E S ат =g (v v) 2, (v. v) 
7 я 8 Le v=0. 


So, the projection of fonto g is 


proj, f = A Be = (sin 2x) = -sin 2x. (и + v, w) = (w,u + v) 


91. From the definition of inner product, 


= (wu) + (w, v) = (u, w) + (v, w). 
85. (a) False. See the introduction to this section, page, 243. 
(b) False. | v| = 0 ifand only if v = 0. 93. (i) W^ = {v e V: (v, w) = O forallw e W}is 


nonempty because 0 є W+. 


87. (а) (u, v) = 4(2) + 2(2)(-2) = 0 = uand v are Gi) hey ve Wi then бый о Se 


orthogonal. EI 
(b) The vectors are not orthogonal in the Euclidean 
sense. So, 
: и=@,2) (vi + v, W) = (у, м) + (у, м) =04+0=0 


forall w e W > у + v, e WŁ. 


(iii) Let v e W- and се R. Then, (v, w) = 0 for all 


w є W,and (су, w) = с(у, w) = c0 = 0 for all 


weW > су e W-. 


95. (a) Let (u, v) be the Euclidean inner product on R”. Because (u, у) = wy, it follows that 
(А, у) = (Ата) v = u^ (47) v =u Av = (u, Ay). 


(b) (А' Au, u) = (4 Au) u - wA (47) а = ul 4l Au = (4u) Au = (Au, Au) = [ар 


97. Let u = (х, у). Then || = Jax? + соу? = 1. Since the equation of the graph is ak +y = 1, а = тапа €, = 1. 


99. Let u = (x, у). Then |ч | = +\/сух?* + соу? = 1. Since the equation of the graph is Ix + Ey’ = 1, а = апі Cy = т 
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101. From Example 10, you have proj,u = (2, 4, 0). So, 


d(u, proj,u) = |u — proj,u| = | (4. -2,4) | = \/36 = 6. 


mex) 
(v. v) 


Let x be any real number different from 2 = 


d(u, xv) > d(u, proj,u). 


‚ so that xv + proj,u. You want to show that 


d(u, xv) = \/(6 — x)  4(1— x)! +16 = V36 + 5x? — 20x + 20 


= \/36 + 5(x - 2) > V36 = d(u, proj,u), 


Section 5.3 Orthonormal Bases: Gram-Schmidt Process 


1. (a) The set is orthogonal since 
(2, 4) - (2,1) = 2(2) - 4(1) = 0. 


(b) This set is not orthonormal since 


|(2,-4)| 4/22 + C4)? = V20 #1. 


Because the two vectors are not scalar multiples of 
each other, by the Corollary to Theorem 4.8 they are 
linearly independent. By Theorem 4.12, they are a 


basis for R?. 


(c 


ме 


3. (a) The set is orthogonal since 


(3.3) ($9) = 30-4) + 88) = 


12-3. 425 — 
25 + 25 = 0. 


5. (a) The set is orthogonal since 
(4,-1.1) - (-1,0,4) = -4+4 = 0, 


(4,-1,1) - (-4,-17,-1) = -16 +17-1= 0, and 
(-1, 0, 4) - (-4,-17,-1) = 4-42 0. 


(b) The set is not orthonormal since 


|04, —1,1)| = 4/42 + C1 +P = м8 #1. 


(c) Because the three vectors do not lie in the same 
plane, they span R?. By Theorem 4.12, they form a 


basis for R°. 


(b) The set is orthonormal since 


(|= VEF + @ = tana 
5 2)[= Jay + @ =1. 


(c) Because the two vectors are not scalar multiples of 
each other, by the Corollary to Theorem 4.8 they are 
linearly independent. By Theorem 4.12, they are a 


basis for R?. 


z 0. 


6 5 5 30 


EH +o [3 = [2 +04 а, 
3 6 9 36 


(c) Because the three vectors do not lie in the same plane, they span R°. By Theorem 4.12, they form a basis for R^. 


7. (a) The set is not orthogonal since | 


X2). o 24/5 25). 0 
DD p = 


(b) The set is not orthonormal since 


^ 


6 


cd 
3^ 


9. (a) The set is orthogonal since (2; 5, -3) ` (4, 2; 6) =8+10-18 = 0. 


(b) The set is not orthonormal since |02, 5, —3)| = 4/22 + 5? + (-3) = У/4 + 25 +9 = 4/38 #1. 


(с) Since there аге not enough vectors, the set is not a basis for R^. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


170 Chapter 5 Inner Product Spaces 


2 
11. (a) The set is orthonormal since n 0, 0, 


2 2 2' 2 2027.259 
TEED = sid 
2^ ; 0 Оа 
(b) The set is orthonormal since 2 0,02 aye оо =1, o V2, М? 0 = [0+ о 
2 2 2 2 2 
апі 227i Кы Бак ets ed 
E 2 2 1) 4 4 


(c) Since there are not enough vectors, ће set is not a basis for R^. 


13. (a) The set is orthogonal since (—1, 3) - (12,4) = –12 + 12 = 0. 


(b) Since (~, 3)|| E 10-1) + 3 = A10 and |(12, 4) | = J12? + 4? = 44/10, normalizing ће set produces an 
orthonormal set. 
к Урау “Ло 34/10 
бум] ^ 10 ° 10 
v, 1 3/10 10 
=~ = 12, 4) = i 
7 "lvl ло | 10 /10 


15. (a) The set is orthogonal since [o : (742,0, V2) = -v6 +0+ V6 = 0. 
(b) Since | (V3, V3, V3) 3)| = Jw) EXE + (V3) = 4/9 = 3 and 
seu E es us 


4 = 2, 


normalizing the set produces an orthonormal set. 


aviv) = [E] 


u 
| “| | 3 
-2 , V2 
2,0, ENANA 
и; = ivi B ze af? V2) = | 2 » V» 2 
17. The set {L x, х?, x! is orthogonal because 19. Use Theorem 5.11 to find the coordinates of w — (1,2) 
lative to B. 
1, ху = 0, (1, x?) = 0, (1, x3) = 0, Е 
Wn d d ies 24/43 34/13) 2413 6/13 413 
(x, x?) = 0, (x, x?) = 0, and (x?, x5) = 0. (,2) 73 * 13 13 ' 13 13 
Furthermore, the set is orthonormal because ( 2) 3/13 24/13 зз A413 7/13 
. | — E _ 
IE х |= Land ||? | = 1. 13 ° 13 13 13 13 
So, П, x, x’, x) is an orthonormal basis for Pj. 44/13 
So, [w], - P | 
74/13 
13 
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21. 


23. 


25. 


27. 


Section 5.3 Orthonormal Bases: Gram-Schmidt Process 


Use Theorem 5.11 to find the coordinates of w = (2, —2, 1) relative to В. 


(2,-2,1) - /10 б 3/10) 2410 34/10 _ v10 
т 10 °° 10 10 10 2 
(2, -2,1) - (0,1,0) = -2 


(2 ay [AoA JTO 


10 ' ' 10 10 10 2 


Use Theorem 5.11 to find the coordinates of x — (5. 10, 15) relative to B. 


(5,10, 15) - (3, 4,0) =3+8=11 


(5, 10,15) - (-4,3,0) = 4+6 = 2 


55 
(5,10,15) - (0,0,1) = 15 
11] 
So, [x], = | 2 
15 


First, orthogonalize each vector іп В. 
w, = v, = (3,4) 


(v2, wi) - (1,0) 1(3) + 0(4) 


32 + 4° 


i id 1 (3,4) = B t) 


l а 


W3 c Y» 


(3,4) = (1,0) x69- x) 


25 


So, the orthonormal basis is 2 4 А T = Я 
5 5 5 5 


First, orthogonalize each vector in В. 


w, = vi = (0,1) 


Oow 1 E x) z) 
1] 16] ( my 25) AS 5 
Gs) Ux) 


у = Үз – — = (2, 5) : Veo, 1) = (2,5) - 5(0,1) = (2,0) 


Then, normalize the vectors. 


Wi 
u = — = w; = (0,1 
ae a 
W2 1 
u, = = —(2,0) = (1,0 
2 КА 5 ) ( ) 


So, the orthonormal basis is {(0, 1), (1, o). 
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29. Because v; 


orthogonal. Normalize the vectors. 


Vi 1 21-2 
u Ivil A ats ) B 3 3 | 
V3 1 1-2-2 
= = —(1, 2,2) =|—,—,— 
u, Iv;| 30 ^ ) (s 3 2) 
У; 1 2-21 
ту "зе ыр. чө үү ы =. Bee 
и; [уз | ( E E ) B 3 > ;| 
So, the orthonormal basis is 


(2 1 2) Е 2 2) (2 =9 J 
33 3/1333/13 3'3J] 


33. First, orthogonalize each vector in B. 


: v; = Ofor i # j,the given vectors are 


31. First, orthogonalize each vector in B. 
w; = v, = (4,-3,0) 


_ _ (уз, Wi) 
Pee (wi, wi) | 
2 33 44 
= (1,2,0) = —(4,—3,0)= | =, — 
(1,2, 0) - Z4, -3,0) EX) 
wW =; (v3, wi) (уз, Wo) ; 
(wi, wi) (Wo, Wo) 
33 44 
= (0,0,4 0( 4, —3, 0 0| = (0,0, 4 
(0,0, 4) — 0(4, -3,0) (2.40) (0,0, 4) 


wi 1 4 3 
- = —(4,-3,0) = 0 
u; [КЇ a ы , ) E 5 | 
a Wo _ К) Z РЕ) 
[wo] 11425 25 55 
W3 1 
и; = = —(0, 0,4) = (0,0,1 
3 lw | ni ) ( ) 


So, the orthonormal basis is 


(23:855) aos} 


(уз, wi) 1(0) + 1(1) + 0(1) 1 | 1 ;) 
=v,- = (1,1,0 0,1,1) = (1,1,0 0,1,1) = |1, =, 
eve (тт). Е ое ы SO 2" 3 
W; = у; (уз, к, (уз, wi) 
(w2, w2) (wi, wi) 
(1) + of + Ast 
2 2)(, 1 1) 10) + 0(1) + 1(1) 
= (1, 0,1) 5 AL — 3 - (0, 1,1) 
«(2 O 20 02 +12 +1 
е +11 +}-= 
2 2 
i64" 1) 1 2. 272 
= (1,0,1 D 0,1,1)=|—,——, 
(1, 9,1) Y 5) (0,1,1) Е 3 З 
Then, normalize the vectors. 
u=% = І (0,1,1) = o, v2, 2 
Iw] Vo? +12 +12 2 2 
к re 1 5-2) - [$5.35 
EUN 1 (ay 2 2 (3° 6° 6 
^ 
2 2 
"cq 1 (2 2,2) = (3,38 
[wil 8 | ay (2) ж асс 
+ + 
3 3 3 
So, the orthonormal basis is С y2 y2 } E y6 v6 } £ sS v3 || 
E 3'6 6 3 $73 
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35. Because there is just one vector, you simply need to 
normalize it. 


1 


u = 8, 3, 5 
JE +32 + 2) 
_( A2 x2 5/2 
7'14' 14 


J2 5/2 


14 ° 14 


4V2 3 
7° 


So, the orthonormal basis is | 


| 
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37. First, orthogonalize each vector in B. 


w, = v, = (3,4,0) 
ҮҮ = У, - 32m Wi 
Wi: Wi 
= (2,0,0) е ао) = (32 2) 
25 25° 25 
Then, normalize the vectors. 
Wi 1 G 4 | 
u = = 3, 4,0) 2150 
tel Geaeee es 
Ow 1 (2 24 o) 
КА || ex MS 25 
2—1 +/——] +0 
25 25 


L Poa -—, 0 
8/5\25° 25 
5/32 24 
8i25' 25 


ER 
5 5 


the orthonormal basis is (2 t о) Б 2 o) : 
5 5 5-5 


So, 


39. First, orthogonalize each vector in B. 
w; = v = (L2,-1,0) 
ie ы... Жш (2,2, 0,1) - 0 * 220 + (C9 * 10055 19 = (2,2,0,1) -(,2,-0) = (10,11) 
(wi, wi) P +22 (yo 
wW = у; (уз, w2) №, (уз, Wi) A 
(Wo, Wo) (wi, wi) 
= (1, -1,0) 1(1) + 100) — 1(1) + ШЙ 0,1,1) 1(1) + 1(2) – 1(-1) + 010) 2, -1,0) 
^ > 12 + 02 ER IE ж 12 , 9.79 12 + 22 + (—1)” + 02 „ x > 
0 2 1 1 1 
= (1,1,-1,0) - —(1,0,1,1 1,2,—1,0) = | +,-+, eg 
(4-100) -$6011 - 20.2.10) = [ъ-ъ->0] 
Then, normalize the vectors. 
ER (L2, -1,0) = e М6, a) 
wil free (0) 0 63° 6 
и, = м = : (1, 0, 1, 1) = Уз 0, NEN v3 
м V2+0+2 + 102 3 $3 
Sm 1 (5-9) = 09. 3e 
3 w| T 12 Y Nae St 3^ g^ 3° 
+ + 0 
G) 98) +) 
So, the orthonormal basis is |2 v6 v6 o} £ 0, Уз УЗ } 2, УЗ УЗ ; jJ. 
6 3 6 3 3 3 3 3 3 
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41. 


43. 


45. 


47. 


49. 


Chapter 5 Inner Product Spaces 


Begin by orthogonalizing the set. 
w; = v; = (2,-1) 
2(-2)(2) + 10(-1 
6. Vy = NE, = 90) 2020) ЮЧ, ys dr o0; = (26) 
2 2 
(wi wi) 202) + (I) 


Then, normalize each vector. 


WD 1 _ 2 1 
MNT woa 7 B j 
LAM 1 nee 8 
© (wal Јо) + 82 PS | 6° 3 


So, an orthonormal basis, using the given inner product is B г) | 7 


1 | 
(х, 1) = [хах = z| =0 


Mes 
= 
N 
m 
м 
Il 
— 
[Rm 
= 
N 
> 
ll 
w| 
== 
Il 
wN 


1 x ! 
on x) - [od - Ji = 


шо |to 


The solutions of the homogenous system are of the form (2s — t, s, t), where s and t are any real numbers. So, a basis for the 


solution space is {(2, 1, 0), (—1, 0, 1). To find an orthonormal basis В = {u,, u;], use the alternate form of the Gram-Schmidt 


orthonormalization process as shown. 


Yi 1 24/5 V5 
= = 2,1,0) = i ‚0 
Np usen Е 5 | 


wW = У – (va, uj)u, = (-1, 0,1) - le 0,1) es XS Jess | = (s 2 ) 


5 Е 
w; 5 | 12 ) _(_ A30 V30 30 
|w.| 304 55 Ust 6 


ds 
: 30 ° 15 


5 


аа шшш) 
Е) | 


So, an orthonormal basis for ће solution space is | 
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51. The solutions of the homogeneous system are of the form (-s = 1,0, 5, t), where s and f are any real numbers. So, a basis for 
the solution space is {(-1, 0, 1, 0), (-1, 0, 0, 1}. 


To find an orthonormal basis В = {u,, uy}, use the alternative form of the Gram-Schmidt orthonormalization process as 


shown. 


u 


"SN 


ME EIER 


Mose. (уз, uj)u 


1 
— 
AU 
© 
© 
an 
— 
| 
Герсин | 
| 
— 
© 
© 
= 
M 
LEES 


= (591) 
^w; 1 | Lyi | `/6 б J6 V6 
и; DERI » V» > 
[wll 3/22 2 "2 6 6° 3 


So, an orthonormal basis for the solution space is | 


53. The solutions of the homogeneous system are of the form (3s, —2t, s, t), where s and t are any real numbers. So, a basis for 
the solution space is {(3, 0, 1, 0), (0, —2, 0, 1). 


To find an orthonormal basis В = [u,, u;], use the alternative form of the Gram-Schmidt orthonormalization process as 


shown. 


` 1 3/10 . VIO 
= 1 = —_(3, 0,1, 0) = | ~—, 0, —, 0 
ч lvl RET ) | 10 10 | 


Woe ушу (vz, uj)u, 


(0, -2, 0, 1) - lo —-2, 0,1). ew o N10. ЕЧ o, M10. o) 


10 10 10 
= (0, —2, 0, 1) 
a, = © 0,2,0) = [0,-2У5,0,У5 
ARA ЦЕ 


So, the orthonormal basis for the solution set is | T s 


peep 22) 
10 °° du a : 


55. (a) True. See "Definition of Orthogonal and Orthornormal Sets," page 254. 
(b) False. See “Remark,” page 260. 


57. The set li x: х?} of polynomials is orthonormal. (see Example 2) 
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59. Let p(x) = —1 + x? and q(x) = —1 + x. Then, because (р, 4) = 1 # 0, the set is not orthogonal. Orthogonalize the 


61. 


63. 


65. 


set as follows. 


ут =p=-lt+x 
> 1 1 1 
w = E = (-1 + x) A 14 ee ; 5 


Then, normalize the vectors. 


эы Жы aN qas 


wif V2 2 
u, = Wi 1 | l Hx e) l +x 2-2 2x + x?) 
wo] 3/2 2 2 3X 2 2 6 


So, the orthonormal set is pe 1 


ы 

N 

e 
о [S 

lon 
~ 
— 

N 

x 

+ 

ы 

N 

> 
Ван 0250, 


Геї 
1+ х? 1+ х +22 
= d = 
p(s) == ad g(x) = 70m 
Then 


(p.q) = Al z) d) | x] = 0. Furthermore, 
ile a) +a) = 
l= C5) (5) +) =: 


So, { р, q} is an orthonormal set. 


For iu. Uu... Га! an orthonormal basis for R” and v any vector іп R”, 


v= (v, ш)щ + (у, изи, SE awash (у, u,)u, 


< 


i = КА u,)u, + (у, u;)u; Pea (v, u,)u, : 


Because и; · ц; = Ofor i + j,itfollows that 


P= (а) pu Qua) +. + Y es 
= (улы) @ v. ua) () n) O 


2 2 2 2 
=|v-uf |у [ +...+]v-u,|. 


< 


< 


< 


First prove that condition (a) implies (b). If Р! = P”, consider p, the ith row vector of Р. Because P P” = I,,, you have 


р;°р; = land p; : p; = 0,for i # j.So the row vectors of P form an orthonormal basis for R”. 


(b) implies (c) if the row vectors of P form an orthonormal basis, then P P" = J, — P” P = I,, which implies that the 


column vectors of P form an orthonormal basis. 


(c) implies (a) because the column vectors of P form an orthonormal basis, you have P” P = /,, which implies that P^! = PT. 
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1 1-1 2 0 -3 
67. A=|0 2 1|2/|02 | 
1 3 0] 00 0 
m 1] 10 1 
А? = xpi 
I-l 10] 000 
E 
N( A)-basis: - 
2! 


1/1 
R(A)-basis: 4] 0], | 2 
1113 

0 

2 

1 


69. (а) The row space of A is the column space of A’, R(4* ) 


71. 


(b) Let x € N(A) => Ax = 0 — x is orthogonal to all 
the rows of A => x is orthogonal to all the columns 
ЛЕ 
of 4^ => xe (47). 
L 
(c) Let x € R(4") — x is orthogonal to each column 
vector of 4^ => Ax = 0 > x e N(A). 
E 
Combining this with part (b), N(4) = R(4") . 
(d) Substitute A47 for A in part (c). 
Note that v, and v, are orthogonal unit vectors. 
Furthermore, a vector (с, сз, сз, с) orthogonal to v, 


and v, satisfies the homogeneous system of linear 


equations 
1 1 
5% icis i» 
1 1 
775% + NS = 0, 


which has solutions of the form (7s, t, s, t), where s and 
t are any real numbers. A basis for the solution set is 
{(L 0, —1, 0), (0, 1, 0, 1). Because (1, 0, —1, 0) and 


(0, 1, 0, 1) are already orthogonal, you simply normalize 


; 1 1 1 1 
them to yield | ——, 0, – —, 0 | and | 0, —=, 0, — |. 
А E 5 | | Jz 5) 
So, 


(ara) ^22) 
1 1 1 


dede nas) 


is an orthonormal basis. 


Section 5.4 Mathematical Models and Least Squares Analysis 


1. The system 


Co =1 
со + ¢ =3 
су + 26 = 5 


has the solution c; = land с = 2. 


So, the three points are collinear. The equation that 
models the points is y = 1 + 2x. 


3. The system 
Co — 2c, = 0 
Co =2 
су + 2c) = 2 
has no solution. 
The points are not collinear. 
| [2 
5. Not orthogonal: | 1| -|-3| =-3 #0 
0 0 
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a T 
| [4 1 r gl 2 
ола: аА 0 0| | 
. Orthogonal: = = 
Lf ket m» | | 1 "E 
i í j 6 17. An orthonormal basis for S is SUE j| 1 
J 2|| уу 
ао 
К | - VÉ [5] 
9. (а) 5 = span4 1, 0|; = S+ = spans} 0 А 
d 25 projs v = (v-u,)u, + (v - u;)u; 
Е J оо] ro 
b) Ses; = R? 1 2 
: B| |з 
110000 = Ou, + 1|=|2 
о v3 351 |3 
11. (а) A” =[0 1 -1 1] = S+ = span s 
0 |I 0 1 2 
0} {0} |-1 [V3] 13] 
0 19. Use Gram-Schmidt to construct an orthonormal basis 
. for S. 
(b) Since S = span , you can see that $3 1 
1 0 | 1 2 
" А 1|- 2 0; = 1 
SOS = А 1 1 1 
21 
110 EE 
13. (а) S = spans|0|,| 0 1 PUE 
VET 6 
0} [1 S42 
orthonormal basis: 0,1 —= 
0 i V6 
=> St = span4| 1 (the y-axis) V2 l 
0 | Jo] 
projs v = (u; : v)u; + (u, - v)u, 
(Ы) 5 Ф 51 = А pe se 
1 EON 
15. The orthogonal complement of 2 V6 
1/10 0 0 0/4 i 2 
V2 76| V6 
at 0||1|| 1 i 1 
= span | |, ae! 
Pollo V2 Je 
0j [0] |-1 4 5 
3 3 3 
È 
(s+) = § = span 2 i 
Е 3 3 
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21. A 


Il 
ER. 
o- 
_ N 
ow 
Sees ) 
үст 
© кє 
= © 
© o 
LLL 
кә 
y 
a 
= 
a 

Il 
Or. г 
E 

J 
=m N 


AT = |2 


0 4110 I 
ми) = (8 1101,,4 [22 
27. 44-201 1 1 21232 
R(A)-basis: RU (R(4) = R?) ride. cres 223 
MEETS ТР | Ё 1110 
[4 
ы 101 
R(A" oasis: 251 Аъ =|0 1 1 1 s = 
0 
О 110 
| 1 
[100 100 3224 1 0 2 2 
0 1 1 0 1 1 a == 
3. A= E 232 rese Qe 20125 х= |2 
1 1 1 0 0 0 22 3 3 00 1 1 1 
АЕ. ооо 
[ 4112 
101 1 10 1 1 А 101 23 
AT = 11 2|5»]|0 112 We 4A mr ше ао 
o 112 0 0 0 |11 
[e2 
0 ор 
N(A)-basis: 4| -1 Abc- 2111721713 
1 
1 L 
=) p The normal equations are 
-111-2 АТ Ax = А 
N(A")-basis: 
` 1P) 0 23|x| |3 
0|| 1 36|x| |3| 
1] [0] The solution of this system is 
0||1 x 3 
R(A)-basis: , х= || = ] 
1| 1 X» —1 
1112] Finally, the projection of b onto S is 
1||0 12 5 1 
R(A’ )-basis: 05,1 Ax =|0 | i = |—1| 
0||1 11 2 
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= = 
j ка 
w н 
eS) 
oe 
ll 
| 
= | 
© N 
L— 


3 3 2 10 2 Е 
=> = х = 
3 11 -10 01-1 E 


line: y = 4- x 


1 -2 
[1-1 
э ш PEL ПТ ор Т 
| 22012] ~ [0 10 
E 


: 1 111l 
А% = 
-2 -1 0 1 2 


line: y = 1 
y 
А 
3-L 
"10,2 
(-1, 2) \ 7 
e 27+ өу=<— 
5 
e. 1% e. 
(-2, 1) (0,1) (2,1) 
| | | x 
-2 -1 1 2 
- [+ 


35. 47A4=/0 2 3 4 


A’b 


ll 
EN 
1 


12 


4 9 29 20 100 


9 29 9 


709 1= |0 10 


29 99 353 254 00 1 


Quadratic Polynomial: y = x 


1 

1 111 IJ 

37. 44-2|-2 -1 0 1 21/1 
4 101 441 

1 

[0 

1 1 11 Цо 

Ab =|-2 -1 0 1 2]/1 
4 101 2 

[5 

5 0 10 8 1 0 
010 0 12|= |0 I 
10 0 34 22 0 0 


Quadratic Polynomial: y — E 


4 9 29 
=| 9 29 99 
29 99 353 
0 0 
= әх = |–1 
1 1 
х 
4 
1 5 0 10 
0|=|0 10 0 
1 10 0 34 
4 
8 
12 
22 
26 26 
35 35 
6 _| 6 
зе 
3 3 
7 7 
6 355 
5^ + 7X 


5 
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43. 


45. 


47. 
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Substitute the data points 

(9, 662.1), (10, 693.0), (11, 730.6), and (12, 754.2) into 
the equation y = c + cf to obtain the following 
system. 

Со + 9с = 662.1 

с + 10c, = 693.0 

Co + lle, = 730.6 

Co + 12e = 7542 


This produces the least square problem 


Ax — b 

1 9 662.1 
1 l0fe] |6930 
1o H ~ | 730.6 
112 7542 


The normal equations are 


A’ Ax = Ab 
4 42|e| [| 28399 
42 446|«| 299759 
and the solution is 


Co 380.4 
х= = h 
с 31.39 
So, the least squares regression line is 


у = 380.4 + 31.39¢. In 2019, there were 
380.4 + 31.39(19) = 976.8, or 976,800 degrees. 


(a) False. The orthogonal complement of A" 15 [0]. 
(b) True. See “Definition of Direct Sum," page 267. 


Let v e S, A S,. Because v e 5, v- x, = Oforall 


X E 5 => v.v = 0,becauseve $, > у = б. 


Let ve А", v = ү + у, ү E 5, у e S. 
Let iu sg uj be an orthonormal basis for S. 


Then 

v-vtV-cout:-tcutv.cgeR 

and 

узи = (сщ ++ + cu; + v;): u; = c(u; uj) = 


which shows that v, = projsv = (v - щ)щ + --- + (v - uj)u;. 


41. When you plot the data as given, they do not lie ina 


straight line. By taking the natural logarithm of each 
coordinate, however, you obtain points of the form 


(Inx, In y) as follows. 


Inx | 3.219 | 3.555 | 3.912 | 4.317 | 6.215 | 6.908 


Iny | 5.255 | 5.208 | 5.158 | 5.101 | 4.835 | 4.738 


Substitute these data points into the equation 
y = су + cx to obtain the following system. 


су + 3.2198, = 5255 
су + 3.555сү = 5.208 
су + 3.912c, = 5.158 
cy + 4.317¢, = 5.101 
су + 6215c, = 4.835 
су + 6.908c, = 4.738 


This produces the least squares problem 


Ax =b 
[1 3.219] [5.255 | 
1 3.555 5.208 
1 3.912 [с] | 5.158 
1 4.317 Й ESI 
1 6.215 4.835 
|1 6.908 | | 4.738 | 


The normal equations are 


A’ Ax = A'b 
6 28.126 Co 30.295 
pr АИ = Ж 
and the solution is 
Co 5.706264046 
ee M = E 
So, шу = 5.706 — 0.140 In x. Exponentiating each side 


produces у = e57% . y-914 = 300.7x 04, 


(Note: ev =e. e") 
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Section 5.5 Applications of Inner Product Spaces 


i dk i jk 
1. јхі= |0 1 7. (а) оху =/1 -1 0 
1 0 0 0 11 
1 0), Jo op јот Jj Fi per 1-1 
= 1 — 
ool h of tt o 11 "01 0 1 
= 01-0) - к= -k = i(-1 -0) – j(1 -0) + k(1 +0) 
z = -i -j +k 
i jk 
(6) vxu=|0 11 
1-1 0 
y 11 0 1 0 1 
=i -j |+k 
=k -1 0 10 1 -1 
x = i(0 + 1) -j(0 — 1) + k(0 — 1) 
; =і+ј- К 
i J k ijk 
3. jxk =|0 1 0 РР € 
ui 0 1 1 
JI ыы ee s 1 1| [01 01 
= + 
0 1 0 1 0 0 11 Jo | 0 1 
кыы = i(1 — 1) – j(0 — 0) + k(0 — 0) 
=0 
ij k 
9. (а) uxv = |12 -1 
y 11 2 
i 
ei), Je [12 
=i -j +k 
2 12| n12| l1 
= i(4 1)- j(2 + 1) + k(1 - 2) 
ij = 5i-3j-k 
5.1їхК =|1 0 0 ijk 
Du (b) vxu=|l 1 2 
0 0 1 0 1 0 12-1 
- i-| ie. к 
0 1 0 1 0 0 1 2 ] 2 1 1 
: - -j +k 
=0i-j+0k=-j d e gel 
z = i(-1 - 4) - j(-1- 2) + k(2 - 1) 
= -5i + 3j + k 
ijk 
А (с) УХУ = |112 
= y 112 
J2) 2| рт 
=i -j + 
x 12 12 11 
= i(2 — 2) – j(2 - 2) + k(1 - 1) 


=0 
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11. (a) ux v 


(b) vxu 


(с) уху 


13. (a) ux v 


(b vxu 


ll 


i j k 
-1 -1 1 
=l 1+1 
j-l 1d| j-l 1 -I -1 
i = ј + 
1 -l 1 -i 1 1 


i(1 — 1) = 1+1) + k(-1-1) 
2j - 2k = (0,-2, 2) 


i j k 
-1 1 -l 
-1 -1 1 
1 -l 1 -l 1 1 
i -j +k 
-1 1 -1 1 -1 -l 


i(1 — 1) = j(-1 — 1) + k(1 + 1) 
2j + 2k = (0, 2, 2) 


i j k 

=ї 121 

-1 1-1 

1 -1 isi 11 
ie dien ad] a a 
i(-1 + 1) —](1—1) + k(-1+ 1) 
(0, 0, 0) 

i jk 

3-2 4 

1 5-3 
J-2 4 з a B2 
5-3 Hi -| “(1 5 
i(6 — 20) – j(-9 — 4) + k(15 + 2) 
-14i + 13j + 17k 
(—14, 13, 17) 

i jk 

1 5-3 

3-2 4 

5-3) ESSI J 5 
12 4|713 ath 2 
i(20 — 6) – j(4 + 9) + k(-2 – 15) 
14i – 13j – 17k 
(14, -13, -17) 


15. 
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ij k 
(с) УХУ = |15 -3 
15 -3 
5 -3 1 -3 15 
E ET з 
= i(-15 + 15) - j(-3 + 3) + k(5 – 5) 
= (0, 0, 0) 
ij k 
uxv=|0 1 -2|--2i - 2j - k = (-2, -2, -1) 
1-1 0 


17. 


19. 


21. 


Furthermore, u x v = (—2,—2, —1) is orthogonal to 
both (0, 1, —2) and (1, —1, 0) because 
(-2, -2, 21) - (0,1, -2) = бапа 
(52,52; -1) « (11/0) = 0. 
i jk 
оху =|12 -3 1|= –81 – 14ј + 54k = (-8, -14, 54) 
-2 5 1 
Furthermore, u x у = (—8, —14, 54) is orthogonal to 
both (12, —3, 1) and (—2, 5, 1) because 
(78, —14, 54) - (12, -3, 1) = O and 
(-8, -14, 54) - (-2, 5,1) = 0. 


Furthermore, u x v = (-1, —1, —1) is orthogonal to both 
(2, —3, 1) and (1, —2, 1) because 

(-1,-1,-1) (2,—3,1) = 0 

and (-1, -1, -1) - (,—2,1) = 0. 


ij k 
uxv=|0 1 6|=-1+12}— 2k = (-L12, -2) 
2.0 -1 


Furthermore, u x v = (71, 12, -2) is orthogonal to both 
(0, 1, 6) and (2, 0, —1) because 
(71, 12, -2) . (0, 1, 6) = бапа 


(-1 12, -2) - (2,0, -1) = 0. 
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ij К 29. Using a graphing utility, 
23. uxv=|1 1 1|= -2i + 3j- k =(—2,3,—1). w -uxv = (2,-1,-1). 
2 Еси Check if w is orthogonal to both u and v: 
Furthermore, u x v = (—2, 3, —1) is orthogonal to both w-u = (2,-1,-1)-(0,1,-1l) =-1+1=0 
(1,1, 1) and (2, 1, -1) because (—2, 3, —1) - (1,1,1) = 0 w- v = (2,-1,-1)-(1,2,0)=2-2=0 


—2, 3, -1) - (2,1, —1) = 0. 
and (—2, 3, -1) (2,1,-1) = 0 31. Using a graphing utility, 


i jk w-uxv = (1, –1, –3). 
25. uxv = |3 2 4|--8i - 2j + 7k = (8, –2, 7) Check if w is orthogonal to both и and у: 
4 5 6 w-u=(1,-1,-3) -(-2,1,-1) = -2-1+3=0 
Furthermore, u x v = (-8, –2, 7) is orthogonal to both w- v = (1,-1,-3) - (-1,2,-1) =-1-2+3=0 


(3, 2, 4) and (4, 5, 6) because І Е гг, 
33. Using a graphing utility, 


(-8, -2, 7) - (3,2, 4) = 0 and 
(-8& -2, 7) - (4, 5,6) = 0. 


w-uxv = (L—-5,-3) 


Check if w is orthogonal to both u and v: 


27. Using a graphing utility, w -u = (1, —5, –3) - (2,1,-1) = 2-5+3=0 
w = пху = (5,-4,-3). w.v-2(L-5-3).(L-12) =1+5-6=0 
Check if w is orthogonal to both u and v: ij k 
w-u = (5, —4, —3) - (1,2,-1) = 5-8+3 = 0 35. uxv 2 |4 3 —2/=21+2]-К 
w- v = (5,4,3): (2,1,2) =10-4-6=0 3s ng 

Ju x у|= 2 + 2 + (C3 = V9 =з 
Unit vector = ХУ = loi + 2j - k) 
|uxv| 3 
ET 
3 3 3 
i j k 
37. uxv=/3 1 0|=і-3ј + 3Кк 
0 1 1 
ux v]- iS 
Unit vector — eae 
Ju ху| 
1 1 3 3 
= i — 3j – 3k) = i j+ k 
Js IB) xs. до is 
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45. Because 
i j k 
зб: uvala зд la 208 d 
EE m TIO 54 uxv-|3 2 -I|- 8i — 10j + 4k = (8, 10, 4), 
2 4 10 dis 


Consider the parallel vector (-7 1, —44, 25) =W. the area of the parallelogram is 


|(8, -10, 4) | = 4/82 (710) + 42 


[w] = У72 + 442 + 25° = 4/7602 = 1780 
Unit vector = ae l ( 71, —44, 25) = 6\/5 square units. 
Iw] 7602 
ЛАР ЩЫ КАРЕВ СЕТ 47. (2,3,4) – (1,1,1) = (1,2,3) 
/7602 /7602° 7602 


(7, 7, 5) — (6,5, 2) = (1, 2, 3) 


ij k 
4. иху=|—1 -1 1/= 21+ 2j (7, 7, 5) – (2,3,4) = (5,4,1) 
1—1 -l (6, 5, 2) — (1,1,1) = (5, 4,1) 
Ju x v= V2? +02 +2? = 24/2 
| isy 1 и = (1, 2,3) and v = (5,4,1) 
Unit vector = ——— = —=(2i + 2j 
и |u x v| 25 bra Because 
а о ta дуд. ig К 
= 1+ J= i+ j А о 
КР) 2 2 uxv=/l 2 3 |= –101 +14) - 6k = (-10, 14, –6), 
5 4 1 
43. Because 
ijk the area of the parallelogram is 
uxv=|0 1 0|- i = (10,0), jux v= (C10) +14? + (79? 
0 1 1 = 4/332 
the area of the parallelogram is = 24/83 square units. 


|u x v| = li] = ] square unit. 


49. (5, 5, 0) — (35,7) = (2,0, -7) 
(5, 5,0) — (-4,0,4) = (9, 5, -4) 


Because 
ij К 

оху = |2 0 -7|[2385i – 55j + 10k = (35, —55, 10), 
9 5 -4 


the area of the triangle is 


Br x v|- EE + (-55) +10? = ; V 350 2° — square units. 


5 


= 


. Because 


the triple scalar product of u, v, and w is 
u: (v xw) = (1,0, 0) - (1,0,0) =1. 
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53. Because 


i jk 
уху =|1 2 0|--k, 
0 -1 0 


the triple scalar product of u, v, and w is 
u-(vx w) = (3,3, 3) : (0,0, -1) = -3. 


55. их (у + ж) 


ntm у + И v +w 
= Га (v. + уз) — us(v; + wy) Ji - [u (vs + m) — uz(v + wi) i + [u(v; + w) — u(y + м) |k 
= САЎ — vyu; )i — (uv B usvi)j + (uv B изу )K + (uxw; — usw; i — (uw, — usw,)j + (uw, B uw )К 
i j k i j k 


—| U из t| U Uy 


i j k i j k 
57. ux 0 = ш u; wl=0=/0 0 O=0xu 
0 0 0 и U, da 
i j k 


59. u- (yvxw)=u- |v» v vw 
и w Wi 


= (и, Uy, U3) - [(vows = и) — (vw, — vm )j + (viw — vam )k] 


= uy (v2W3 узу») ux(viws vw) + uz(viw - vm) 


= (изу; — изу) — (uv — vus)wy + (uv — viu )w 
i jk 


=н и) U3 (и, W», м) 


61. The area of the base of the parallelogram is | VXW |. 


paaa КК | 
[эу x | 
So, 
уху 
ju (vx w)| 
volume = base x height = ||v x w || jul]v x [уси u| 


= |а: (vx v]. 


IIprojy x w ull 
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63. Because u x v = (u,v; — уиз)і — (uiv — usvi)j + (Uv. — vius )k 
you see that 
о: (ux v) = (u, u, из): (изу; — vous, цуз + изу, uiv — vua) 
= (щизуз = UVU — UUV; + usus v, + Uzuv} — изу») = 0, 
which shows that u is orthogonal to u x v. A similar computation shows that v - (u x v) = 0. [Note that 


v (u x v) = =v - (v x u) = 0 by the above with the roles of и and v reversed.] 


65. You have the following equivalences. 


u and v are parallel © 0 = 0 €» sin@ = 0 © [u||v|sin6 = 0 | Theorem 5.18(2) | el|luxv|20euxv-0 


67. (a) The standard basis for Б is П, x}. Applying the 69. (a) The standard basis for P is П, x}. Applying the 


Gram-Schmidt orthonormalization process produces 


the orthonormal basis 

В = {w,, w2} = (1, V3(2x — 1). 

The least squares approximating function is then 
given by g(x) = (f, wi)w; + (f, W2)Wo. 


Find the inner products 


(6) = [reo ese] +; 
(f, w2) = [n (x°)| V3(2x — 1) a 
аар 08 
_ Z6 т || 


3 6 


and conclude that g is given by 


g(x) = (Л, wi) + (f, САЦА 


6 
1 1 1 
= +х- = = -- +0 
3 2 6 
(b р 
Í 
& 


Gram-Schmidt orthonormalization process produces 
the orthonormal basis 


В = {w,, wo} = (1, V3(2x — y. 
The least squares approximating function is then 
given by g(x) = (Л, wii * (Л, W2)Wo. 


Find the inner products 
b. NO 
(fw) = n edx = 56 | = „(е 1) 


(wi) = f е?^-/3(2х – 1)ах 
= V(x — 1)e | = J3 


and conclude that 


g(x) (f, мум + (f> САША 
е - 1) + ¥3(V3(2x - 1) 


1 
0 


6x + He — 7)(= 6x + 0.1945) 


о 


0 1 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


188 Chapter 5 Inner Product Spaces 


71. (a) The standard basis for P is П, x}. Applying the Gram-Schmidt orthonormalization process produces the 
orthonormal basis. 


1 V3 
В = {w,, wo} = ramos - а) 
The least squares approximating function is given by 
g(x) = (Л, wi)Wi * (Л, АА 


Find the inner products 


(f. wi) - у ах = ques =0 
EE] V3 | т_ 4/3 
(Р.м) = n n0 — л)соѕ x dx = Eo 7 )sin x + 2cosx] - CBE 


and conclude that 


a(x) = (f. w)m + (Уо) = 0+ ым | л) = (a - 2x). 


wi | 73? 
(b 2 


— 


73. (a) The standard basis for Р, is П, X; v Applying the Gram-Schmidt orthonormalization process produces the orthonormal 


basis В = {w,, W3, W3} = fı, J3Qx - 1), V5(6x? — 6x + 1. 


The least squares approximating function for fis given by g(x) = (Л, ууж + (Л, САЦА + (Л, W3)W3. 


Find the inner products 


and conclude that 


g(x) = WG wi)Wi * (f, у)» + (f, W3)W3 = 
(b) | 


os 
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75. (a) The standard basis for P, is П, X; E) Applying the Gram-Schmidt orthonormalization process 


(b) 


produces the orthonormal basis 


Bs -| і 243. e^ a 


Jn ql? а ql? 12 
The least squares approximating function is given by g(x) = (f. ууу + (Л, W2)W; + (Л, W3)W3. 


Find the inner products 


(7, wi) = Г gum = 0 


ар 23 4/3 
(f, w2) = w qn sin x dx = p 
x 2 2 z/2 
(f. W3) = | е Ne x? mud sin x dx — 8 2 соѕ х — x? cos x + 2xsinx + T eos x = 0 
-7/2 og 12 m 12 E 
44 3| 24/3 24 
and conclude that g(x) = 0 + aE +0 = — 
л m 
2 
8 
T f л 
72 2 
-2 


71. The third order Fourier approximation of f (x) = л — xis of the form 


a | . 
g(x) = A + a cos x + h sin x + a, cos 2x + b; sin 2x + аз cos 3x + b, sin 3x. 
2 


Find the coefficients as follows. 


do 


So, 


189 


1 p22 1 p22 1 |” 
= f(x) de = =f (m-ad = r) =0 
jos 1 72 1 1 1 М 
л л 
= —| f(x) соз jx dx = —[ (т — x) cos jx dx = |-— x sin jx — ——соз jx + —sin x| = 0, j = 1,2,3 
mo z-9 ju ja J à 
1р2 1р2 1 1 1 "^ ug 
= —f  f(x)sinx jx de = —[." (x - х) зіп jx dx = — xcos јх - ——sin jx - —cos j| = =, j =1,2,3 
mro mo ja ju J 0 J 


the approximation is g(x) = 2 sin x + sin 2x + : sin 3x. 
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79. 


81. 


Chapter 5 Inner Product Spaces 


The third order Fourier approximation of f(x) = (x — cy is of the form 


a ; ; 
g(x) = A + a cos x + h sin x + a; cos 2x + b; sin 2x + а; cos 3x + b; sin 3x. 
2 


Find the coefficients as follows. 
1 (27 1 p22 1 2л 
511, го) = =], (= a)? de = Le ay = — 
lp 2a i 
a; = sli f(x) cos jx dx 
= =f io (x — ж)? cos jx dx 
m 0 


2 
DENS E 2 e en DE we ya cr Nus 
= — sin jx — — x sin jx + —— X COS Jx + — X sin jx — —— Sin JX — —5 COS jx 
Рл j 


J J JT JT 0 
4 , 
Dr m 


EE SH f(x) sin jx dx 


1 p27 Е 
Sh (x — л) sin jx dx 


л. 2 VE ЖООШ ШКУ: NE NEN 
= |== соз jx += x cos jx + —— x sin jx — — x^ cos jx + —— cos jx — — sin jx 
j j jm ja л j 7 


= 0,7 = 1,2,3 


2 
So, the approximation is g(x) = 2 + 4 cos х + cos 2x + 5 соз 3x. 


The first order Fourier approximation of f(x) = e™ is of the form g(x) = a + a, cos x + b, sin x. 


Find the coefficients as follows. 


2л -27 

1 «27 1 (27 1 1-е 
a = — х) dx = — е“ dx = ex 
0 als f(x) zh z i z 

2m 

1р2 1р2 1 1 | 1-e?7 
a = -f Й f(x) cos x dx = -f " e? cos x dx = | -— e™cos x + — e^'sin x ae ee 

m9 mo 2m 2л 0 2m 


І ¢ 22 | lp27 _,, E | | eee 
b RE f(x) sin x de = —|, e sin xd = |- e cos x — — e "sin x 


2л j= elt 
2л 2л | 


So, the approximation is g(x) = = (1 - е") + cos x + sin x). 
л 
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83. The first order Fourier approximation of f(x) = e™ is of the form g(x) = 2 + a, cos x + b, sin x. 


Find the coefficients as follows. 


2m 
o lç% рт o. 1-e?* ^ ]-e^ 
a = —, го) = —|, e ^ dx | 


2л _ „-4л 
а = e| - f(x) соз x dx = =| 7 e"? cos x dx = E ecos x + а J „ое 
mro mre 5л 5л 0 5л 
2л _ pAn 
b = -f J (x) sin x dx = 2p e sin х dx = ES e "sin x = — е ?*cos J gae 
o 5л 
So, the approximation is 
_ 247 _ 2247 Lp" 
g(x) =! ы +21 Е ere © sin x 
4л 5x 5x 
-4r _ pAn -47л 
Log "E - cos x + 4 sin x 
207 207 
[= ett 
= | ——— (5 + 8 cos x + Asin x). 
207 
85. The third order Fourier approximation of f (x) = 1 + xis of the form 
g(x) = + a, cos x + b, sin x + a, cos 2x + b, sin 2x + а; cos 3x + b, sin 3x. 
Find the coefficients as follows. 
ie 1 2 2л 
m x 
а = — = — (1+ x) dx = EF = 2 + 27 
еи Fle) ae E Ц 5 | 
ie VL x 1 d 
л 
а; =— x) cos dec (1 + x) cos (jx) dx = — sin (jx) + — cos ( jx =0 
‚=, fedes) de = 2j," (1 + a) cos Qn) de = EPEE sin (р) + oe 
1.2 1| -(1 + x) 1 hé 2 
т = Ж 
b, = — x) sin Wie (1 + x) sin (jx) dx = H ————- cos (jx) + — sin (jx = — 
‚=, 9) si (ид de = [+ in aja = 100 cos (a) + зв) = 7 


M ef e А ; 2. 
So, the approximation is g(x) = (1 + л) 2 sin x — sin 2x 3 sin 3x. 


87. Because f (x) = 2sin x cos x = sin 2x, you see that the fourth order Fourier approximation is simply g(x) = sin 2x. 


А 2, | pe Pd 
89. Because а) = 0, а; = 0 (j z12,3,.55 n), and b; = = (j z1:2:3.5.5 n) the nth-order Fourier approximation is 
І J 


; 2. 2 п 2, 
g(x) = 2sin x + sin 2x + zn 3x +... + = sin nx = 223 - sin jx. 
n J 
| 1-e?7 1-e?7 ШЇ = gu 
91. Since aj = — — —, a; = 7—5, and b; = = the nth-order Fourier approximation is 
л (1+ Л) ^o (+p) 
l-e” domeTte 1 . D 
x)= + cos jx 4 sin jx 
fe) 2л л PET TU Py D 


93. Answers will vary. 
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Review Exercises for Chapter 5 


1. (а) |а| = JP +4 = VI7 9. The norm of v is 
2 
b) [|у|= VZ +2 = Js [v] = y5 +3? + (—2) = V38. 


17. 


So, a unit vector in the direction of v is 
1 


ТЕЕ е2 (5,3 z- 2 x) 
@ абыз) = Ju - v] -JC.3) [1` уж” леле Vis 


m EV К lio. 
= JOY +3? = 10 11. The norm of v is 


(с) u-v = (2) + 4(1) = 6 


ЧОЕ ы о IM- Ven ener = ve 
(b) |v|- J9 «2 cay fid So, a unit vector in the direction of v is given by 
1 1 = у 12 
ecce qus mc 
© u: v= 23) +10) C) = 7 m ые бє. 


(d) d(u- v) = |u - v| = |(—1, -1, -2)| 


= Сї + + Cay 


13. (a) Because v/| v| is a unit vector in the direction of v, 


Iv v 21,1 
= = = —(8, 8, 6) = (4, 4, 3). 
= V6 и 2 |v] 2' 788; б) (4, 4, 3) 
(b) Because —v/ lvl is a unit vector with direction 
; =P (-2y «0 +? = V6 
S I| y TIU MR е opposite that of v, 
© Ive JP ee 0 = Vi Му 
() u-v = X) + (-2\(1) + 0-2) +0) = -1 EI 
-1 1 3 
(d) d(u- v) = fu - у] = ((0,—3,1,1\| Еа (2-2 2) 
= Jo + (-3) +12 + 1 (с) Because =у/ |у | is a unit vector with direction 
= I opposite that of v, 
u = 2|v|| 5 
. (a) Juj= 4/0212 + (0) nez = /7 z [у| 


ll 


(b) lvi E Jo + 12 + (55) + 12 + 12 — JT —2у = —2(8, 8, 6) = (—16, —16, —12). 


(с) u- v = 0(0) + 1) + (—1)(—2) +11) + 2(1) = 6 15. The cosine of the angle @ between u and v is given by 
@ d(u- v) = fa - v] = ооо) nga E 4-243) ig 

= J + 02 + 12 + 02 + 12 [ul v] J3? +3? (Э. 32? 

= 2 


So, 0 = Š radians (90°). 


The cosine of the angle Ө between u and v is given by 
am 2л | . 3m . 2л 3л 2л 
зу соз: en сеш зш, E MM 
cos Ө = = = 22 dps 
Ju ll v | | n E | "T 327 1-1 12 
cos^ — + sin^ — - ,[cos^ — + sin — 
4 4 3 3 


So, 0 = 7, radians (15°). 
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21 


23. 


25. 


27. 


29. 


Review Exercises for Chapter 5 


The cosine of the angle Ө between u and v is given by 
u.v 10(-2) + (-5)(1) + 15(—3) 

Е =-l. 
lulllvE 10 + 5)? eis JC2y +12 + (3) 


So, 0 = zr radians (180°). 


cos Ө = 


‚ A vector V = (у, v2, v3) that is orthogonal to и = (0, —4, 3) must satisfy the equation 


о-у = (0, —4, 3) : (v, v5, v4) = 0v — 4v, + 3, = 0. 


This equation has solutions of the form v = (5, 3t, 4t), where s and t are any real numbers. 


A vector у = (у, v2, vs, v4) that is orthogonal to u = (2, —1, 1, 2) must satisfy the equation 
u-v= (2,-1, 1, 2) . (vi, v2, Уз, v4) = 2w — v; + v, + 2v, = 0. 
1 


This equation has solutions of the form (4r = 5 – 2t), r,S, t), where r, s, and t are any real numbers. 


1 


(a) (u, v) = B + (-5jo + 3(-1)(1) = -10 


(b) d(u, у) = |а – у| = /(u - v, u - v) 


- | jj + ; 3) + 3((-1) - 1) 


Verify the Triangle Inequality as follows. 


lu + у]<[«|+]у| 


Contes) 
СЕКЕ ЕКЕ 


45 T 77 [21 


D> NAA Ds 
4.74 < 14.22 
Verify the Cauchy-Schwarz Inequality as follows. 


J(u, v)| < Juv] 


(a -3, -1] | E 3, ) (^ -3, т) E 3, ) | 
Gp ene 


3.5 < 22.347 


< 13,1 
2 


< 


1 1 MEN 1 
(а) (fra) = [хе = pile +) = зно ;n2-0 


(b) The vectors are orthogonal. 


(c) Because (Л, g) = 0, it follows that Kf. g)| < | Л lel. 


193 
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31. The projection of u onto v is given by 


u-v__ 21) + 4(-5) _ 9 _( 9 45 
ead 12 + (-sy Ше 1з ® 5) = ( 13” 3 


33. The projection of u onto v is given by 


proj,u = 


А u-v 
proj, V = у 
У-У 


25 
= (0,5 
551 ) 


= (0, 5). 


35. The projection of u onto у is given by 


. 0(3 = 
proj,u _u Уз, _ ( ) + ( 002) + 2(4) (3, 2, 4) = 18 A 24 1 
У-У 32 + 22 + 4 29 29 29 


37. First, orthogonalize each vector in В. 
w = vi = (1,1) 
Уз Wi 


LA ise. Ni = (0,2) - $41) = C1.) 
pr 1 


Then, normalize the vectors. 


wo 1 (ıı 
"= im] veer evs) 


м 1 (fı ı 
"PI уат" (е) 


1 1 1 1 
So, the orthonormal basis is А 5 » . 
(s 5) /2 5) 


39. w, = (0,3,4) 


100) + 0(3) + 0(4) 


w: = (1,0,0) oo yF (0,3, 4) = (1,0,0) 
1(1) + 1(0) + 0(0) 1(0) + 1(3) + 0(4) | 16 2) 
= (1,1,0 1,0,0 0,3,4) = 10, =, 
wa = (L40) 1? +0? +0 (0,0) 02 + 32 + 42 ( ) 25° 25 


Then, normalize each vector. 


usc 1(0, 3,4) = |02,2) 


[wif 5 


u, = w, = 1(1,0,0) = (1,0,0) 


EN 
[® | 
i 1 oe os 2) = (04, 3 

ws | 4 25 25 5 5 


34 4 3 
So, an orthonormal basis for R? is (o F J (1, 0, 0), (n UR j 
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41. (a) To find x as a linear combination of the vectors in B, solve the vector equation ci (0, 25 -2) + Cy (1, 0, —2) = (—1, 4, —2). 
This produces the system of linear equations 
с; = -1 
26 = 4 
—2¢, — 2c. = —2 
which has the solution c, = 2 and c, = -1.So, [x], = (2, —1), and you can write (-1, 4, —2) = 2(0, ду —2) — (1, 0, -2) 
(b) To apply the Gram-Schmidt orthonormalization process, first orthogonalize each vector in В. 
w; = (0,2, -2) 
100) + 0(2) + (-2) (-2) 


"кые 0? +2? + (-2)° 


(0, 2,-2) = (1, 1, -1). 


Then normalize w, and w; as follows. 


NU UNS Bi we AM. 
Ec rust bn Ga Js X) 


ТЕ 


(с) To find x as a linear combination of the vectors іп B’, solve the vector equation 


«(o l z]* «(4 l т) = cha 2) 
1 EJ J? J2 2 Ja NES З ars * 
This produces the system of linear equations 

1 


wo 
ПОРЕ. ИРЕЕТ. 
42^ X437 
1 1 2 


С с = 
Мз X^ 
which has the solution с = 34/2 and с) = —\/3.$о, [x]. E (3V2,-V/3}, and you can write 


1 1 1 1 1 
—1,4,—2) = 3/2] 0, —, уЗ] . 

| ) | V? 42 | | | 
43. These functions are orthogonal since 


л 


To. 1 .5 1.5 ТМ, 55 
А = sin x cos х dx = —sin^x| = sin“ 7 sin“ 0| = 0. 
бв) = J, 2 | E | [ 
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1 


1 1 EE 
45. (a) (7, в) = [ca = пе | = E 


1 


1 р 1 1 
= z the norm of g is [81 = Je 2) = Jt = F 


(b) Since (g, g) = fied = [оха = | 


(с) Ѕіпсе 


1 2; 1 1 2 1 8 
-gf a) = |) & = J (x? -2 eat = ox? à 4 d -5 


the distance between f and g is 


а.в) -M -e= 0-878) = S = Эу 


(d) First, orthogonalize the vectors. 
w,=f=*x 
1 
4 
W,=g- (sim) = Jo id =x A =x 2 
2.— 8 jv 1 = Т, 5 
(wiwi) Í х?ах 3 
0 
Then, normalize each vector. 
l5 | 1 
үүр, уу) = | хах = =x | == 
(wom) = [б = те] =з 
1 
(mw) = || - =x dx = [8 е lie x! Sar EL. 
0 5 25 25 75 |) 175 


2 
175 5/7 


u, = l w = l Б Ej Zal (2 E) 
"o w | 4 5 5 
The orthonormal set is B’ = м Y ess + se) 


47. Vectors in W are of the form (7s —-t,s, t) where s and t are any real numbers. So, a basis for W is iL 0,1), (-1, 1, 0. 
Orthogonalize these vectors as follows. 
w; = (-1,0,1) 
sn) 16) + 100) + 00), pas e Д ES 
(1 +0? + 1 2 2 
Finally, normalize w, and w, to obtain 


1 1 


1 1 
a а Cu us) 


u; 


w= ow, = [р z) 
2 КА 2 J6 » , 2 au Je 6 d 


vr oen Cae e 


49. (и - v): = №: (и + v) (Theorem 5.3, part 1) 
=Ww-u+w-v (Theorem 5.3, part 2) 
=u-wt+v-w (Theorem 5.3, part 1) 
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51. If lul < land М < 1, then the Cauchy-Schwarz Inequality implies that |(u, v) < lull Ivl < 1. 


53. Let lvi, NT va] be a basis for V. You can extend this basis to one for R”. 
В = [vss Vm Wap Wn} 


Now apply the Gram-Schmidt orthonormalization process to this basis, which results in the following basis for R”. 


B = Тузеу Us Smale sees at 


The first m vectors of B’ still span V. Therefore, any vector u € R” is of the form 
и = cU, ++ CU, + Съ bos + CZ, = У BW 


where v € V and w is orthogonal to every vector in V. 


55. First extend the set iui seed un} to an orthonormal basis 59. St = N (47), the orthogonal complement of $ is the 


for R”. nullspace of A’. 


В = [u, ..., Uys Uppi ..., Unt A |. 2 | [ 2 | | 0 Ei 
= = = 

1 

3 


п 21-1 0 -3 -1 
If v is any vector in A", you have у = У (у - u,)u, 
i=l 2 
which implies that So, S+ is spanned by u = | —1 |. 


IVP ee) = Èo ur > Dv а) з 


і= 


2 2 2 1 0 101 
57. If u and v are orthogonal, then |u | + lvl - |u + v| | 
61. 4= |0 -3 OJ >/]/0 1 0 
by the Pythagorean Theorem. 
5 К Я 5 5 |1 0 1 0 0 0 
Furthermore, uf +|-vf? = faf? +]! =u - vf DE E Е 
which ES f АТ eq uxo à 
[a +v =u -vP =u + v= у a doc 
On the other hand, if |u + v| - |u = У ||, then olf 1 o ГІ 
(u +v,u+ vy - (u —v,u- vy, which implies that R(A)-basis:4|0 |, | -3 R(A™)-basis: 1,|0 
Jul +1] + 200, v) = lul? lv — 200, v) or "PES UT 
(u, у) = 0, and u and v are orthogonal. 1| 3 
N(A)-basis:4| 0 N(A")-basis: 1 
—1 0 
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63. Substitute the data points (6, 10.6), (7, 16.6), (8, 21.8), (9, 23.7), (10, 29.3), (11, 37.9), (12, 50.2), and (13, 59.8) into the 
equation y = cy + с + сї? + сз to obtain the following system of equations. 
Cy + 6c, + 36c, + 216c, = 10.6 
Co + 7c, + 49c, + 343с; = 16.6 
Co + 8c + 64c, + 512с; = 21.8 
Co + 9c, + 81с› + 729c, = 23.7 
Co + 10c, + 100c, + 1000c, = 29.3 
су + lle + 121c; + 1331с; = 37.9 
Co + 126 + 144c, + 1728с; = 50.2 
Co + 13c, + 169c, + 2197с; = 59.8 


This produces the least squares problem 


Ax = 
[1 6 36 216] [10.6 | 
1 7 49 343 16.6 
1 8 64 512 21.8 
1 9 81 729 |с 23.7 
1 10 100 1000 ME 293| 
1 11 121 1331 37.9 
1 12 144 1728 50.2 
{1 13 169 2197 | | 59.8 | 
The normal equations are 
AT Ax = Ab 

8 76 764 8056 | | co 249.9 
76 764 8056 88,292 || с, 2657.2 
764 8056 88,292 997,576 | | c; = 29,360.8 


8056 88,292 997,576 11,542,244 | | c 334,293 .4 


and the solution is 


Co —65.5 
c 24.65 

x= = A 
€; —2.688 
с; 0.1184 


So, the least squares regression polynomial is y = —65.5 + 24.65t — 2.68817 + 0.118423. The revenue in 2018 will be 
—65.5 + 24.65(18) — 2.688(18)* + 0.1184(18)° = $197.8 billion. 
i jk 
65. uxv=|1 1 0)=3К = (0,0,3) 
03 0 
u x v is orthogonal to both u and v because, 


u - (u x v) = 1(0) + 1(0) + 0(3) = 0 


and 


v (u x v) = 0(0) + 3(0) + 0(3) = 0. 
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67. 


69. 


71. 


73. 


i jk 
uxv=|0 1 6|-18i 4 6j - k = (13,6,-1) 
pom cd 


u x vis orthogonal to both u and v because 
u-(uxv) = (0,1, 6) - (13,6,-1) 26-6-0 
and 


v (u x v) = (1-2,1)- (13,6,-1) = 13 -12-1=0. 


Because 


the volume is 


|u - (vx w)| =|1(-1) + 0(0) + 0(0)| = 1. 


i j k 
vxw =|3—2 | 
2 -3 -2 
-2 1 3 1 3 -2 
=i -j +k 
-3-2| |2-2| |2 -3 
= i(4 + 3) – j(-6 – 2) + k(-9 + 4) 
= 7i + 8j - 5k 


The volume is given by 


|а (vx w)| =|(-2,1, 0) . (7,8, –5)| 


= 1(-2)(7) + (1)(8) + (0)(-5)| 
=|-14 + 8] 


= 6 units’. 


Because 
i j k 
uxv-|13 0| = 6i- 2j+ 3k = (6,-2, 3), 
0 2 


the area of the parallelogram is 


ju x v= ye + (2) +3? =7. 
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75. (a) The standard basis for Д is (1, x}. In the interval 
c[-1, 1, the Gram-Schmidt orthonormalization 


2 X6 
process yields the orthonormal basis he Ka 
The linear least squares approximating function is 
given by 
glx) = (7, wi)wi + (/, АА 
Because 

1 
op Men 2al 
(f. wi) || 2 х? dx Š “|. 0 
1 
_piv64,, _-/6;| _ V6 
(f. wi) Í, B x^ dx e s^ 
gis given by 
X2), Je( 6 ) 3 
g(x) = 0 + х | = =x. 
2 54.2 5 
(b) : 
" 


77. (a) The standard basis for R is (1, x}. In the interval 
do, zl the Gram-Schmidt orthonormalization 


process yields the orthonormal basis 


ав) 


Because 


(fw) = [2 sin(2x) (2 = = 
(roms) = [entes [SE ar - mas 0 


2 


gis given by 

2 [2 2 
= E + E = р 
s(x) = (Fwi) wm = JA o 2 

(b) 1 

f 
& 
0 з 
0 
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79. (a) The standard basis for Р, is П, xX, x? In the interval c[0, 1], the Gram-Schmidt orthonormalization process yields the 


orthonormal basis 


fL V3(2x - 1), V5(6x" — 6x +1}. 


Because 
(f, wi) E Vx dx = 2 
(f, Wo) = [, "mo 3/2 =з" = A 


5 


1 
12 2 
= 52. күз? 1/2 = 3/2 _ 
3 ES > 
(f, мз) = [, Ve s(ee 6x + 1) dx = SEN (6x 6x'^ +x )dx = (E x een) 
7 5 3 105 


gis given by 
g(x) = (f, wi)wi + (f, W2)W2 + (f. W3)Ws 
2 2 -2/5 К 
= 0) + (43) (2x -1) + = V5(6x? – 6x +1) 
mcg Sa | 10x? + 24x + 3) 
35 35 35 
(b) | 
g 
0 f 1 
0 


81. Find the coefficients as follows. 


5/2 2 /3 


15 


1 
" Zan) А 
3 0 


72 12 sp 


0 


lpr lpr Lisl _ 2л? 
a=— dx = — 24х = —x3 = — 
° zs 1S 2 3л L 3 
lpr lez, 1, . "PNG 
а, = -f f(x) cos x dx = -f х cos x dx = —(x sin x + 2x cos x — 2 sin x) = —4 
л°-* л -я л E 
lpr | let. lg | Е 
by --[ f(x) sin хах = —| x sin x dx = —(-x cos x + 2x sin x + 2cos x) = 0 
qm: mt л ү 
So, the approximation is g(x) = E + a cos x + b sin x = — — 4 cos x. 
83. (a) True. See Theorem 5.18, part 1, page 279. 
(b) False. See Theorem 5.17, part 1, page 278. 
(c) True. See discussion before Theorem 5.19, page 283. 
Cumulative Test for Chapters 4 and 5 
1. (а) (L—2) + (2, 5) = (3, -7) (b) 3(L —2) = (3, -6) (c) 2(1,-2) – 4(2, —5) = (2, -4) - (8, -20) 
А Р = (-6, 16) 
в | : 
1+ 17 A 
A9 x | t—+—+—_++++ x 20+ 
ie) ЧА mw = 67 NIS 
c dese TS а ee S6 ру 4w = (-6, 16) 
-3+ \ -3+ m 
-4+ iw-2(Q,-5) -4+ H 
Sir ‘ —5-+ Зу= (3 —6) L1 ‚ү ү ү yyy 
ST v -6 F е -8-4 | e2v = (2, -4) 
-8-4 =F -8 4+ 
-P- \дуу = (8, –20) 
—16-4- 
—20 + ө 
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2 107 100 3 
2/1 -1 0 22/0 10 1 
0 064 00142 


(7,2, 4) = 3(2,1,0) + (1,1, 0) + 2(0, 0,6) = (7, 2, 4) 


0 -2 1 0 -2 
3.14 2 -2| 510 1 
АШУ 1 00 0 
[-2 [1 0 
-2| 2-24 + 3| 2 
| 1 |7 5 
4. Write a matrix using the given шщ, u», ..., ug as columns and augment this matrix with v as a column. 
[1 1 O 1 1 3 10 
2 -2 2 0 -2 2 30 
PE -3 1-1 3 1] 1] -13 
4 -1 2 -4 2 14 
- 2-1 1 2 3 -7 
|2 1-1 2-3 0 27 


The reduced row-echelon form for A is 


100000 5 
010000 - 
001000 1 
A= 
000100 2 
000010 = 
о 00001 3] 


So, у = 5u, — u, + и; + 2и, — 5и; + 3u,. Verify the solution by showing that 


5(1, 2, —3,4, -1, 2) — (1, 2,1, -1, 2, 1) + (0, 2, —1, 2, —1, -1) +2(1, 0, 3, —4, 1, 2) — 5(1, —2, 1, —1, 2, 3) + 3(3, 2, 1, -2, 3, 0) 


equals (10, 30, 213,14, –7, 27). 


100 000 100 
5. Not closed under addition: |O 10| + {0 0 0 = 0 10 
000 001 001 


6. Let v = (vi, v + Vz, V2, v;)and u = (ш, ш + Up, Uy, иу) be two vectors in W. 
vtue= (v + an, (vy + vy) + (и + us) Vo + Uy, Vy + из) = (v + up (vi +m) + (vo + us) v2 + Uy, Vy + из) 
= (xX, X1 + X2, X2, x3) where x, = у + uj and x, = v, + и). 50, v + uisin W. 
cv = с(у, у + v», v, V2) = (си, с(у + v2), су), суз) = (су, су + су, суз, с) = (х, х + X2, X2, X2) where x, = cy, 
and v, = су. 50, cv is in W. So, you can conclude that it is a subspace of R^. 


7. No. (1,1,1) + (1,1,1) = (2,2, 2) 
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-1 0 


8. Yes, because row reduces to 7. 


0 1 


© © WwW N 


1 
1 
0 
1 


9. (a) A set of vectors lvi. nels А! is linearly independent 
if the vector equation су + + + c,v, = 0 has 
only the trivial solution. 

(b) The set S is linearly dependent. 


|1 10 0 1 10 0]x =-s =] 
-2 20 0 00 1 1|х =s ; 
11. = basis 
0 0 1 I 0 00 05x, = -t 

|1 100 00 0 0|х,=ї 

[011 1 1004 -4 
12. |1 10 2|5|0 10 e6j[v], =| 6 
[111-3 00 1 -5 -5 


14. (a) |u| 2 VP +2? +0? = V5 


©) [а - v[-](0. 5. -2)] 
= \/02 +5? + (-2) 
= \/29 


(с) u- v = ЦІ) + 2(-3) + 02) = -5 


. 1-6 —5 
(d) cos @ = уз = 
{||| Vs5V14 — V70 
0 = cos! = 


u 


2.21 radians (126.7?) 


10. (a) A set of vectors lvi. T А! in а vector space Vis a 


basis for V if the set is linearly independent and 
spans V. 


(b v, = (1,1), v; = (-1,1) 
ci(L1) + o(-L1) = (e — 6,6 + с›) 


] -1 1 0 

1 1 0 1 
Since the matrix reduces to /,, v, and v, forma 
basis in /R?. 


(c) Yes. Because the set is linearly independent, the set 


isa basis for R°. 


-1 
1 

1 -l 

0 1 

-1 1 


16. w = (2, 0, 0) 


w, = (111) = 30 0,0) = (0, 1,1) 


w, = (0,1, 2) — 0(2,0, 0) (o, 1,1) = (o. 2) 


Normalize each vector. 


u, = “ = 10,0,0) = (1,0, 0) 
[wl 2 

dj жс е o V2, М 
Iw] 2 27g 

ө = = Vi. XE 0. 42 М? 
А 2 2 213 


So, an orthonormal basis for А? is 


eee) 


2 2 2 
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0 1 10 1000 

18. 4= 1-1 0 0 11=5 10110 
1 1 1 1 0 0 0 1 
0 -1 1 10 0 
1 1 0 1 0 

AT = > 

1 1 00 1 
0 1 1 0 0 0 


0 
| 1 
N(A)-basis: : 
| 0 
0} -1| 11 
1 0||1 
R( A" oasis: И , 
1 oil 
0 1111 
0 
N(A’) = 10 
0 
19. S+ = (47); 
—1 
101 101 | 
= = S~ = span +|—1 
-] 10 0 11 | 


20. Suppose сух + + c,x, + cy = 0 


n^n 


Ifc = 0, thenc,x, +... + c,x, = 0 and x, independent 


n^n 


5 с = 0 
Ifc # 0, ћепу = (а /с)х + --- + -(c,/c)x,,a 


contradiction. 
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21. Substitute the points (1, 1), (2, 0), апа (5,—5) into the 


22. 


equation y = со + cx to obtain the following system. 


cy + c(l) = 1 


в + (2) = 0 
cy + (5) = —5 
This produces the least squares problem 
Ax =b 
1 1 
с 
12 | | =| ol. 
ci 
1 5 -5 


The normal equations are 
A Ax = Ab 


b solel Lad 


36 
А Й Co 13 

and the solution is x = = р 
а _20 


(a) rank A = 3 
(b) first 3 rows of A 
(c) columns 1, 3, 4 of A 


(d) x; = 2r — 3s — 2t [2][-3]| -2 
X, =r 10 0 
Xy = 5s + 3f 0 
X4 = -s — Tt 0||—1||—7 
xX, = 6 0 0 
х= і LO}, 0|| 1 

(e) no 

(f) no 

(g) yes 

(h) no 
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23. No. Two planes can intersect in a line, but not a single point. 


S, -basis: {(1, 0, 0), (1, 1, 0)} dim(S,) = 2 
5, basis: {(0, 0,1), (0, 1, 0)} dim(S,) = 2 
S, A S,-basis: {(0, 1, 0) dim(S, ^ 5) = 1 
S, + S;—basis: {(1, 0, 0), (0, 1, 0), (0, 0, 1)} dim(S, + 5) = 3 
(Answers are not unique.) 
24. If a set [vi, ..., Vm} spans V where m < n, then by Exercise 83 in Section 4.5, you could reduce this set to an independent 


spanning set of less than n vectors. But then іту z n. 
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CHAPTER 6 
Linear Transformations 


Section 6.1 Introduction to Linear Transformations 


1. (a) The image of v is 
T(3, -4) = (3 + (4.3 - (-4)) = (217). 


(b) If T(v, v2) = (v, + у, М = v) = (3,19), then 


у + = 3 
v-v = 19, 
which implies that v, = Папа v; = —8. So, the 


preimage of w is (11, —8). 


3. (a) The image of v is 
T(-4, 5,1) = (2(-4) + 5, 2(5) — 3(-4), -4 – 1) 


= (-3, 22, -5). 
(b) If T(y, vo, v3) = (2w + v2, 2v2 — Зу, и — v3) 
= (4,1, -1), 
then 
2W + v = 4 
—3y, + 2v, zu 
v — vy, = -l 


which implies that v; = 1, v) = 2and v, = 2. 80, 


the preimage of w is (1, 2, 2). 


5. (a) The image of v is 
T(2, -3, -1) = (4(-3) - 2, 4(2) + 5(-3)) 


= (-14,-7). 
(b) If T(v vj, ¥3) = (4v; — v, 4v + 5v2) = (3,9), 
then 
-v + 4y, = 3 


4y, + $v, = 9, 


which implies that v, = 1, v) = 1, and v, = t, 


where t is any real number. So, the preimage of w is 


{(L, 1, £) : t is any real number}. 


11. T preserves addition. 
T(x, У» а) + T(x, Y2; z3) 


= ( 
= ( 


7. (a) The image of v is 


T(,1) = (Zo М2 1 +1,2() ] 
2 2 
= (0, 2, 1). 
(b) If T(y, у) = E — TA у + v, 24 — 3 
= (54/2, -2, -16), 
then 
м2 М2 = 54/2 
2, 2, 
v +v = -2 
2v = v = -16 


which implies that у = —6 and v; = 4. So, the 
preimage of w is (—6, 4). 
9. Tis not a linear transformation because it does not 
preserve addition nor scalar multiplication. For example, 
T(1, 1) + T(L1) = (1,1) + (1,1) 
= (2,2) # (2,1) = Т(2, 2). 


X + у, Х| у а) + (x + у, 0 — y» 2) 


Xt y tX + р, — Vy +X. у, д1 + 2,) 


Е (х + xj) + (л + у»), (х + xj) = (vı + у»), Z + z2) 
= Г 


(х + 0, у + у, д + 2) 


Т preserves scalar multiplication. 


T(c(x, y, z)) = T(cx, cy, cz) = (cx + су, сх — су, cz) = с(х + у,х— у, 2) = cT(x, y, z) 


Therefore, T is a linear transformation. 
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13. Tis not a linear transformation because it does not preserve addition nor scalar multiplication. For example, 


Т(0,1) + T(,0) = (0,0,1) + (1,00) = (1,0,1) = (1,1,1) = T(L1) 


15. 


17. 


19. 


21. 


23. 


T is not a linear transformation because it does not preserve addition nor scalar multiplication. For example, Т (I 2) = 1 but 


Т(21,) = 4 = 2T(L). 


T preserves addition. 


T(A,) + T(A2) 


(lr adel a 


a -h-ce-dta-b-c 


T preserves scalar multiplication. 


T(kA) = ka — kb — kc - kd = k(a — b — c — d) = KT(A) 


Therefore, 7 is a linear transformation. 


Let A and B be two elements of М; (two 3 х 3 matrices) and let c be a scalar. First 


001 0 
т(4+ В) = |0 1 0|(4+B)=|0 1 0и + |0 
100 1 100 


0 1 


0 0 


by Theorem 2.3, part 2. And 


T(cA) = |0 


0 0 1 0 0 1 
1 O0 (с) = c0 1 0А = cT(A) 


0.0 100 


0 0 


1 0|B = T(A) + T(B) 


by Theorem 2.3, part 4. So, T is a linear transformation. 


Let u = ag + ах + @x?,v = by + bx + bx. 


Then T(u + v) = 


( 
( 


= T(u) + T(v), and 


ay + a + a2) + (by + b + by) 


T(cu) = Cay + Ca, + Cay + (ca, + Cay) x + cayx? 


T is a linear transformation. 


Because (1, 4) = 1(1, 0) + 4(0, 1), you have 
Т| (1, 0) + 4(0,1)] 
T(1,0) + 47(0,1) 


(1,1) + 4(—1,1) 


т(,4) = 


Similarly, 


T(-2,1) 


) 


-3,5 
(-2,1) = -2(1, 0) + 1(0, 1), which gives 


T[-2(1, 0) + (0,1)] 
-2T(1,0) + T(0,1) 
-2(1, 1) + (-1,1) 


(-3, -1). 


ay + by) + (a, + bi) + (a5 + by) 


[(a, + b) 


(a + by) |x + (a; + by)x? 


cT(u). 


(b, П by) |x + (а + by) x? 


25. Because (1, —3, 0) can be written as 


(1, 23,0) = 1(1, 0, 0) — 3(0, 1,0) + 0 - (0,0, 1), you can 
use Property 4 of Theorem 6.1 to write 
T(1, -3,0) = T(1, 0, 0) – 37(0,1,0) + 0 - (0, 0, 1) 

= (2,4, -1) - 3(1,3,—2) + (0, 0, 0) 

= (-1,-5, 5). 
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27. 


29. 


31. 


33. 


41. 


Chapter 6 Linear Transformations 


Because (2, —4, 1) can be written as 
(2,-4, 1) = 2(1, 0, 0) — 4(0, 1, 0) + (0, 0, 1), you can use 
Property 4 of Theorem 6.1 to write 


T(2, —4,1) = 27(1,0,0) — 47(0,1, 0) + 7(0, 0, 1) 
= 2(2,4, -1) – 4(1,3,—2) + (0, 2, 2) 
= (0, -6, 8). 


Because (4, 2, 0) can be written as 

(4, 2,0) = O(1, 1,1) — 2(0,—1, 2) + 4(L 0, 1), you can use 
Property 4 of Theorem 6.1 to write 

T(4, 2,0) = 07(1,1,1) — 7(0, 21,2) + 4Т(1, 0,1) 

0 - (2,0, -1) — 2(-3, 2, -1) + 4(1, 1, 0) 

(0, 0, 0) + (6, —4, 2) + (4, 4, 0) 

= (10, 0, 2). 


Because (2, —1, 1) can be written as 
(2, -1,1) = —3(1,1,1) - 4(0,-1, 2) + 4(1, 0, 1), you can 
use Property 4 of Theorem 6.1 to write 


T(2, -1,1) = -37(1,1,1) - $7(0, -1, 2) + Z7(1, 0, 1) 


= 3(2, 0, -1) 


= (2,3,2). 


1(-3, 2, -1) + za, 1, 0) 


Because the matrix has two columns, the dimension of 
R” is 2. Because the matrix has two rows, the 
dimension of R” is 2. So, T: R? — R°. 


1 0 0 0][2 
0-10 0||1 
T(2,1, 2,1) = = (2, -1,2,2 
(a) T( ) EENE ( ) 
0 00 2||1 


39. (a) T(L1) = Е all 


35. Because the matrix has 4 columns and 4 rows it defines a 


linear transformation from № іо R^. 


37. Because the matrix has four columns, the dimension of 


R" is 4. Because the matrix has three rows, the 
dimension of R” is 3. So, T: R^ > R°. 


Hee 


(b) The preimage of (1, 1) is determined by solving the 


equation 


The equivalent system of linear equations has the 
solution v, = –1 where v; = —1.So, the preimage 


is (—1,—1). 
(c) The preimage of (0, 0) is determined by solving the 


equation 


T(v, v2) = bh a M E Ё 


The equivalent system of linear equations has the 
solution у = бапа v, = 0.So, the preimage is 


(0, 0). 


(b) The preimage of (—1, —1, —1, —1) is determined by solving the equation 


-1 0 0 Oļi» 
0-10 0)», 
Т(у, у, V3, V4) = = (-1,-1,-1,-1 
(Yi Va» Va» va) 0 0 1 0|» ( ) 
0 00 2/|v 
for v = (v, Уз, V3, v4). The equivalent system of linear equations has the solution у = —1, у = lv = -1, 
and у; = E So, the preimage is (-1, 1,-1, -. 
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1 
01-21] | 
4.() 7(1,0,2,3)=|-1 4 5 01.1 |-|9 
01 31 9 

3 


45. 


47. 


49. 


51. 


53. 


(b) The preimage of (0, 0, 0) is determined by solving the equation T(w, x, у,2) = 


The equivalent system of linear equations has the solution w 


0 -2 1 0 
-1 4 0 a 0| 
0 1 NE T 
2 
—4t, x = —t, у = 0,2 = t, where t is any real number. 


So, the preimage is given by the set of vectors {(-4¢, =t, 0, t) : t is any real number]. 


: 1 
а) When @ = 45°, cos Ө = sin Ө = ——,so Т(4, 4) = |4 
i tee 4 


z) 


(5) 4) 4 Za) | Dese 


(b) When Ө = 30°, cos Ө = SB ana sin @ = > so T(4, 4) = { {4 2 (2 ))- (2/3 – 2, 2V3 + 2) 


2 2 


(с) When Ө = 120°, cos 0 = -land sin Ө = Уз so T(5,0) = e | (52) $3 H ( J - | 2. л) 
2 2 2 2 2 2 2 2 


P Ө -sin ] 
5ш Ө cos@ 

1 cos@ sin@ 

T cos? Ө + sin? e Ө cos | 
cos@ sin@ 
E 0 cos | 


This represents a rotation in the clockwise direction. 


If v = (x, y, z) is a vector in R?, then T(v) = (x, 0, z). 


In other words, T maps every vector in R? to its 
orthogonal projection in the xz-plane. 


8 2 
T is not a linear transformation. Consider A = Ё | 


6 
-6 9 
and B = | 


Then Т(А+ B) = @ 


(А+В) + 4! +В". 


T is a linear transformation. 
T preserves addition. 

T(A + C) = (4 + C)B 
AB + CB 
T(A) + T(C) 


T preserves scalar multiplication. 
T(kA) = (kA)B 

= k(AB) 

= kT(A) 


55. 


57. 


59. 


61. 


63. 


65. 


67. 


T(2 — 6x + х?) = 27(1) - 6Т(х) + T(x’) 


2x — 6(1 + x) + (Lx x^) 


-5 — 3x + х2 


True. D,is a linear transformation and therefore 


preserves addition and scalar multiplication. 


False. sin 3x # 3 sin x for all x. 
If D,(g(x)) = 4x + 3, then g(x) = 2x? + 3х + C. 
If D,(g(x)) = sin x,then g(x) = —cos x + C. 


(а) T(3x? – 2) = fi (3x? - 2) de 


-[? -24] 


DD 
[Ji 
— 
iei 
— 
ы 
| 
ч 
м 
Il 
— 
e i 
— 
= 
m 
| 
= 
tA 
м 
> 


(с) T(4x – 6) = fi (4x - 6) de = [222 - 6], = 4 


(a) False. cos(x, + х) # cos x, + cos x; 


(b) True. See Example 10, page 305. 
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69. (а) T(x, у) = T[x(1,0) + у(0,1)| = хТ(1,0) + y7(0,1) = x(1,0) + y(0,0) = (x, 0) 


(b) 715 the projection onto the x-axis. 
71. (a) Because 


proju = 2 


x(1) + »(1) 


and 7(u) = proj,u, you have T(x, у) = Ds 
+ 


(b) From the result of part (a), where (x, у) = (5,0), T(x, y) = E i ue i ? - G >) 


(c) From the result of part (a), 


T(u + w) = т[(х, у) + (х», »;)] = T(x +0, у + у») 


2 2 


(ut) = (822.222 


2 2 22) 


-(eL—á— 
2 


SUMI 
2 


(=> “+y 
A » 


2 


2 


| 


= Т(х\, yı) T T(x, yz) 


T(u) + T(w). 


From the result of part (a), 


X2 + у 0 + у 
Deg SD. 


T(cu) = Т[с(х, у)| = T(cx, су) = Е су булу 


2 2 
73. Observe that 


^l i 


75. (a) Because T' (0) = 0 for any linear transformation 7, 0 


7 = T(u). 


1 
3X 


Nie Ne 


is a fixed point of T. 
(b) Let F be the set of fixed points of T : V > V. 
F is nonempty because 0 є F. Furthermore, if 
u,v € F, then T(u + v) = T(u) + T(v) Zu v 
and T(cu) = cT(u) = cu, which shows that F is 
closed under addition and scalar multiplication. 
(c) A vector u is a fixed point if T(u) = u. Because 
T(x, у) = (x, 2y) = (x, y) has solutions x = t and 
y = 0, the set of all fixed points of T is 
{(t, 0) : t is any real number]. 
(d) A vector u is a fixed point if T(u) — u. Because 


T(x, y) = (y, x) has solutions x = y, the set of 


fixed points of T is {(x, x) : x is any real number]. 


| = Е E m ? Gea. 


2 2 
77. (а) Let Т(у) = 0 be the zero transformation. Because 
T(u + v) = 0 = T(u) + T(v) and 
T(cu) = 0 = сТ (и), Т is а linear transformation. 
(b) Let T (у) = v be the identity transformation. 
Because T(u + v) = и + v = T(u) + T(v) and 


T(cu) =cu= cT(u), T is a linear transformation. 


79. Because ivi. LE Va} are linearly dependent, there exist 


constants c,... , c,, not all zero, such that 

QV, t: + су, = 0.So, 

T(avi sese CaVn) = aT(vi) TE c,T(v,) = 0, 
which shows that the set {7(v,), ..., T(v, )] is linearly 
dependent. 


81. Tis a linear transformation because 


T(A + B) = (а + bi) + + (Gin + On) 
= (ayy ++ au) + (By ++ Bin) 
= T(A) + T(B) 
and 
T(cA) = са + + ca,, 
= с(а + a) 


= cT(A). 
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Let v = qv, + +++ + c,V, be an arbitrary vector in v. Then, 


Т(у) = T(av, ++ с„У„) 
= eT(vi) * + с„Г(у„) 
=0@0+--+0 
= 0. 


Section 6.2 The Kernel and Range of a Linear Transformation 


1. 


13. 


Because T sends every vector іп R? to the zero vector, 9. Solving the equation 
the kernel is R°. T(x, y) = (x + 2y, у — x) = (0, 0) yields the trivial 
solution x = y = 0. So, 
. Solving the equation 


T(x, у, 2, м) = (y, x, w, z) = (0, 0, 0, 0) yields the ker(T) = {(0, 0). 
trivial solution x = у = 2 = w= 0. 


11. (a) Because 
So, ker(T) = {(0, 0, 0, 0)}. 


1 2||x 0 
. Solving the equation 3 410 0 
T(ao + ах + ах? + ax?) = а +a, = Oyields has only the trivial solution x, = x; = 0, 
solutions of the form a, = —a, and ag, а, а, and аз ker(T) = {(0, 0)}. 
are any real numbers. So, (b) Transpose А and find the equivalent reduced 
ker(T) - {ay — aX + ах” + 5X7: do, Ay, аз € R}. row-echelon form. 
1 3 1 0 
; А AT = 
. Solving the equation 2.4 0 1 


T(a + ах + а?) = a, + 2a5x = 0 yields solutions 
So, range(T) = {(1, 0), (0, 1)} = R°. 
of the form a, = a, = 0,and ag is апу real number. So, 


ker(T) = {ap : ay € R}. 
(a) Because 
1-1 2) 5 [о 
T = Е— 
o-ha 3 allo 
X3 
has solutions of the form (—4t, —2t, t), where t is any real number, 
ker(T) = {t(-4, —2,1):¢ is a real number] Е span {(-4, —2, 1}. 


(b) Transpose А and find the equivalent reduced row-echelon form. 


1 0 1 0 
A’ =|-1 1] => |0 1 
2-2 0 0 


So, range(T) - {(, 0), (0, 1)} =R. 
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15. (a) 


(b) 


17. (a) 


(b) 


19. (a) 


(b) 
(с) 


(4) 
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Because 
1 3 0 
x 
T(x) =|-1 МЕ 0 
X2 
2 2 0 


has only the trivial solution x, = x; = 0, ker(T) = {(0, 0)}. 
Transpose A and find the equivalent reduced row-echelon form. 
1-12 1 -1 0 
А? = > 
| 3 \ 0 | 
So, range(T) {s(I, —1, 0), ¢(0, 0, 1): s, £ are real numbers} 
span{(1, —1, 0), (0, 0, 1)}. 


| 


ll 


Because 
1 2-1 4||хл 0 
3 1 2 -lj||x 0 
T(x) - E 
-4 -3 -1 -3||җ% 0 
-] 2 1 1} | x4 0 


has solutions of the form (^t, t, t, 0), where t is any real number, 
ker(T) = Ic 1,1, 0): t is a real number] Е span ((-1, 1,1, 0)}. 


Transpose A and find the equivalent reduced 
row-echelon form. 


1 3 -4 -l 10-10 

y 2 1-3 -2 E 0 1-10 
= 2 -1 #1 0 0 1 
103637. 1 0 0 0 


So, range(T) = span{(1, 0, —1, 0), (0, 1, —1, 0), (0, 0, 0, 1)}. 


Equivalently, you could use columns 1, 2 and 4 of the original matrix A. 


Because Т (x) = Ohas only the trivial solution 21. 


x = (0, 0), the kernel of T is {(0, 0)}. 
nullity(7) = dim(ker(T)) = 0 


Transpose A and find the equivalent reduced 
row-echelon form. 


So, range(T) = R’. 


rank(T) = dim(range(T)) = 2 


(a) Because T(x) = Ohas only the trivial solution 


x = (0, 0), the kernel of T is {(0, 0)}. 
(b) nullity(7) = dim(ker(T)) = 0 


(c) Transpose A and find the equivalent reduced 
row-echelon form. 
d: 
4 
00 
4 


4 - 5 1 1 
3 1 -l 
So, range(T) = {(45, 41,5 — t) 15, E R}. 


(d) rank(T) = dim(range(T)) = 2 
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23. (a) 


Section 6.2 The Kernel and Range of a Linear Transformation 


The kernel of T is given by the solution to the equation T(x) = 0. So, ker(T) = {(t,-3r) : t € А). 


(b) nullity(7) = dim(ker(7)) = 1 


(с) 


(4) 


25. (а) 


(b 
(c 


— ш 


(d) 


27. (a) 


(b) 
(с) 


(d) 


Transpose A and find its equivalent row-echelon form. 
PT Е Н | | 
ade, “le 0 0 
10 10 
So, range (7) = {(3¢, D):te R}. 
rank(T) = dim(range(T)) = 1 
The kernel of T is given by the solution to the equation Т (x) = 0. 
So, ker(T) = i^ 0, f) : £ is any real number]. 
nullity(7) = dim(ker(T)) = 1 
Transpose A and find the equivalent reduced row-echelon form. 
10 1 10 1 


A’ =/0 1 0 => |010 
10 1 000 


So, range (T) = {(s, 0, 5), (0, t, 0): s and t are any real numbers]. 


rank(T) = dim(range(T)) =2 


The kernel of T is given by the solution to the 29. (a) The kernel of T is given by the solution to the 
equation T(x) = 0. equation T(x) = 0. So, 


213 


So, ker(T) - {(-1 It, бї, 4t) : tis any real number]. 


ker(T) = {(s + t, s, —2t) : s and t are real numbers]. (b) nullity(T) = dim(ker(T)) =1 


nullity(T) = dim(ker(T)) =2 (с) Transpose А and find the equivalent reduced row- 


echelon form. 
Transpose A and find the equivalent reduced 


row-echelon form. : 0 4 1 0 
NES У АТ =|-2 0| => |0 1 
ЫЕ ЖО ne 3 0 0 
dp ge Sg sep ы 0 | 
с 2 0 So, range (T) = R°. 
9 9 9 
So (d) rank(T ) = dim(range(T )) = 2 


range (Т) = {(2/, —2t, t) : t is апу real number}. 


rank(T) = dim(range(7)) =1 
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31. (a) The kernel of Tis given by the solution to the equation 


33 


41. 


43. 


45. 


47 


49 


T(x) = 0. 
So, ker(T) = {(2s -tt4s,—5s,s) : ste R}. 
(b) nullity(T) = dim(ker(7)) = 2 


(с) Transpose А and find its equivalent row-echelon 


form. 
2 1 3 6 700 8 
2 1 3 6 0 7 0 20 
A’ =|-3 1 -5 -2 > 007 2 
1 1 0 4 000 0 
13 -1 14 16 000 0 
So, 


range(T) = frr, 7s, Tt, 8r + 205 + 2t) : r, S,t E R}. 


Equivalently, the range of T is spanned by columns 
1,3 and 4 of A. 


(d) rank(T) = dim(range(T)) = 3 


. Use Theorem 6.5 to find nullity(T). 
rank(T) + nullity(T) = dim(R*) 
nulity(T) =3-2=1 


Because nullity(T) = dim(ker(T)) = 1, the kernel of T 


is a line in space. Furthermore, because 
rank(T) = dim(range(T)) = 2, the range of T is a plane 


in space. 


rank(7) + nullity(7) = dim R^ = nullity(7) = 4 - 2 
rank(T) + nullity(7) = dim P, = nullity(7) = 6-3 = 3 


rank(T) + nullity(7) = dim М, = nullity(T) = 8-4 = 4 


35. 


37. 


39. 


Because rank(T) + nullity(T) = 3 and you are given 
rank(T) = 0, it follows that nullity(T) = 3. So, the 


kernel of T is all of R?, and the range is the single point 


(0.0.0), 


The preimage of (0, 0, 0) is {(0, 0, 0)}. 
So, nullity(7) = 0, and the rank of T is determined as 
follows. 
rank(T) + nullity(T) = dim(R*) 

rank(T) 23-0 = 3 
The kernel of T is the single point (0, 0, 0). Because 
rank(T) = dim(range(T)) = 3, the range of Tis R°. 


The kernel of T is determined by solving 
x+2y + 22 
T(x, yz) = = 


implies that x + 2y + 2z = 0. So, the nullity of Tis 2, 
and the kernel is a plane. The range of Tis found by 
observing that rank(T) + nullity(T) = 3. That is, the 


1,2, 2) = (0, 0, 0), which 


range of Tis 1-dimensional, a line in 


R? and range(T) = {(t, 26,20) :t € R}. 


. Because |4| = —4 # 0, the homogeneous equation Ax = 0 has only the trivial solution. So, ker(T) = {(0, 0)} and T is 


one-to-one (by Theorem 6.6). Furthermore, because rank(T) = dim(R?) - nulit(T) 22-022- dim(R?), 


T is onto (by Theorem 6.7). 


. Because | 4| = -1 # 0, the homogeneous equation Ax = 0 has only the trivial solution. So, ker(T) = {(0, 0, 0)} and T is 


one-to-one (by Theorem 6.6). Furthermore, because rank(T) = dim А? — nullit(T) = 3-0 = 3 = dim(R?), 


T is onto (by Theorem 6.7). 
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51. The matrix representation of T : R^ — №“ іѕ given by 


0 100 
1000 
А = . 
0001 
00 10 


Since | A| = 1 + 0, the equation Ax = 0 has only the 
trivial solution. So, ker(T) = {(0, 0, 0, 0)} and T is one- 
to-one by Theorem 6.6. 


5 -3 

53. А=|1 1 
1-1 

Т: R > R? 


dim(domain) = 2, rank(T) = 2, nullity(T) = 0 


Because the rank of Т is not equal to the dimension 
of R?, T is not onto. Because ker(T) = {0}, T is 


one-to-one. 


Furthermore, since 


rank(T) = dim(R*) = nullity(7) 


=4-0 
=4 
== dim(R*) 


T is onto by Theorem 6.7. 


55. Zero Standard Basis 

(a) (0,0, 0, 0) {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} 
Го [1] [0] fo] fo 

Ы) 0 0} 110 о 
0 орого 
|o [ojlo] [0] | 1 

© [0 0 [1 o][o 1][0 оо о 

5 [o 0 lo ого o[|1 oflo 1 

(d) p(x) =0 П, x, x’, x) 


(e) (0, 0, 0, 0, 0) {(1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0), (0, 0, 0, 1, 0)} 


57. Solve the equation T(p) = “(a + ах + ax? + ax? + ах?) = 0 yielding р = a. 
х 


So, ker(T) = {p(x) = ау: ap is a real number}. (The constant polynomials) 


59. First compute T(u) = proj,u, for u = (x, y, 2). 


завадатара 


T(u) = projyu = 


(a) Setting T(u) = 0, you have 2x — y + z = 0, so nullity(T) = 2,and rank(T) = 3 — 2 = 1. 


(b) A basis for the kernel of T is obtained by solving 2x — у + z = 0. 


z) = =s t. 


1 
Letting t = z and s = y, you have x = 
g » y 200 "der 


So, a basis for Kerr) is (2.10) (2.0. 1)}, or {0 2.0.0.2). 
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61 


63. 


65. 


67. 


69. 


Chapter 6 Linear Transformations 


. (a) Aisann x n matrix and det(A) = det A’) # 0.So, the reduced row-echelon matrix equivalent to A” has n nonzero rows 
and you can conclude that rank(T) = n. 

(b) Ais ann x n matrix and det(A) = det( 4") = 0. So, the reduced row-echelon matrix equivalent to A’ has at least one 
row of zeros and you can conclude that rank(T) « n. 

The kernel of Tis given by T(4) = 0. So, T(4) = A- 4 20 > A-4" 


and ker(T ) = {A A= АТ |, the set of n x n symmetric matrices. 


(a) False. See “Definition of Kernel of a Linear Transformation,” page 309. 
(b) False. See Theorem 6.4, page 312. 


(c) True, dim(R? ) = dim(M. м) = 3 and any vector spaces of equal finite dimension аге isomorphic. (See Theorem 6.9.) 


Tis a linear transformation of vector spaces of equal dimension, so you only need to show that T is one-to-one. It is sufficient 
to show that ker(T) = {0}. Let A € ker(T). Then Т(А) = AB = 0. Use the fact that B is invertible to obtain 


AB=0> AB(B"') = 0 = A = 0. So, ker(T) = {0} and T is one-to-one. 


Let T : V — W bea linear transformation, where dim(W ) = п. 
If T is onto, then W is equal to the range of T. So, W and the range of T have the same dimension, and the rank of T is n. 
If the rank of T is n, then there are n linearly independent vectors Т (vi), Ti (v2), kis TI (у„) in the range of 7. Since the range of 
T is a subspace of W, the vectors T(v,), T(v2), ... T(v,) are linearly independent in W. By Theorem 4.12, they form a basis for 
W. So, any vector w € W can be written as a linear combination 
w = а (у) + eT(v;) + + с„Г(у„) 

= T(ev, + суу; + + СУ). 


So, апу w € W is in the range of T, and T is onto. 


Section 6.3 Matrices for Linear Transformations 


1. Because 5. Because 


3. 


(45 ИНЕ fe] Ы ы 


0 -1 
1 21 0 0 1 
the standard matrix for Tis A = | 
Pee Gere rere ЛӘ | —2 the standard matrix for T is 
3 0 -2 
Because 0 2 -1f 
1 0 1 0 

Tol =| 1), 7 = -]1| and T = |0, 

—1 0 0 1 


the standard matrix for T is 


[1 10 
A=} 1 -1 0|. 
|-l 0 1 
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7. Because 


the standard matrix for T is 


21 0 
0 3 -1f 


So, 


1 > 
1 


-4t 


1 -3 
2 1 
0 1 
So, 
[1-3 —14 
T(v) = |2 И 
У = == 
4 
o 1 4 


А and 7(0,1,-1) = (1, 4). 


15. (a) The counterclockwise rotation of 45? is given by 


T(x, у) = (cos(45)x — sin(45) y, sin(45)x + cos(45) у) 


^ 


_ V2. J2 V2, N2 
2 E 27) 


So, the matrix is 


V2 м2 
A =[T(1, 0): 7(0,1)] = i E | 
CX 2 
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217 


11. (a) The matrix of the reflection through the origin, 


T(x, y) = (-x, -y), is given by 


-1 0 
0 -1f 


A = [T(1,0):7(0,1)] = | 


(b) The image of у = (3, 4) is given by 


13. (a) 


А = [T(L, 0): 7(0,1)] = p | 


(b) 


(с) 


(b) 


(c) 


~ Af] 4 


So, T(3, 4) = (-3, -4). 


=й. o 
T(v) ] 


ө —4- 
(—3,-4)- 


The matrix of the reflection in the y-axis, 
T(x, y) = (-x, y), is given by 


0 1 


The image of v = (2, —3) is given by 


wf EE 


The image of v = (2, 2) is given by 
V2 V2 
ж eile 0 
AV = = |. 
J2 420: [242 
2 2 


So, T(2, 2) = (0, 2/2). 


j 
lo 2/2) 


2170) 
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17. (a) The clockwise rotation of 60° is given by 


T(x, y) = (cos(-60)x = sin(—60)y, sin(-60)x + cos(-60) y) E E + y, S + »| 


1 МЗ 
- е 2 2 
So, the matrix is 4 = | T(1, 0): 7(0,1)| = | 
| | 35 1 
2 2 
DX І ап І v3 
(b) The image of v = (L 2)is given by Av = l | = . So, Т(1,2) = E + V3,1 m a 
5 ali^ [, wp : 
2 2 2 
(с) 1 
(1, 2) 
2+ ө 
у 
(ees 2-7) 
I+ 2 22 
—60° 
T(v) 
| Hx 
1 2 
19. (a) The standard matrix for 7 is 
10 0 
A=[T(1, 0, 0):7(0,1,0):7(0,0,1)]}=|0 1 0} 
00 -1 


(b) The image of v = (3,2, 2) is 


10 0/3 
Av=|0 1 0|[|2 =] 2| 
00 -1/2 -2 


So, T(3, 2,2) = (3,2, 2). 
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: 3 
21. (a) The projection onto the vector w = (3,1) is given by T(v) = proj,v = 


(b) The image of v = (1, 4)is given by Av = 


(c) 


23. (a) The standard matrix for T is 
-1 


So, the matrix is A = [Т(1, 0):Т(0, 1)| = 


t 
-1 


2 


So, T(1,2, -1) = (9, 5, -1). 


3 


- (1,2, -1) is 
9 

-2|| 2] = 

11-0 (a 


(c) Using a graphing utility or a computer software 


25. (a) The standard matrix for T is 


program to perform the multiplication in part (b) 


gives the same result. 


oF © =. 


-1 
0 
2 
0 


0 


1 
0 
0 


(b) The image of v = (1, 0, 1, -1) is 


Av = 


So, Т(1, 


o Or Oe 


-1 


0 


0 
1 
0 
0 


,1,-1) = (1,1, 2,-1). 


(c) Using a graphing utility or a computer software 


program to perform the multiplication in part (b) 


gives the same result. 


Section 6.3 Matrices for Linear Transformations 


27. The standard matrices for 7, and T, are 


АА = 


and the standard matrix for T = Д o T; is 


AA, = 


A= 44 =| 


and the standard matrix for Т” = Т o Tis 


nm 
| 12 


The standard matrix for Т = T, » T; is 


[0 
|0 


[1 
|2 


=2 
3 


3 
1 


I 


1 
2 


x+y 
3,1) = 
10 ( ) 
So, гь) = (2 


0 1l 


0 0| 


-2 0 
0 1 


-2 0 
| and A, = | 

3 
11-2] [2 3] 
012 3! [o 0| 


V 


0 0 


. The standard matrices for Т; and T, are 


«| 


The standard matrix for Т = Р, о Tis 


| 


-2 0 


-2 3 
1 
1 1 
2 0 


=2 


219 


E (3x + y) 5 (зх + »} 
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31. The standard matrix for T is 35. The standard matrix for T is 
- p | 100 
0 4 А=|1 1 0, 
Because | | = —16 + 0), А is invertible E cS 
_1 Q Because | A| = 1 # 0, A is invertible. Calculate А Бу 
А = | i | Gauss-Jordan elimination 
$ 1 00 
and conclude that Т (х, y) = (25, ty). At=|-1 10 
0 -1 1 
33. The standard matrix for T is 
id and conclude that 
A= l | T(x, X2, X3) = (3, x; + Xp, 7x, + xj). 
Because | A| = 0, A is not invertible, and so T is not 
invertible. 
1 1 
37. (a) The standard matrix for Tis А =| 1 0 
0 1 
and the image of v under T is 
1 1 Р 9 
Ау = |1 0 И = |5 | So, Т(у) = (9, 5, 4). 
0 1 4 


(b) The image of each vector in B is as follows. 
T(1, -1) = (0, 1, -1) = (1, 1, 0) + 0(0, 1, 1) — (1, 0, 1) 
T(0, 1) = (1, 0, 1) = O(1, 1, 0) + 0(0, 1, 1) + (1, 0, 1) 


1 0 
So, [T(1,-1)],, =| 0| and [7(0,1)],, = 0 
-1 1 
1 0 5 
ear Н 5 5 
which implies that 4 = | 0 0 |, Then, because [v], = NE have [T ()],. = Aly], =| 0 0 l5 210. 
-] 1 -1 4 


So, Т(у) = 5(,1,0) + 4(1, 0,1) = (9, 5, 4). 
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2 0 0 200 j 2 
, "m 1 10 . 15 110 -4 
39. (a) The standard matrix for Tis А = sd and the image of v = (1, —5, 2) under Tis Ду = т -5| = aih 
2 
1 0 1 10 1 3 
So, Т(у) = (2, -4, -3, 3). 
(b) Because 
T(2, 0, 1) = (4, 2,1, 3) = 2(1, 0, 0, 1) + (0, 1, 0, 1) + (1, 0,1, 0) + (1, 1, 0, 0) 
Т(0, 2,1) = (0, 2,3,1) = -2(1, 0, 0, 1) + 3(0, 1, 0,1) + 3(1, 0, 1, 0) — (1,1, 0, 0) 
T(L, 2, 1) = (2, 353, 2) - -(1, 0, 0, 1) + 3(0, 1, 0, 1) + 3(1, 0, 1, 0) 
the matrix for T relative to B and B’ is 
2 -2 -l 
1 3 3 
А = А 
1 3 3 
1 -1 0 
Because у = (1, 55,2) = 2(2, 0,1) + Ы(0, 2,1) — 8(1, 2,1), 
2 2 -1 9 6 
1 3 3| 7 -3 
Т] = u 
Шш» 1 3 3||2 -3 Í 
—8 
1 -1 0 -1 
So, T(1,—5, 2) = 6(1, 0, 0, 1) — 3(0, 1, 0, 1) - 3(1, 0, 1, 0) — (1, 1, 0, 0) = (2, —4, -3, 3). 
[1 1 I 
41. (a) The standard matrix for Tis 4 = |-1 0 2| and the image of у = (4, —5,10) under T is 
| 0 2 -i 
11 1 4 9] 
Av = 1-1 0 2||—5|=| 16 
0 2 -1}}10} |-20| 
So, T(v) = (9, 16, —20). 
(b) Because 
Т(2,0,1) = (3,0,-1) = 2(1,1,1) + 1(1,1, 0) — 3(0,1,1) 
T(0, 2; 1) = (3, 2, 3) = 4(1,1 ‚1 - (1, 1, 0) - (0, 1, 1) 
Т(1, 2,1) = (4, 1, 3) = 6(1, 1 Я 1) - 2(1, 1, 0) — 3(0,1,1), 
2 4 6 
the matrix for T relative to Band B'is A=| 1 —1 -2 | Because v = (4, -5,10) = 202, 0,1) 4 27 (0, 2,1) - 21(1, 2, 1), 
-3 -1 -3 
2 4 6|| 2 -27 
[T(v)] Alv], =| 1 -1 -2 22. = | 36}. So, T(v) = –27(1, 1,1) + 36(1,1, 0) + 7(0,1, 1) = (9,16, —20). 
-3 -1 —3||—21 7 
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43. The image of each vector in B is as follows. 


45. 


47. 


T(D = x, T(x) = x’, T(x?) = x3. 
So, the matrix of T relative to B and B’ is 
000 
100 
А = А 
0 10 
00 1 


The image of each vector in B is as follows. 
D,() = 0 = 0(D + 0x + 0e* + Охе" 
D A(x) = 1 = 14 Ox + 0е" + Охе" 

D,fe*) = e = 001) + Ox + e + Oxe” 


D,(xe*) = e* + хе* = O(1) + Ox + e* + хе" 


1 
[D.h =| p Bo] = al 
10, 0 
0 
аке И шй. ns : 
10 | 1 


which implies that 
1 0 0 


о о о oc 


ооо 
0 1 1| 
0 0 1 


Because 4x — 3xe* = 001) + 4(x) + 0(e*) — 3(xe*), 


отоого 4 

0 0 0 OF} 4 0 
А[у]в = = 

0 0 1 I| 0 -3 

ооо 11-3 -3 


So, D,(4x — Зхе") = 4 – Зе" - 3xe". 


49. (a) The image of each vector in B is as follows. 


(b) 


TQ) = (7 dt 
= x = 00) + x + Ox? + Ox? + Ox4 


T(x) = In t dt 
= ix = 00) + Ox + $x? + 0х5 + 0х* 
T(x?) = | ? dt 


= ix? = 00) + Ox + Ox? + A + 0x^ 


= тх“ = 00) + 0(x) + Ox? + 0x? + {x 
So, 

000 0 

1000 
A-0100. 

0010 

0001 


The image of р(х) = 8 — 4x + 3x? under T relative 
to the basis of B’ is given by 


0000 
8 
1000 
| -4 
Alp], =|9 10 0 кылк, 
00 4 0 0 
1 3 
0004 3 


So, T(p) = 00) + 8x - 2х2 + Ox? + at 


= 8х – 202 + x - J, p(t) dt. 
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51. (a) 


(b) 
(с) 


53. (а) 
(b) 
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The standard basis for М; is 


e [10 " 1 || 0 ‘f° 
lo o о/о o oflo o ofli 
and the standard basis for Мз: is 


0 0| 


1 ollo 1 о о! о 0 
в = 40 ollo 05,11 ollo 1 | о 0,10 
о ollo o0 0 olli 0 
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By finding the image of each vector in B, you can find A. 


1 0 " E 


а ZEE 
lo 0 0] |o lo оо. 


ll 


i53 
r 1 
о o 
or 
L J 
SS 
ll 
— о 
о 
N 
[ 1 
о 
L ј 
NIU 
ll 


ооо о m 
оон © о 
or ооо о о 
or © © © 
— © © © © © 


© © o о н © 


0 0 0 


0 0 
1 0, 
0 0 


Because |7 | + 0, Т is invertible and T is an isomorphism. 


The inverse of T is computed by Gauss-Jordan elimination, applied to A and 47! = A7, so the inverse of T exists and Т^! 
has the standard matrix A’, and you find that 77! = T”, the transpose of T. 
True. See Theorem 6.10 on page 320. 55. Let 


False. Let linear transformation T: R? — R? be 
given by T(x, y) = (x — y, -2x + 2y). Then the 


standard matrix for T is 


E 


which is not invertible. So, by Theorem 6.12 on 
page 325, T is not invertible. 


(B © mu) = (Т, © Tv) 
Dw) = r(n(v)) 
Tu) = Т(у) because T, one-to-one 
u-v because T, one-to-one 
Because T, о Д is one-to-one from V to V, it is also onto. 


The inverse is 77! o T; ! because 
1 2 


(Т7, ec ent edeled em 


57. Sometimes it is preferable to use a nonstandard basis. If 
А and А are the standard matrices for 7, and Р 


respectively, then the standard matrix for 75 o Tj; is 44 
and the standard matrix for 7; o 7; is 4j 545. Because 
(AY 4) = 40-5 = 1, 


you have that the inverse of T; о Tis Т! o Ту. 
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Section 6.4 Transition Matrices and Similarity 


1. The standard matrix for T is 3. The standard matrix for T is 


2 
A= 
-1 


-1 


| 


“| 


1 


1 


0 4 


| 


Furthermore, the transition matrix Р from B’ to the 
standard basis B, and its inverse, are 


1 0 ,_ [10 4 dq -l l 
Р = and Р = 2 1l Р = and Р! = 3 3 Н 
-2 3 2 1 -I -1 -4 


Therefore, the matrix for T relative to B’ is 


dcos [ if 2 Hl 1 i] ; 1) 
= = 2 1 = 5 Y 
2 i3 1f[-2 э] |i 


Furthermore, the transition matrix P from B’ to the 
standard basis B, and its inverse, are 


[уг = 
Г 
о = 
A = 
p 
| 
= Б 
| 
мага 
Lo 
Il 
| 
WS wie 
чок ops 


5. The standard matrix for T is 


A= 


Furthermore, the transition matrix P from B’ to the standard basis B, and its inverse, are 


1-1 Е! 
Р = and РЇ = 1 : Ё 
1-1 5] uw 


Therefore, the matrix for T relative to B’ is 


TEI 


7. The standard matrix for T is 


A = P'AP = | 


| Bln 


1 0 0] 
А= |0 1 0| 
o 0 1 


Furthermore, the transition matrix P from B’ to the standard basis B, and its inverse, аге 


то 1d 
Р= |1 0 1| and P'=| 4} -+ 1 
oru 44d 
Therefore, the matrix for T relative to B’ is 
1 1 цг 
Qu US hy 10 01110 100 
^2 pl s эй 1 1 B 
A = P АР 3 `z 510 1 OF 1 0 1) =]0 1 0 
1 1 1 
n 0 |0 0 1/0 1 1 00 1 
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9. The standard matrix for T is 


[0 1 1 
А= |10 I1. 
[110 


Furthermore, the transition matrix P from B’ to the standard matrix B, and its inverse, are 


г 2 1l 
5 -3 4 qm 1 
= E -1..|3 29 
1 4 
EN ME E 


Therefore, the matrix for T relative to B’ is 


ma 


Е T 100 1 1| 5 -3 4 9 -5 E 
A = P'AP = 3 20 3110 1| 0 2 —6|=|26 -14 3 
i i 1j1 1 0-1 -1 5 8 -4 5 


11. The standard matrix for T is 


1-1 2 
А=|2 1 -ii 
1 2 1 


Furthermore, the transition matrix P from B’ to the standard basis В, and its inverse, are 


гол ied 
Р=|0 2 2| ad Р1=|-4 d 
[1 2 0 з $3 
Therefore, the matrix for T relative to B’ is 
topi rer epus po one 
A=P'AP=|-+ i i|2 1 -ijo 2 2|=|-4 $ 4| 
кашкыр [id 


13. (а) The transition matrix P from B’ to B is found by row-reducing [B : B] to [7 : P]. 


| 1-2: -12 4 : [1 0: 6 4 
101 | | | > E:r] ; | 
3-2: 0 4 0 1:9 4 


So, 
6 4 
P= A 


(b) The coordinate matrix for v relative to B is [у]в 


Il 
"v 
mck 
= 
©, 
7 
Il 
г) 
о о 
>A A 
ae | 
| 
юы 
fk ш. 
I 
| 
— кю 
| —— 


0 4 


(с) The inverse of P is Р! = | 
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15. (a) The transition matrix P from B' to B is found by row-reducing [B : B] to [Z : P]. 


[ea =|) -1 | -4 Я = | 0 | 5 i 


2-01: 12 0 1:92 
So, 


5 2 
Р = Е 
: І | f 5 2||-1 3 
(b) The coordinate matrix for v relative to B is [v]; = Р[у] = - Я 
| | | 2 1| 3 5 
Furthermore, the image of v under 7 relative to B is [T(v)] p = АМ = | | | = | | 
| | DE: А -} i2. 15-2. [-r.- 
(c) The matrix of T relative to Bis А = PAP =| у | = . 
$ "310 -LL9 2 27 8 
—l  Ll|[s5 -1 
(d) The image of v under T relative to B' is PIT), = ) 1 | | = | | 
8 8 


Y -7 -2|-1 -1 
You can also find the image of v under T relative to В by Av] = | | | = | | 


27 8114 5 
17. (a) The transition matrix P from B’ to B is found by row-reducing [B : B’] to [Z : P]. 
1 10 100 100 Ra Nu 
[8:81= 10 1: 0 10| > [F:P]=]0 10 шен ху 
011100 1 р. 
So, 
1 1 -1 
e 
Pese SL wl 
-l 1 1 
1 1 -i| 1 1 
(b) The coordinate matrix for v relative to B is [vls = Plvly = i 1-1 1|/0|[2/0 
=1 1 Ij- -1 
3 1 
К! 2 
Furthermore, the image of у under T relative to B is [r(v)] в = Д[у]» = 1 2 1 01 = 1-1 
1 5 
p. d xe 2 
110] 223-1] 4 4 -3 10 0 
(c) The matrix of T relative to В іѕ А = P'AP = |1 0 1 4 2 4 1 1 1 = 102 0 
1 5 111 1 1 
01]1| 5 1 91-5 5 5 0 0 3 
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1 10/| 2 
(d) The image of v under T relative to B’ is P [Tv]; =|1 0 1j|-1/2|0 
0 1 1—2 -3 
100 1 1 
You can also find the image of v under T relative to B’ by Ау] 2|0 2 01| 0] = | 0. 
0 0 3}/-1 —3 
19. А and J’ are similar since 23. The transition matrix from B’ to the standard matrix has 
го Г 12 7-1-1 columns consisting of the vectors in B’. 
A = P'AP = 
| 1 1-20 -H] 1 2 -1 2 0 
[1-2 P=| 110 
Б 4 0l 00 1 
and it follows that 
21. A and 4’ are similar since pon 
r 3 3 
i 0 offs 10 O[5 0 о pi-|1 10 
3 3 . 
^ pd _ 1 
А = РАР= |0 7 0/8 4 0\0 4 0 001 
0 0 10 9 6]0 0 3 
3 So, the matrix for T relative to B’ is 
5 8 0 ns 
—- = 0110 2 011-1 2 0 
=|10 4 0. 3 3 
A=P'4P=| 4 1 01 -1 Of 1 10 
0 12 6 3 3 
7 0 0 1/0 0 I| 0 0 1 
-2 00 
=| 0 10. 
00 1 


25. If A and B are similar, then В = Р”! AP, for some nonsingular matrix P. So, 


1 


1 0 
а= |Р ар |= | аР |= аР 4] о, the converse is not true. For example, is ip but these 


| 0 


| 
о = 


matrices are not similar. 


27. В = P'AP > 


В* = (РАР): = (P^ APJ(P" AP) -.-(РАР) (k times) 


PAP. 
29. Let A bean n x n matrix similar to /,. Then there exists an invertible matrix P such that 


А = PALP = PP = I,.So, 1, is similar only to itself. 
31. Let 4? = Oand В = РАР, then 


B? = (РАР) = (P^ AP(P-4P) = P^4P = POP = О. 


33. If A is similar to B, then В = P~'AP.If B is similar to C, then С = ОВО. 


So, C = ОВО = Q" (P^ AP)O = (РО) ' А(РО), which shows that A is similar to C. 
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T T = 
35. В = P'AP => В! = (РАР) = РТ АТ (Р!) = РТ AT (РТ) ЖҮ shows that A’ and В? are similar. 


37. If A = CD and C is nonsingular, then C'A = D = СТАС = DC, which shows that DC is similar to A. 


39. The matrix for / relative to B and B’ is the square matrix whose columns are the coordinates of v,,... v, relative to the 


standard basis. The matrix for J relative to B, or relative to B’, is the identity matrix. 


41. (a) True. See discussion before Example 1, page 330. 


(b) False. If T is a linear transformation with matrices А and J’ relative to bases B and B’ respectively, then 4’ = P^!AP, 


where P is the transition matrix from B’ to B. Therefore, two matrices representing the same linear transformation must 


be similar. 


Section 6.5 Applications of Linear Transformations 


1. The standard matrix for T is 


(с) 
(@ | ЧҮ = B = T(0,b) = (0,5) 


©, ael i = red) = (ea) 


Fl oT 
0 ДИЕТЕ ЕЕ 
3. The standard matrix for T is 
HE 
A= ; 
1 0 


e | = А — 7(0,1) = (10) 


TRE 
t -eeno 
of D] vene 
«ове 
ннн 


5. (а) Т(х, у) = хТ(1, 0) + yT(0, 1) 
x(2, 0) + y(0, 1) = (2x, y). 


(b) T is a horizontal expansion. 


7. (a) Identify T as a vertical contraction from its standard 
matrix. 


9. (a) Identify T as a horizontal expansion from its 
standard matrix 


Ё | 
А = : 
0 1 
Ф) | (x, y) (12x, y) 


el 
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11. (a) Identify T as a horizontal shear from its matrix. 23. Find the image of each vertex under T( х, у) = ( х, -y) 


A - | т(0,0) = (0,0), T(1,0) = (1, 0), 
c T(1,1) 2(L-1, 7(0,1) = (0, -1) 
0) 1 у 


x, +3 
ы 
/ > X (0, —1) (1, -1) 
13 Identify T rtical shear fi t tr 
(I TURQUOISE 18 A vertical shear ош ыша. 25. Find the image of each vertex under T(x, y) = G ») 
1 0 
к | 
2; d Т(0,0) = (0,0), | Т(,0)= |, o} 
2 
(b) 4 1 
9%, 5x + у) Т(1,1) = E ) Т(0,1) = (0,1) 
І y 
1 
t a 
a(x, y) 
Ж > XxX 


t э Х 
15. The reflection in the y-axis is given by D» 0) l 
T(x, y) = (-x, y). If (x, y) is a fixed point, then 
T(x, y) = (x, y) = (=x, y) which implies that x = 0. 27. Find the image of each vertex under T(x, у) = (y, x). 


So the set of fixed points is {(0, 7) : t € R}. т(0, i = (0,0), 7(1,0) = (0,1) 


17. The reflection in the line у = x is given by T(1,1) = 1,1, 7(0,1) = (1, 0) 
T(x, у) = (у, x). If (x, y) is a fixed point, then 


T(x, y) = (x, у) = (y, x) which implies that x = y. (0, 3) (1,3) 
So, the set of fixed points is {(t, ):te R}. 
19. A vertical contraction has the standard matrix (k < 1) 
0,0 
ius ovf Jao 
0 kf 


A fixed point of T satisfies the equation 29. Find the image of each vertex under 
1 0l v v T(x, y) = (x + 2y, y). 
T(v) = = = = у. 
0 kilo] ii] iv T(0,0) = (0,0, _ r(LO)- (1, 0), 
So, the set of fixed points is {(r, 0) : t is a real number]. T(L1) = (3.1), Т(0,1) = (2.1) 
y 
A 
21. A horizontal shear has the form T(x, y) = (x + ky, y). 2-- 
If (x, y) is a fixed point, then Q,D 6,1 


T(x, y) = (x, y) = (x + ky, y) which implies that 
y = 0.So, the set of fixed points is Kt, 0):te R}. 1 2 3 i 
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31. Find the image of each vertex under T(x, у) = (—х, у). 


T(0,0 = (0,0, 7(1,0) = (-1,0), 


T(1,2) = (-1,2),  T(0,2) = (0,2) 
у 
(—1, 2) 2 
1 
(-I, 0) 
| > Х 
=2 =1 


33. Find the image of each vertex under T(x, у) = B ») 


T(1,0) = G o} 


T(0,0) = (0, 0), с 


raa) = (52) т(0,2) = (0,2) 


35. Find the image of each vertex under T(x, у) = (х, 6y). 
T(0, 0) = (0,0), 
T(1, 2) = (1,12), 

» 


Т(1, 0) = (1, 0), 
T(0,2) = (0,12) 


(1, 12) 


37. Find the image of each vertex under 
T(x, у) = (х+у,у). 


Т(0, 0) = (0,0), Т(1,0) = (1,0), 
2 


T(1,2) = (3,2), T(0,2) = (2,2) 
К 
А 
3-4 

(2,2) (3,2) 
2- 
ie 

cr 
1 2 3 


39. Find the image of each vertex under T (x, у) = (x, = y). 
(a) T(0,0) = (0,0), 
T(3,6) = (3, -6), 
T(6,0) = (6,0) 


y 
А 


2 epe 
(0, 0) (6. 0) 


r(i,2) = (1-2), 
T(5,2) = (5,2), 


—2- 
ü,-2T 


41. Find the image of each vertex under 
T(x, y) = (x + yy) 
(a) 7(0,0) = (0,0), — 7(.2) = (3,2). 
T(3, 6) = (9, 6), 
T(6, 0) = (6, 0) 


T(6,6) = (12,6), — T(6,0) = (6,0 


^ 
(0,0)] 2 4 6 8 1012 
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43. Find the image of each vertex under 
T(x, у) = (2x, ty), 


(a 7(0,0) = (0,0),  T(1,2) = (2.1) 
T(3, 6) = (6,3), Т(5, 2) = (10, 1), 
T(6,0) = (12, 0) 

К; 
4 
34 
2 
1 


(b) T 
T 
5 "n 
0.3 (12, 3) 
2 
: (12, 0) 


2 4 6 8 10 12 


45. The linear transformation defined by A is a horizontal 


expansion. 


47. The linear transformation defined by A is a horizontal 


shear. 


49. 
the x-axis followed by a vertical expansion. 


51. Because 


represents a vertical shear and 


КІ 


represents a horizontal expansion, A is а vertical shear 
followed by a horizontal expansion. 


61. Using the matrix obtained in Exercise 57, you find 


1 0 0 1 

ЕЕ р (1- v3) 
Т@,1,1) = 75 5 as 2 | 

o3. 10 [pre v3) 
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231 


53. The images of the given vectors are as follows. 


55. 


The linear transformation defined by A is a reflection in 


vp J 
wp 
sob Д-ка 


The two triangles are shown in the following figure. 


rm 


(4, 6) 


B lp 
cos 30° -sin30? 0 2 r 

А = | sin30° соѕ 30° 0| = Е УЗ 0. 
2 2 

0 0 1 0 0 1 


1 0 0 
1 -0 0 P і ЕА 
А = |0 cos120? іп 120° | = 2 92. 
0 50 120° соѕ 120° { J3 1 
Low. B 
59. Using the matrix obtained in Exercise 55, 
B 1 (v3 -1) 
DUE Bm 5 
2 2 1 
1+ 53 
туе |2 “3 | | ) 
2. .2 2 
o o 1 | 1 
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63. The indicated tetrahedron is produced by a 90° rotation about the x-axis. 
65. The indicated tetrahedron is produced by a 180° rotation about the y-axis. 


67. The indicated tetrahedron is produced by a 90° rotation about the z-axis. 


0 0 11110 0 0 1 0 
69. The matrixis| 0 1 0110 0 -1|2/|0 0 -1. 
-1 00/0 1 0 -1 0 0 


T(1,1,1) = (1-1, -1) 


М2 32 , 
cos 45° -sin45? 0 2 2 
71. A rotation of 45° about the z-axis is given by А = | sin 45° соѕ 45° O0 = 5 /2 
SES. KNEE, 1) 
0 0 1 2 2 
0 0 1 
1 0 0 
1 0 0 r J2 J2 
while a rotation of 135? about the x-axis is given by 4, = |0 соѕ 135° -sin 135° | = О 23 
0 sinl35? cos135? б x/2.:. x2 
PI 
So, the desired matrix is 
o quang EE e 
LU EE a 
Qum aad ПЕ vV 
cH 2 2x2 М? y7|7 727237 
2 2 
0 у? RA 1 Ia afd 
2 2 |10 0 1 = y LINES 
D» E X 
The image of (1, 1, 1) is obtained by computing 
[V2 v2 || 0 
2 2. 
1 у, 
1 1 Ale | | 
1| = 2 к 
2 2 2 à 
D. SL xm s AN 
2 ж 72 2 


Review Exercises for Chapter 6 


1. (a) Т(у) = T(2, 3) = (2, -4) 
(b) The preimage of w is given by solving the equation 
T(v, v4) = (v, у + 2v2) = (4,12). 
The resulting system of linear equations 
у = 4 
v + 2v, = 12 


has the solution у = v) = 4. So, the preimage of w is (4, 4). 
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11. 


13. 


15. 
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(а) T(v) = T(-3, 2,5) = (0, -1, 7). 
(b) The preimage of w is given by solving the equation Т(у, v, vj) = (0, v, vj, v; + v3) = (0, 2, 5). 
The resulting system of linear equations has the solution of the form у = t — 3, v, = 5 — t, v, = t, where tis any real 


number. So, the preimage of w is {(1 — 3,5 – t,t) : t e А). 


. (a) T(v) = T(2,-3) = (—1,5,—5). 


(b) The preimage of w is given by solving the equation Т(у, э) = (v, + vj, v — v2, 2v + 3v2) = (1, -3, 4). 
The resulting system of linear equations 


Wt*vz-l 


м = У = —3 
2w + 3у = 4 
has the solution у = –1 and v, = 2. So, the preimage of w is (—1, 2). 


. T does not preserve addition or scalar multiplication, so T is not a linear transformation. A counterexample is 


T(1,0) + T(0,1) = (1,3) + (0,0) = (1,3) # T(2,2) = (2.4). 


. T preserves addition. 


T(x, xj) T Т(у, у») = (x + 2x), -x, = xj) + b + 2y2,-y — y) 
= (x + 2x. + у + 2y, =X% -X = WM — y) 
= (£7 + ») + 2(х› t 2 " t yı) (x2 + »)) 


T(x + у, 0 + у») 

T preserves scalar multiplication. 

cT(x,, xj) = с(х + 2x3, = — о) = (ex, + 2(сх›), ex, — Cx) = T(ex, сх) 
So, Tis a linear transformation with standard matrix A = | : | 
T preserves addition. 
T(x yi) + Т(х›, у) = (3 = 2y, 2% = xi) + (x2 = 2y2, 292 — x2) 

x — 2y + x; = 2y, 2y, — X; + 2y, – 

(х + x2) 7 2n + у»), 208 + y2) — Оң + x2) 
= T(x + yx + y) 


T preserves scalar multiplication. 


cT(x, у) = e(x — 2y, 2y — x) = сх — 2cy, 2cy - cx = T(cx, су) 


] -2 
So, T is a linear transformation with standard matrix А = | | | 


T does not preserve addition or scalar multiplication, so T is not a linear transformation. A counterexample is 
T(1,0) + 7(0,1) = (1 h,k) + (h,1 + k) = (1 + 24,1 + 2k) + T(1 + h,1 + k) = T(L I). 


T does not preserve addition or scalar multiplication, so T is not a linear transformation. A counterexample is 
T(1,0, 0) + 7(0, 1,0) = (L2, 21) + (1, 2,0) = (2,4, -1) 
+ T(1,1,0) = (2,2,-1). 
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17. 


19. 


21. 


23. 


Chapter 6 Linear Transformations 


T preserves addition. 


T(x, y. zi) * Т(х, 0,22) = (zi у.х) + (22,7, X3) 


= (z + 25,у + у), + xj) 


= T(x, + х,у + у, д + 2›) 


T preserves scalar multiplication. 


cT(x, y, z) = e(z, y, x) = (cz, cy, сх) = T(cx, cy, cz) 


So, T is a linear transformation with standard matrix 
00 1 

А= |0 1 Ol 
100 


Because (1, 1) = 4(2, 0) + 4(0, 3), 


T(1, 1) = 57 (2,0) + 47(0, 3) 


1(L1) + 4(3,3) = (3, 3. 


Because (0, 1) = 3(0, 3), 


T(0,1) = 47(0, 3) 


= 13,3) = (L1) 


Because (—7, 2) = 


3(4, -2) - 1(3,3), 


+7 (3, 3) 


T(-7,2) = -$T(4. -2) 
= -}(2,-2) - 473.3) 
= (-3,3) + (1,-1) 
= (-2, 2). 


(a) Because A is a 2 x 3 matrix, it maps R? into 
R? (п = 3,m = 2). 


(b) Because 7(у) = Av and 


6 
0 12 3 
Av = 1| = А 
-2 0 0 i —12 


it follows that T(6, 1,1) = (3, -12). 


(c) The preimage of w is given by the solution to the 
equation 


Т(у, У, V3) =w= (3, 5). 

The equivalent system of linear equations 
y; + m = 3 

—2y, =5 

has the solution 


[3 3 — 2t, t) : tis areal number}. 


25. 


27. 


29. 


(a) Because A is a 3 x 3 matrix, it maps R? into 
К, (п = 3, т = 3). 
(b) Because 7(у) = Av and 


11172] [2 
Av=|0 1 1| 1|=|—4, 
0 0 14-5 —5 


it follows that Т(2,1,—5) = (-2, -4, –5). 


(c) The preimage of w = (6, 4, 2) is given by the 
solution to the equation 
Т(у, У), V3) = (6, 4, 2) = Ww. 
The equivalent system of linear equations has the 
solution v, = v = v, = 2. So, the preimage is 
(2, 2, 2). 


(a) Because A is a 3 x 2 matrix, it maps R’ into 
К, (п = 2, т = 3). 


(b) Because 7(у) = Av and 
4 0 8 
2 
Av = 10 5| |= 10| 
2 
1 1 4 


it follows that 7(2, 2) = (8, 10, 4). 

(c) The preimage of w = (4, —5, 0) is given by the 
solution to the equation 
T(v, v) = (4, -5, 0) = W. 


The equivalent system of linear equations has the 
solution v, = land v, = —1.So, the preimage is 


(1, -1). 


The standard matrix for the 90° counterclockwise 
notation is 


ps cos 90? -sin 90° _ 0 -1 
2 (іп 90° cos90°] |1 Of 


Calculating the image of the three vertices, 


го -1[3]  [-5 
1 olsi | j| 
Го =ils] [-3 
п osi | 
[o -1]/3] [o 
1 olol H 


you have the following graph. 


y 


8 (0, 3) 
(-3, 5) a (3, 5) 
+ (5, 3) 
(5,3) 24s 
P+ He s 
-6-4-2,| (3,0) 6 
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31. (a) The standard matrix for T is 37. To find the kernel of T, row-reduce A. 
2 46 5 21 3 10 3 
A=|-l -2 2 0} 4А= |11 0| => |0 1-3 
0 08 4 01 -3 00 0 


Solving Av = 0 yields the solution (a) ker(T) = TER 34,2): 1 € R} 
{(-2s + 2t, s, t, —21) : s and t are real numbers]. 
So, ker(T) is {(-2,1, 0, 0), (2, 0, 1, -2)). (b) dim(ker(T)) = nullity(T) = 1 

(c) The range of T can be found by row-reducing the 


(b) Use Gauss-Jordan elimination to reduce A’ as 
transpose of A. 


follows. 
oe xs 10 4 2 1 0 1 0 -l 
A -2|11 1| |01 
r qi -2 0 0 1 $& 
А = > 5 3 0 -3 0 0 
6 8 0 0 0 
5 4 00 0 range(T) is span {(1, 0, —1), (0,1, 2) 
The nonzero row vectors form a basis for the range (d) dim(range(T ) = rank(T) = 2 
4 8 
of T,{(1, 0, 4), (o. 1, 5). 
39. rank(T) = dim А? – nullity(T) = 5-2 = 3 
33. (a) The standard matrix for T is 
100 41. nullity(7) = dim(P,) – rank(T) = 5-3 = 2 
А= 10 1 OL 
03 1 43. The standard matrix for T is 
А . А 10 0 
Solving Av = 0 yields the solution v = 0. So, 
ker(T) = {(0, 0, 0)} рым, 
MEA 0 0 -i 
(b) Because ker(T) is dimension 0, the range(T) must 
Therefore, 
be all of R°. 
P 0 0 100 
35. To find the kernel of 7, row-reduce A. 2-10 É 0о|=|0 1 0|=Һ 
1 2 1 0 
o 0 (| 1001 
А=|-1 0| > |0 I 
г 0 0 45. The standard matrix for T is 


(a) ker(T) = {(0, 0)} А = E css | Therefore, 


(b) dim(ker(T)) = nullity(7) = 0 sin@ cos 6 


(c) The range of T can be found by row-reducing the 


dis ie 30 -sin 4 
transpose of A. 
1 
| 0 i 
1 
Qi Ghee 


sin 30 соѕ 30 


ИА К -1 | 
2 01 
range(T) is span {(1. 0, 1), (0, 1, –1) 


(d) dim(range(T)) = rank(T) = 2 
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47. 


49. 


51. 


53. 


55. 


Chapter 6 Linear Transformations 


The standard matrices for T, and T, are 


1 0 
000 
A =/1 1 and А = ; 
0 10 
0 1 


The standard matrix for T = T; ° T, is 


1 
ооо 0 0 

A- АА = 1: 1|= 
11 


0 10 
1 
and the standard matrix for T” = T, o T; is 


0 0 
1 0. 
1 0 


The standard matrix for T is 


ET 


Because A is not invertible, T has no inverse. 


The standard matrix for T is 


ep 


A is invertible and its inverse is given by 


PN 
0-1 


(a) Because |А| = —6 # 0, кег(Т) = {(0, 0)} and the 
transformation is one-to-one. 


(b) Because the nullity of Tis 0, the rank of T equals the 
dimension of the domain and the transformation is 
onto. 


(c) The transformation is one-to-one and onto (an 
isomorphism) and is, therefore, invertible. 


(a) Because Т: R? — Р? and 
rank(T) < 2, nullity(T) > 1. So, T is not one-to-one. 
(b) Because rank(A) = 2, T is onto. 


(c) T'is not invertible (4 is not square). 


57. (a) The standard matrix for T is 


-1 0 
А= 10 1 
1 1 


“1 о [o 
T(v) = A(v) = | 0 INE 1| = (0,1,1). 
11 1 


(b) The image of each vector in В is as follows. 
T(1,1) = (-1, 1, 2) = (0,1, 0) + 2(0, 0,1) — (1,0, 0) 
Т(1,—1) = (-1, -1, 0) = -(0,1, 0) + 0(0, 0, 1) — (1, 0, 0) 


Therefore, 
[ra 1]; = [Ь2,-1] 
and 
[r(, -1)], = [4 0, -i] 
and 
1 -1 

А=12 0 

-1 -1 
Because 


the image of v under T relative to B’ is 


1-15 [i 
[r)], = 4v], =| 2 0 E e 
-1 -Ц 2 0 


80, 
Т(у) = (0,1, 0) + (0,0,1) + 0(1,0, 0) = (0,1,1). 


59. The standard matrix for T is 


EN 


The transformation matrix from B’ to the standard basis 


В = {(1, 0), (0, 1)} is 


The matrix A’ for T relative to B’ is 


1 1 
PENES 1 -3 Lap op =] 
i l|-1 11-1 1 1 -l 


Because 4’ = Р! АР, it follows that A and A’ are 


similar. 
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61. Since 4’ = P'AP 


Aand J’ are similar. 
63. (a) Because Т(у) = T(x, у, 2) = projyv where и = (0,1, 2), 
T(v) = r=, 1,2). 


So, 
T(1, 0, 0) = (0,0, 0), T(0, 1, 0) = (0, 1, 2), 7(0, 0, 1) = (0, 2, 4) 


and the standard matrix for T is 


000 
A=|0 1 2| 
ZI 
(b S = I – A satisfies S(u) = 0.Letting w, = (1,0,0) and w, = (0,2, —1) be two vectors orthogonal to и, 
100 
projy,V = —(1, 0, 0) > P=|0 0 0 
0 0 
0 0 0 
proj, v = 2 — (0, 2, -1) B-0 4 -2| 
02 4 
So, 
1 0 0 
S-I-A-|0 4 -i-Bh«B 
0-2 d 


verifying that S(v) — proja,v + proj,, v. 


(c) The kernel of T has basis {(1, 0, 0), (0, 2, –1)}, which is precisely the column space of 5. 
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65. S + T preserves addition. 


69. 


71. 


(S + T) (v + w) = S(v + w) + T(v +w) 
= S(v) + S(w) + T(v) + T(w) 
= S(v) + T(v) + S(w) + T(w) 


= (8 + Т)у + (5 + T)(w) 


S + T preserves scalar multiplication. 
(S + T) (cv) = S(cv) + T(cv) 

cS(v) + cT(v) 
c(S(v) + T(v)) 

c(S + T)(v) 


kT preserves addition. 
(kT) (v + w) = kT(v + w) = k(T(v) + T(w)) 
= KT(v) + kT(w) 
= (KT) (у) + (kT) (w) 
КТ preserves scalar multiplication. 
(КТ) (cv) = kT(cv) = кєТ(у) = ckT(v) = с(КТ) (v). 


(a) T preserves addition. 


| (ao + ах + ax? + asx’) + (b, + bx + bx’ + Б) 


67. If S, Тапа 5 + Т are written as matrices, the number of 


linearly independent columns in S + T cannot exceed 
the number of linearly independent columns in S plus the 
number of linearly independent columns in 7, because 
the columns in S + Т are created by summing columns 
in S and T. 


- T| (as + by) + (а + b)x + (a; + b)? + (a3 + bj)? | 


= (dy + bo) + (а + bi) + (as + by) + (a + bs) 


= (ay + a + ay + az) + (bọ + bi + by + bs) 


== Т(а, + ах + ax’ + asx’) + T(b + bx + Бх? + b,x’) 


T preserves scalar multiplication. 


T(c(a + ах + ax? + ax) - T(cay + сах + сах? + сау?) 


Cay + сау + ca, + саз = с(а + а + а + а) = cT(a, + ах + ax? + ау) 


(b) Because the range of Tis R, rank(T) = 1.So, nullity(7) = 4-1 = 3. 


с) A basis for the kernel of Tis obtained by solving Т(ау + ax + ax? + азё) = ag + a, + a + а; = 0. 
y 8 


Letting a; = t, a = s,a, = r be the free variables, ay = —t — s — r and a basis is { 1+х?,—1+х?,—1+ х}. 


Let В be a basis for V and let [vo]; = [a 25, ..., a, 
where atleast one a; + Ofor i = 1,..., n. Then for 
[v]; = Iv, Voy ..., v] you have 


[rov]; = (v, Vo) = AV, + AW + VV. 
The matrix for T relative to B is then 


А= [а а, + a] 


Because A’ row-reduces to one nonzero row, the range 
of Tis [t:t € R} = R. So, the rank of T is 1 and 


nullity(T) = n — 1. Finally, ker(T) = {v : (v, vo) = 0]. 


73. Although they are not the same, they have the same 


dimension (4) and are isomorphic. 


75. (a) Tis a vertical expansion. 


(b > 
А „© 20) 
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77. (a) Tis a vertical shear. 
y 
© ^, a (yy 43x) 


a 
| > (x, y) МӨ 


79. (a) Т1з a horizontal shear. 


(0) » 


(x, y) 


(x + 5y, y) 
e- D» T ® 


81. The image of each vertex is 
Т(0, 0) = (0,0), Т(1, 0) = (1,0), 7(0,1) = (0, -1). 


y 


(1,0) 
x 


83. The image of each vertex is 


T(0, 0) = (0, 0), T(1, 0) = (1, 0), and 7(0,1) = (3,1). 
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87. 
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The transformation is a reflection in the line y = x 


12 0 
followed by a horizontal expansion | a | 


A rotation of 45° about the z-axis is given by 
V2 Ly 
2 2 
cos45? -sin45? 0 
| 2 V2 
А = | sin 45° соѕ 45° 0} =|— — 
2 2 
0 0 1 0 0 1 
Because 
№ _N2 4 
2 2 
1 af 2. 
2 2 
Ау = V2 М ol -1| = 0 
2 2 
o 4 L^ : 
the image of (1, —1, 1) is (V2, 0, 1). 
A rotation of 60° about the x-axis is given by 
1 0 0 L И 0 
| 1 4X3 
А = |0 cos60° -sin60?| = |0 2 | 
0 sin60° cos 60? 
МЗ 1 
g. AN c 
L 2 2 
Because 
1 0 0] [1 
NE c 1 Dow 
0 EE ыы 
Ау = 2 2 -=| 2 2% 
o ILU Ji 8 
2 2 L2 2 
the image of (1, —1, 1) is} 1, l v3 l zi 
2 2.2 2 


240 Chapter 6 Linear Transformations 


91. A rotation of 60° about the x-axis has the standard matrix 93. A rotation of 30° about the y-axis has the standard matrix 
[1 0 0 WE 1 
oe 9 1 43 соѕ 30° 0 sin 30° EN 0 2 
0 cos60? -sin 60°} = |0 aera 0 1 0 Е 0 1 ol, 
0500” “ees 00 б J3 1 —sin 30° 0 соѕ 30° 1 NE 
|^ 3 3 Eo eum 
while a rotation of 30? about the z-axis has the standard while a rotation of 45? about the z-axis has the standard 
matrix matrix 
[B Я - 
| NL = 0 V2 v2 
30? -sin 30° 0 DAD 
SoS ia 2 2 cos 45° -sin 45° 0 2 2 9 
in 30? 30° Oj = , 
a Es 1 Уз 0 sin 45° соѕ 45° 0|=|,/; 4/02 б 
0 0 1 es чое 
| 7 | 0 0 1 2 2. 
- 0 0 1 
So, the pair of rotations is given by 7 
Жа 1 3 So, the pair of rotations is given by 
1 0 0 GU SENSO шыт E A 
Мз d 0 2 4 4 J3 48 13 1 v6 X42 V2 
2 2 1 3 B 0 0 4 2 4 
i v3 |9 25 |= 1x3 3| 2 2 2 2 
кайы с 2 4 4 КС. oU eme x2 AA 
2 2 V3 1 J5 Bem oce) 4 2 4 
ELS ML E -—9X |1 V3 
0 0 |! 2 2 -—- 0 — 
2 2 j| 
95. The standard matrix for T is 
М? _М? o 
cos 45° -sin45? 0 2 23 
ѕіп 4527 соѕ 45° 0|= |. 2 ét 
0 0 BE #2: 
0 0 1 


Therefore, Tis given by 


oe (22, 42, V2, N2, 2 


, 


2 2 5 2 2 
The image of each vertex is as follows. 
T(0, 0, 0) = (0, 0, 0) 


T(1, 0, 0) = [2 2 o) 
Т(1,1, 0) = (0, V2, 0) 
T(0,1, 0) = -3 =. o) 
T(0, 0, 1) = (0, 0, 1) 
T(,0,1) = Y NE ) 
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97. The standard matrix for T is 


1 0 0 
1 0 0 
MOON DECEM, 
0 cos30? -sin 30°} = 2 2 
0 sin30? соѕ 30° ^ ES 
2c "EX 
Therefore, Т 15 given by 
T(x, y, z) = Ё RE 22 Li МЗ, 
, У, , 2 y 2 ¥ "ТА T 2 ] 


The image of each vertex is as follows. 
T(0, 0, 0) = (0, 0, 0) 
T(1, 0, 0) = (1, 0, 0) 


T(1,1, 0) = |1, Уз 1) 
272 

T(0,1,0) = | 0, RE 1) 
272 

Т(0, 0,1) = 0-5; 58) 


2 
T(,0,1) = |1, а 


Т(0,1,1) = |0, 


E 
nans (28-118 
V3 
2 


99. (a) False. See “Elementary Matrices for Linear 
Transformations in the Plane,” page 336. 


(b) True. See “Elementary Matrices for Linear 
Transformations in the Plane,” page 336. 
101. (a) False. See first “Remark,” page 300. 
(b) False. See Theorem 6.7, page 316. 


(c) True. See discussion following Example 5, page 333. 
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CHAPTER 7 
Eigenvalues and Eigenvectors 


Section 7.1 Eigenvalues and Eigenvectors 


[2 ol 2 1 11. (a) Because 
1. 4x75 jlo|^ |=2 |= Ах -1 -1 p 8 2 
ү [2 оо 0 jJ? Ж, Ах=|-2 0 -2||-4] =|-16] = 4-4 
Xx, = = = — = x 
2 lo —2[1 2 1 2 3 -3 116 24 6 
Н ER x is an eigenvector of A (with a corresponding 
2 3 IJI 2 1 eigenvalue 4). 
3. Ax, = |0 -1 2 |0 | = |0 | = 210 | = Ax, (b) Because 
[o о 34/0 0 0 [-1 -1 1/2 4 2 
[2 3 TI -1 1 Ax =|-2 0 210 | =|-16 | # Д0 
Ax, =|0 -1 2//-1] =] 1| =-l/-1 | = Ах, | 3 3 16 12 6 
| 0 0 34, 0 0 0 x is not an eigenvector of A. 
[2 3 15 15 5 (c) Because 
Ах, =|0 -1 21|=|3|=3|1 | = Ax, [-1 -1 1512 -4 2 
0 0 3]2 6 2 Ax =/—2 0 2 |2 |= |-4 |= 22 
: | 399 1510 0 0 
1 0 |1 1 1 : І : : 
x is an eigenvector of A (with a corresponding 
5. Ax, = |0 0 1 1 = |1 = ЦІ = АХ, eigenvalue —2). 
1 0 OJI 1 1 (d) Because 
" -1 -1 1-1 2 -1 
c 2c c 
7. (a) Alex) =| |! НЕЕ Ax 212 0 -2|| 01 =| 0 2-210 
Y 3 -3 11 -2 1 
2 O70 0 : А ; А 
(b) Alex) = = = —2(cx;) х is an eigenvector of A (with a corresponding 
0 -2 Ile -2c eigenvalue —2). 
9. (a) Because 13. Geometrically, multiplying a vector in R? by A 
7 2]1|] fil] 1 corresponds to a reflection in the x-axis. 
Ах = = + A 
12 4 |12] HOJ 2 1 olx х 
х is not an eigenvector of A. 0 —1||у Е -=y 
(b) Berane "PUER The only vectors reflected onto scalar multiples of 
des 7 2\2 E 16 -8g 2 themselves are those lying on the x-axis or the y-axis. 
i2 411) L8] 1 1 Oj|x x x 
x is an eigenvector of A (with a corresponding E ‘le = H = IM 


eigenvalue 8). 


(c) Because [ M - | " = M 
7 21 1! 3 1 аа: 2 


СЕЕ ї M = E = M So, the eigenvalues are 4, = Land A, = –1, and the 
x is an eigenvector of A (with a corresponding corresponding eigenspaces are the x-axis and the y-axis. 


eigenvalue 3). 
(d) Because 


же ilti] Tol 


x is not an eigenvector of A. 
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A-6 3 


= 12-74 = А1 - 7) = 0. 
2 4-1 


15. (a) The characteristic equation is | AL – A| = | 


(b) The eigenvalues are 2, = Oand 4, = 7. 


ээр AEE ENE 
2 A — 1| x 0 0 ojx] [0] 


The solution is {(t, 27) :г € R}. So, an eigenvector corresponding to A, = O is (1, 2). 


ЮРАНЫН 
For A, = 7, = > =| | 
2 %-1|%»| |0| lo olx] [ol 


The solution is {(-3¢, ):te R}. So, an eigenvector corresponding to 2, = 7 is (—3, 1). 


А-1 -2 


ene = (2-1) -4=(A+1)4-3) = 0. 


17. (а) The characteristic equation is |AJ — A| = 


(b) The eigenvalues аге 4, = –1 and A, = 3. 


pane con ^ =] =å% IM - А = p ule _ H 
-2 A-lj» 0| 0 Off x, 0 


The solution is {(—t,t):t € R}. So, an eigenvector corresponding to 4, = –11 (—1,1). 


Ss c ss ipei 


The solution is Kt. t) A R}. So, an eigenvector corresponding to 4, = 3 is (1, 1). 


3 
19. (a) The characteristic equation is | AI Е A| = ped : 


l mc 
zand A, = —5. 


F Bl b SEI 


The solution is {(3¢, t) {ТЄ R}. So, an eigenvector corresponding to 2, = lis (3, 1). 


c УЕЙ 


The solution is {(t, t) :te R}. So, an eigenvector corresponding to 4, = -i is (1, 1). 


(b) The eigenvalues аге 4, 


œ 
| 
= 
njw 
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A-2 2 -3 
21. (a) The characteristic equation is |А - 4|-| 0 4-3 2 |-(A-2)(A-4)(A-1)- 0. 
0 1 A-2 
(b) The eigenvalues are 4, = 1, 4, = 2,and А = 4. 
A-2 2 -3 |x, 0 -4 2 -3|[» 0 
Fo 4=1,| 0 4-3 2 | 2021|0 2|»x|-|o| 
0 i^ Ae] o 1 alal |0 


The solution is {(—t, t, t) : £ € R}. So, an eigenvector corresponding to 4, = 118 (-1, 1, 1). 


À-2 2 -3 Wx, 0 0 2 -3][x 0 
ForÀ22,.| 0 4-3 2 |х|=|0|5 {0 -1 2||х|=|0| 
0 1 A -= 2| x, 0 0 1 ofj% 0 


The solution is {(t, 0,0): te R}. So, an eigenvector corresponding to 2, = 2 is (1, 0, 0). 


diede 2 =з |a] [o 22 -3|[»] р 
For 4,=4,; 0 4-3 2 |5 |= |015 |0 1 22|, |= (0 
0 1 %-2|%| |0 0 1 2]%| |0 


The solution is {(77, —4t, 2f) : t € R}. So, an eigenvector corresponding to A, = 418 (7, —4, 2). 


4-1 -2 2 
23. (a) The characteristic equation is | AI - A| =| 2 4-5 2 |= 2-31? – 94 + 27 =(A4+3)(A- 3y = 0. 
6 6 4+3 


(b) The eigenvalues are 4, = —3and A, = 3 (repeated). 


A-1 -2 2 Wx 0 Га 2 2] 0 
For 4 = -3,| 2 A-5 2 |x|[-2/02|2 -8 21|, | = |0) 
6 -6 А+ 3х, 0 -6 Ol] x, 0 


The solution is (7, t, 3r) : t € R}. So, an eigenvector corresponding to 2, = -3 is (1, 1, 3). 


Aes «e 2 Tx) [o 2 -2 2x] [0 
For A, = 3,| 2 4-5 2 љ|= |015 |2 –2 2% | = |0. 
6 6 A-*3|x| |0 6 6 6|x| |0 


The solution is {(s — 1,85, t) 15, E R}. So, two eigenvector corresponding to 4, = 3 are (1, 1, 0) апа (1, 0, —1). 
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25. (a) 


(b) 


27. (a) 


(b) 


The characteristic equation is 
A 3 —5 
là -4|24 2-4 10 |= (4 - A(4? - 44-12) = (A - 4(4 - 6) (4 + 2) = 0. 
0 0 A-4 
The eigenvalues аге 4, = 4, 4, 2 6and = — 
A 3 -5 lx] To 20 Six] fo 
For 4=414 4-4 10 |х|=[0|5 |0 1 -5|x,| 210. 
0 0 А-4|х,| |0 оо Ollxs| |0 


The solution is {(5t, -10t,-2t): te R}. So, an eigenvector corresponding to 4, = 415 (5, —10, –2). 


A 3 -5 x] [o 2 
For 4, 26|4 4-4 10 |x|-2|0|2/|0 0 11|, | = [0 
0 0 A-4llx,} |0 0 


The solution is Kt, —2t,0): te R}. So, an eigenvector corresponding to 2, = 6is (1, —2, 0). 


A 3 -5 |a] [o 2 -3 olx] fo 
For А =-2,/4 4-4 10 |x|2)0|2|0 0 1|х]=|0| 
O° 0 Bae) |0 0 0 0|x| lo 


The solution is (au. 21,0) : t€ R}. So, an eigenvector corresponding to 2, = —2 is (3, 2, 0). 


The characteristic equation is 


4-2 0 0 
0 4-2 0 0 
|А - A| = = (4 - 2 (a? - 32-4) 
0 0 A-3 -l 
0 0 -4 A 


= (A- 4A 414-2) = 
The eigenvalues are 4, = 4, 4, = -L and А = 2 (repeated). 


20 0 olx] р 100 Olfx] р 
02 0 ох 0 0 10 о| х 0 
For A, = 4, НЕ > ? 2| 
00 1-1|x| lo 0 0 1 -I|x| |0 
00-4 4[|x| |0 ооо olx] lo 


The solution is {(0, 0, t, t) te R}. So, an eigenvector corresponding to 4, = 415 (0, 0,1, 1). 


-3 0 0 Ol» 0 10 0 Ol 0 
-3 0 Ollx 0 0 10 olx 0 

For A, = -1, НЕ > MESI 
0 0 -4 -I|x 0 0 0 1 |> 0 

0 0 -4 -I 0 0 0 0 olx 0 


The solution is {(0, 0,5,—40) : te б: So, an eigenvector corresponding to 2, = —1 is (0,0,1,—4). 


оо о Ox) [o] [oo 1 opa] fo 
0.0 0 Olx 0 000 1|х 0 
For 4 = 2, 4 > rd 
oo =a -1|х| lo ооо olx] lo 
0 0 -4 2|x| |0 ооо olx] lo 
The solution is {(s, t,0,0) : s,t € R}.S o, two eigenvectors corresponding to 44 = 2 аге (1, 0, 0, 0) and (0, 1, 0, 0). 
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29. Using a graphing utility: 2 = —2,1 37. Using a graphing utility: 2 = 0, 0, 0, 21 
31. Using a graphing utility: 2 = — 39. Using a graphing utility: 2 = 0, 0, 3,3 


33. Using a graphing utility: 2 = —1, 4, 4 41. The eigenvalues are the entries on the main diagonal, 2, 


3, and 1. 
35. Using a graphing utility: 2 = 4, 17 => 385 43. Eo. raises A the entries on the main diagonal, 
—6, 5, —4, and —4. 


О m 42; . 5 ; 
45. (a) The characteristic equation is |47 — A| = ШЕ И" = 4®-74+12 =(4—3)(4—- 4). 
The eigenvalues are 4, = Запа 4, = 4. 
1 2{[х] [o] [1 2]|[x] To] 
(b) For 4, = 3, - = = 
-] —2]һх›| 0 | |0 0] x, | | 9 | 
The solution is {(-20, D):te R}. So, a basis for the eigenspace is B, = {(-2, 1}. 
2 2151 fo] [1 Ix] fo] 
For A, = 4, = > = А 
-] = | 0 | |0 ojx | [0] 


The solution is {(t, —f) : t € R}. So, a basis for the eigenspace is B, = {(1, —1)}. 


RIEN: 
©) “10 4 


47. (a) The characteristic equation is | AL -= A| 


4 -2 1 

1 4-3 ч |=(4+1(% -34+ 2) 
0 0 4+1 

(A +1)(4 —1)(4- 2). 


The eigenvalues аге 4, = -1, 4; = land 4, = 2. 


-1 -2 fx] To 10 5] [0 
(b For A = -4| 1 -4 - |1 2/0] 2 |0 1 00| | = 10| 
0 0 olx] lo оо olsi |0 


The solution is Kt, 0, t) {ТЄ R}. So, a basis for the eigenspace is B, = {(1, 0, 1)}. 


1-2 Ix 0 -2 Ol[ x 
For 4 =1,|1 -2 -1|x/2/0| > |0 1 || x, | = 
0 0 2115 0 0 | x3 


The solution is {(2¢, t,0):te R}. So, a basis for the eigenspace is B, = {(2, 1, 0)}. 


2 -2 1x] [0 1 -1 о 
For A, = 2,| 1 -1 -1||х|=|0|= |0 Ix] = 
0 о 3|x| |0 0| x; 
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49. The characteristic equation 15 
A-5 0 
7 4-3 


Ш - А|= = Д2 – 84 +15 = 0. 


Because 


к 5 0р 5 0 1 0 25 0 40 0 15 0 0 0 
A —8A4 +151 = -8 +15 = - + = ; 
-7 3 -7 3 0 1 -32 9 —32 24 0 15 0 0 
the theorem holds for this matrix. 
51. The characteristic equation is 


A-1 0 4 
|М-А|=| 0 2-3 -1 |= 2 -5% «154-27 = 0. 


Because 
r 3 2 
10 -4 10-4 10 -4 100 
4-54 +154 - 271 210 3 1| -50 3 1| «150 3 1|-270 1 0 
20 | 20 | 20 1 0 0 1 
—23 0 20 -7 0 -8 1 0 -4 27 0 0 
=| 10 27 51-52 9 4|+150 3 1|- 027 0 
-10 0 -23 4 0 -7 20 | 0 0 27 
оо 
= 10 0 
0 0 


the theorem holds for this matrix. 


53. For the n x n matrix A = [ a; |, the sum of the diagonal entries, or the trace, of A is given by Уа. 


i=l 


Exercise 15: 4 = 0,4, = 7 


2 
(a) YA 2 Ei 
i=l i=l 


6 -3 


(b) ELI 109997 4.2 


Exercise 17: 4, = –1, 4 = 3 


2 2 
(a) YA =2 =ў ау 
i=l i=l 


1 2 
olde 1-2 = C00) А-А 
Exercise 19: 4 = 1% = -1 
2 2 
(a) YA = 0 =) a; 
i=l i=l 
1 -2 
а=. *---i 403-24: 
2 
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55. 


57. 


Exercise 21: 4 = 1,4, = 2,4, = 4 


3 3 
(a) YA zu =) а 
i=l i=l 


2-2 3 
(b) |А|=|0 3 -2/=8=1-2-4=4-24-4 
0 -l 2 


Exercise 23: 4 = -3,4, = 3,4, = 3 


3 3 
(a) YA =3 =$ a; 
izl i=l 


12 2 


(b) |A[=|-2 5 -2|= -27 = 3-3-3=4-4,-4 


6 6 -3 
Exercise 25: 4 = 4,4, = 6,4, = 2 


3 3 
(a) YA -8 =$ a; 
i=l i=l 


0-3 5 
(b) |4| 2 |-4 
0 0 4 


Exercise 27: 4, = 4,4, = LÀ, = 2,44 = 2 


4 4 
(a) A =7= Ха 


2000 
0200 

(b) |4 = 08 = 16 = 4.-1.2.2= 4. А: 
0040 


Because the ith row of A is identical to the ith row of J, 
the ith row of A consists of zeros except for the main 
diagonal entry, which is 1. The ith row of AJ — A then 
consists of zeros except for the main diagonal entry, 
which is 4 — 1. Because 


det( А) = ET = адСд + aCi + + а, С, and 
j=l 

because each a,; equals zero except for the main 

diagonal entry, det(AJ — A) = (A — 


С 1s the cofactor determined for the main diagonal 


1)cim = 0 where 


entry for this row. So, 1 is an eigenvalue of A. 
If Ax = Ax,then А !Ах = A Ax and x = AA!x. So, 
Ax = n which shows that x is an eigenvector of 


A` with eigenvalue T The eigenvectors of A and А”! 


are the same. 


Section 7.1 


4 -10/= 48 = 4.6:(2) = A- A: А 


Eigenvalues апа Eigenvectors 249 


А, 


59. The characteristic polynomial of A is | AI — A |. The 
constant term of this polynomial (in A) is obtained by 
setting 2 = 0. 

So, the constant term is [07 — A| = |-4| = +| Al. 


61. Assume that А is a real matrix with eigenvalues 
А, Ay; ..., A, as its main diagonal entries. From Theorem 


7.3, the eigenvalues of A are 4, Ay, ..., 4,. So, A has real 


eigenvalues. Because the determinant of A is 
| A| = A, A,..., A, it follows that A is nonsingular if 


and only if each A is nonzero. 
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63. 


65. 


67. 


69. 


71. 


73. 


Chapter 7 Eigenvalues and Eigenvectors 


Let 4, be an eigenvalue of an n x n matrix A, and the dimension of the corresponding eigenspace be k. Then there are k 
linearly independent eigenvectors uj, wu», ... , и; corresponding to 4. This set can be extended to form a basis for 
R”, B’ = {щ, Uz, S Мк, Heap sees и, }. Since A represents a linear transformation from R” to А", the matrix A’ can be found 


relative to the basis B’. This matrix has the form 


[4 0 0 + 0 йкы) An 
0 4 05 0 a c ам 
0.0 A 0 йкы) 77 Bn 
КЭ. cer fi : ; : 
0 0 0 A аш Gi 
0 0 0O > 0 ау) © uy, 
0 0 Q sem 0 Oe) = Ann 
because A’ maps the eigenvectors 1, из,..., Up onto Ашу, Au,,..., Au. Since Aand 4’ represent the same transformation, 


they have the same eigenvalues, and therefore the same characteristic equation. The polynomial | A - 4| has a factor of 


(A = AM from the first k columns that have 4; as the main diagonal entries and zeros elsewhere. So, the multiplicity of 4, is 


atleast k. 


The characteristic equation of A is 
А-а -b 


та = (4-а -0) 


=% – (a + d)À + ad = 0. 
Because the given eigenvalues indicate a characteristic equation of A(A — 1) = A? — A, 
A? – (a * d)À + ad =X - 4. 


So, a = Qand d = lor a = land d = 0. 


(a) False. x must be nonzero. 
(b) True. See Theorem 7.2, page 351. 


Substituting the value 4 = 3 yields the system 


A-3. 0 о |[x 0 0 0 olx 0 
0 A-3 о ||ж|=|о|= |0 0 01 = 0| 
0 o 4-3з||%| |0 0 0 0|x| |0 


So, 3 has three linearly independent eigenvectors and the dimension of the eigenspace is 3. 


Substituting the value 4 = 3 yields the system 

4-3 l ТИЕ 0 0 -1 olx 0 
0 A-3 -1]|»|2/02/|0 0 -1|х|=|0| 
0 0 4-3||х, 0 0 о olx 0 


So, 3 has one linearly independent eigenvector, and the dimension of the eigenspace is 1. 


Therefore, 4 = 1 is an eigenvalue. 
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75. The standard matrix for T is 


Section 7.2 Diagonalization 


77. The standard matrix for T is 


0 -3 5 10-1 1 
A=|-4 4 -10| 0 1 0 41 
оо 4 AT 6 2 2f 
The characteristic equation of A is 02 0 2 
A 3 —5 Because the standard matrix is the same as that in 
4 A-4 10 l= (A 4 2)(4 = 4\(4 _ 6) = 0. Exercise 39, you know the eigenvalues are 4, = 0 
0 0 А—4 and 4, = 3.So, two eigenvectors corresponding to 
A, = Oare 
The eigenvalues of A are 4, = —2, 4; = 4, and A, = 6. i i 
The corresponding eigenvectors are found by solving 
А, 3 -5 || do 0 x; = j and =x) = : 
4 A4-4 10 a |= (0 à е 


0 0 A; — 4 |а, 0 
for each Д,. Thus, 
р(х) = 3 + 2x, p(x) = —5 + 10x + 2x? and 


0 
p(x) = —1 + 2х аге eigenvectors corresponding to E st 
Ay, Ay, and А, : 


79. The possible eigenvalues of an idempotent matrix аге 0 and 1. Suppose Ax = Ax, where А? = A. Then 


Ах = Ax = Ax = A(Ax) = A(Ax) = Ax (4° - A)x = 0. 
Because x # 0,4 -4 =0 > 4 = 0,1. 
1 r] 
1 
81. Let x = | ||. Then Ах = = rx, 
1 r| 
which shows that r is an eigenvalue of A with eigenvector x. 
1 2] 
For example, let A = К 
3 0| 
1211 3 1 
Тһеп = = 3) |. 
3 0[1 3 1 
Section 7.2 Diagonalization 
È 1 -4|-11 36||-3 -4 -1 2|3 211 2 
1. (а) PAP = -1 a3 3 
@) | І | 3 | І | корта | 2 E EI 1 
3 3 
1 


ЕЁ - 


(b 42L4, 22 


| 
о 
о © 
LI 


(b д =-1, 4, = 2 
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2 -2 ili 1 оўо 1—3 7. The eigenvalues of A are 4, = 0, A, = 7 (see Exercise 15, 
3 3 = = 
5.() P'4P=| 0 1 010 з 0[|04 0 Section 7.1). The corresponding eigenvectors (1, 2) and 
: Б 4 
-1 1 oll 4 -2 512 2 (—3, 1) are used to form the columns of P. So, 
- 1 -3 I 
s күл 
=|0 3 0 2 1 -7 7 
(0 0 -1 and 
(bj А=5,4› = 3, 4 = -1 Sipe | EL XM 
1-2 11-2 12 uj [07 


9. The eigenvalues of A are 4, = 1, 4, = 2, A, = 4 (see Exercise 21, Section 7.1). The corresponding eigenvectors 
(-1, 1, 1), (1, 0, 0), (7, —4, 2) are used to form the columns of P. So, 


-l1 1 7 0 1 2 
P=|1 0 4 P mal 
1 2 0-1 4 
and 
o 4 22 -2 3-11 7 100 
P'AP=|1 $ -5|0 3 -2| 1 0 -4|= |02 0| 
0-1 tio -1 2|10 2 004 


11. The eigenvalues of A are 4, = —3and 4, = 3 (repeated) (see Exercise 23, Section 7.1). 


The corresponding eigenvectors (1, 1, 3), (1, 1, 0), and (1, 0, —1) are used to form the columns of P. So, 


1 1 1 
11 1 3 73 3 
= -2|.1 4 l 
Р= |11 0 Р а Е. 
3 0 -1 1 -1 0 
and 
1 1 1 = 
aie. Шу b62:92| 054. 3.00 
P'AP =|-} 4 -101-2 5 -2]1 1 0]-|03 0 
1 -1 057-66 33 0 -1 00 3 
13. The eigenvalues of A are A, = land A4, = 2. 19. The matrix has eigenvalues 2 = 1 (repeated) and 
Furthermore, there are just two linearly independent A, = 2.A basis for the eigenspace associated with 
eigenvectors of A, x, = (-1,0, 1) and x, = (0,1, 0). So, A = lis {(1, 0, 0)}. So, the matrix has only two linearly 


A is not diagonalizable. independent eigenvectors and, by Theorem 7.5 it is not 


| А diagonalizable. 
15. A has only one eigenvalue, 2 = 0, and a basis for the 
eigenspace is {(0, 1). So, A does not satisfy Theorem 7.5 21. From Exercise 39, Section 7.1, A has only three linearly 
independent eigenvectors. So, A does not satisfy 


(it does not have two linearly independent eigenvectors) Theorem 7.5 and is not diagonalizable. 


and is not diagonalizable. 
23. The eigenvalues of A are A, = 0 and 4, = 2. Because A 


. . : . has two distinct eigenvalues, it is diagonalizable (by 
basis for the eigenspace is {(1, 0)]. So, A does not satisfy Theorem 7.6) 


17. The matrix has a repeated eigenvalue of 4 = 7 anda 


Theorem 7.5 (it does not have two linearly independent 
eigenvectors) and it is not diagonalizable. 
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27. 


33. 


35. 


37. 
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The eigenvalues of A are 4 = Oand 4 = —2 (repeated). 29. The standard matrix for T is 
Because A does not have three distinct eigenvalues, 1 0 
Theorem 7.6 does not guarantee that А is diagonalizable. ae 12 
The standard matrix for T is which has eigenvalues A, = land A4, = 2 and 

1 1 corresponding eigenvectors —1 + x and x. Let 

С 1 В = {-1 tx, | and find the image of each vector in В. 
which has eigenvalues 2, = Oand A, = 2 and [Т( -l+x у] = —1+ x]; = (1,0) 
corresponding eigenvectors (1, —1) and (1, 1). Let [r (x )], = [2 1 (0, р, 
В = 41, –1), (1,1 а find the i f each vect І { Р 
: f А ) ЕОС ees EUER The matrix of T relative to B is then 
in B. 
К 1 0 
[Т@, —1)], = [(0, 0)], = (0, 0) Jo 2f 
[r(,3], = [(2,2)], = (0,2) 
— pl " -1 k _ ppk p-l 
The matrix of 7 relative to B is then e E РЛАР РВА a RE 
7 0 0 
А = М 
0 2 

The eigenvalues and corresponding eigenvectors of A аге Д = 2,4; = 1, ҳу = (-3, 1), and x, = (—2, 1). Construct a 


nonsingular matrix P from the eigenvectors of A, 


3 
palz = 
11 


and find a diagonal matrix В similar to A. 


2 4]10 18]/-2 -2 -2 0 
В = РАР = 2 = 
-2 31-6 -uj 1 1! 0 1 


PN EE EL 0| 2 4] [-188 -378 
Е |1 іо 11-2 =| | 26 253 


The eigenvalues and corresponding eigenvectors of A are Д = -1,2, = 0,4, = 2,x, = (2, 2, 3), х, = (1,1,1) 


and x; = (0,1, 0). Construct a nonsingular matrix P from the eigenvectors of A, 
210 

Р= |211 
310 


and find a diagonal matrix В similar to А. 


-1 0 12 0 2/|21 0 -1 0 0 
B=P"'AP=|3 0 -2/0 2 -2|2 1 1/=] 00 0 
-] 1 0130 -31/3 1 0 002 
Then, 
-1 0 0 2 0-2 
A = РВР! = P| 0 0 0О|Р! =|—30 32 -2 
0 0 32 3 0 -3 


(a) True. See the proof of Theorem 7.4, pages 360. 
(b) False. See Theorem 7.6, page 364. 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


254 Chapter 7 Eigenvalues and Eigenvectors 


00 1 00 1 
39. Yes, the matrices are similar. Let P = |0 1 0|— Р = |0 1 0 | and observe that 
10 0 10 0 
00 1/1 0 00 0 1 3 0 0 
P'AP=|0 1 0 2 0110 1 0|=|0 2 0|- B 
10 0 о 3/1 0 0 00 1 
2 0 0 5 0 0 7 0 0 
41. Yes. The matrix |0 5 0 |issimilarto |0 7 Ojand|0 2 0 
00 7 002 00 5 


43. Assume that А is diagonalizable with n real eigenvalues A,..., 4, Then if PAP = D,D is diagonal, 


A 0.. 0 
0 : 

[|А| = |Р!АР|= |. ^ o| Ae 
ü nac 04 


45. Let the eigenvalues of the diagonalizable matrix A be all +1. Then there exists an invertible matrix P such that 
P'AP = р 
where D is diagonal with +1 along the main diagonal. So 4 = РРР”! and because D'! = D, 


4" = (PDP-)' = (P?) D?P? = PDP^ = A. 


47. Given that P^! AP = D, where D is diagonal, 
-] ni 
А = PDP™ and А”! = (PDP™') = (P~) DIP = PDP") => рр = р"! 
which shows that 47! is diagonalizable. 


49. A is triangular so, the eigenvalues are simply the entries on the main diagonal. So, the only eigenvalue is 2 = 4, and a basis 
for the eigenspace is {(, 0)}. 
Because matrix A does not have two linearly independent eigenvectors, it does not satisfy Theorem 7.5 and it is not 


diagonalizable. 


Section 7.3 Symmetric Matrices and Orthogonal Diagonalization 


1. Because 
4 2 1] 431 
3 1 2| =#|-2 12 
1 2 1 12 1 


the matrix is not symmetric. 
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3. The characteristic equation of A is 


A 0 -a 
[1-А|=|0 A-a 0|-A(A-a)-a(A- a) = (2 + a(A -af = 0. 
—a 0 4 
The eigenvalues are 4 = —a and 4, = а. Ѕіпсе the eigenvalues are real, A is diagonalizable. The corresponding eigenvectors 
1 10 
аге (1, 0, —1) for A, and (1, 0, 1) and (0,1, 0) for 2,.S0, Р= | 0 0 1ļand 
-] 1 0 
4 0 -2[0 0 af 110 -a 0 0 
P'AP = |2 0 i Оа 0100 1/2 0 a 0, 
01 Offa 0 0[|-1 1 0 0 0a 


5. The characteristic equation of A is 

4-а 0 -а 

|1-А|=| 0 4-а 
-a 0 4-а 

The eigenvalues are 4, = 0, 4; = a, and 4, = 2a. Since the eigenvalues are real, A is diagonalizable. The corresponding 


eigenvectors are (1, 0, —1), (0, 1, 0), and (1, 0, 1), respectively. So, 


1 0 1 
Р=|0 1 Ojand 
-1 0 1 
4 0 -ila 0 all 10 1] роо 
P'AP=|0 1 0 010 10| = 0 a 0. 
1 1 
z 0 [1а a|-1. 0 1 0 0 2a 
7. The characteristic equation of A is 11. The characteristic equation of A is 
4-2 -l A -2 -2 
AI- А = = (A – 3)(4 - 1). 
| | -1 A-2 Ga |M - 4|=|-2 A = (A+ 2)'(A-4) =0. 
-2 -2 4 


The eigenvalues are 4 = Запа A, = 1.The dimension 


of the corresponding eigenspace of each eigenvalue is 1 
(by Theorem 7.7). 


9. The characteristic equation of A is 
A-3 0 0 


The eigenvalues of A are 4, = —2and A, = 4.The 
multiplicity of 4, = —2 is 2, so the dimension of the 


corresponding eigenspace is 2 (by Theorem 7.7). The 
dimension for the eigenspace corresponding to 4, = 4 


is 1. 
|ar- Al=| 0 4-2 O 
0 0 A-2 13. The characteristic equation of A is 
À-3YA-2y =0 i es 
To и Ж. |la-4|2-14 ч 
Therefore, the eigenvalues of А are 4, = 3 and 4, = 2. sop ay 


The dimension of the eigenspace corresponding 2, = 3 
is 1. The multiplicity of 2, = 2 is 2, so the dimension of 
the corresponding eigenspace is 2 (by Theorem 7.7). 


ll 


(A + (4? - 24-1) = 0. 
Therefore, the eigenvalues are 4, = —1, 2, = 1 – V2, 


and A, = 1 + /2. The dimension of the eigenspace 
corresponding to each eigenvalue is 1. 
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15. The characteristic equation of A is 
A-3 0 0 0 


|41 - A|= = (A + 2\(A - 3y (A - 8). 


0 0 -5 1-3 


The eigenvalues are 4, = —2, A, = 3,and 4, = 8. The dimensions of the corresponding eigenspaces аге 1, 2, and 1, 


respectively (by Theorem 7.7). 


17. The characteristic equation of A is 
A-2 1 0 
4-2 0 0 0 
ПЕРЕ 0 [= (2-12 – 3) - 2). 
A-2 0 
0 0 4-2 


> о оь н 


The eigenvalues are 4, = 1, 4, = 3, and A, = 2. The dimensions of the corresponding eigenspaces are 1, 1, and 3, 


respectively (by Theorem 7.7). 


V2 V2||V2 У 
19. Because PP! = 2 e : es 15, P” = Р апа Р is orthogonal. 

м6 32 |42 V2 

2 2, 2, 2 
Уу? Na 

Letting A = 2 апаР, = : produces p, · p, = Oand |р\| = A = 1. So, {p,, р} is an orthonormal set. 
EV v2 
2 2 


21. Because PP? = | 


—0.936 
= апа 
i 0.352 


So, (pi, p2} is an orthonormal set. 


1 0 
- , PT = P` and P is orthogonal. Letting 
0.352 —0.936 || —0.352. —0.936 0 1 

„| 0.352 


0.936 


0.936 —0.352 Al 0.936 ve 
i produces p, : p; = 0 and || = |p;| = 1. 


0 0 00 0 I 0 0 
23. Because PP = |0 1 00 1 0| = 1 0+2, 
[1 0 10 0 1 0 2 
P is not orthogonal. 
[2-2 1| 2 2 1 
3 3 313 3 3 
25. Because PP’ = 2 1 2 2 1 2 = h, РТ = Р апа Р is orthogonal. 
| mo 2] ur 2.0 
[з 3 3] 3 3 3 
2 22 1 
3 3 3 
Letting p, = |2, p; =| l|and р; = |-2 | produces 
1 2. 2 
3 3 3 


Di Po = Di ps = pos ps = Vand |р\| = |p| = |a| = 1.80, [pi р», ps} is an orthonormal set. 
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-4 0 31-4 0 3 25 0 0 
27. Because PP =| 0 10510 1 OJ =| 0 1 Oz 4, 
3 0 4| 3 0 4 0 0 25 


P is not orthogonal. 


V2 V6 V3 |502 4 № 
2 6 3 2 2 
6 
29. Because PP’ = | 0 Y УЗ V6 v6 Мб = h,Pl = P'and P is orthogonal. 
3 3 6 3 6 
V2 Vo BIB V3 43 
6 з |3 3 3 
ae 6 Iu 
| 6 3 
Letting p =| 0 р = ЕЯ and p, = E produces p, - р = py ps = po: рз = Oand 
v2 б 48 
A 6 3 


| Pi | = | Р› | = | Рз | = 1. So, in. р», рз} is an orthonormal set. 


1 go S77 1 go 7) |у оо 57 
8 8 8 8 32 
0 10 0 0 10 0 0 10 0 
31. Because РР? = = + ц, 
0 01 0 0 01 0 0 01 0 
347 оо NT оо 1 | 37,5 i 
8 8 18 8 32 J 
P is not orthogonal. 
33. The characteristic polynomial of A is 37. The characteristic polynomial of A is 
4-3 -3 - 
|ar - 4|- = A(4 - 6). т. 
-3 4-3 [Aar - 4|=|-У3 A 1\= A(A + 2)(A - 2). 
The eigenvalues are A, = Oand 4, = 6. Every 0 14 


eigenvector corresponding to 4, = 015 of the form The eigenvalues аге 4 = 0, = -2 and А, = 2. 


x; = (t, -t), and every eigenvector corresponding to 2 , : 
hs ) ту erg P 8 Every eigenvector corresponding to 4, = 0 15 of the 


= 61$ of the f = (s,s). 2 Я 
^ as onthe dort qoe А) form x, = (t, 0, 3t, every eigenvector corresponding 
Xj:X,— st—st-0 


to A, = -2 is of the form x, = ЕА 25, s), and 
So, x, and x, are orthogonal. 


every eigenvector corresponding to 4, = 2 is of the 
35. The matrix is diagonal, so the eigenvalues are 4, = 1 form x; = (- f3u, -2u и). 


and A, = 2.Every eigenvector corresponding to 4, — 1 


д0 =X x3 = хо» д = 0 


is of the form x, = (1, 2, 0), and every eigenvector 


corresponding to 4 = 2 is ofthe form x, = (0,0,5). So, {x1, ху, хз} is an orthogonal set. 


х0 = 0 39. The matrix is not symmetric, so it is not orthogonally 


So, x, and x, are orthogonal. diagonalizable. 


41. The matrix is symmetric, so it is orthogonally 
diagonalizable. 
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43. The eigenvalues of A are 4 = 0and A, = 2, with 
corresponding eigenvectors (1, –1) and (1, 1), 


respectively. 
Normalize each eigenvector to form the columns of 
P. Then 
V2 М? 
P= 2 2 
2 М 
2 2 
and 
[V2 v2 V2 М? 
ENE eee (n 5 
Е 2 | | 2 2 
«2 XA Hf E x 
22 2 2 2 
_ го о 
NE 


47. The eigenvalues of A are A, = —15 апа A, = 0, and A, = 15, with corresponding eigenvectors (—2, 1, 2), (-1, 2, 


45. The eigenvalues of A are A, = 0and A, = 3, with 
corresponding eigenvectors (2 J and (V2, 1), 


respectively. Normalize each eigenvector to form 
the columns of P. Then 


5 Je 
ah Ж 
J6 45 
E 287 
and 
[ МЗ. _Vé gee 
T EP. 3 2 2 3 3 
dx E |р 5 
Lor Uu ОЗУ a 
10 0 
|) sl 


—2) 


and (2, 2, 1), respectively. Normalize each eigenvector to form the columns of Р. Then 


z2r «p, 7 
3. 3. 3 
ek mm E 
P=|3 $3 
2 .2 1 
3. 73-3 
and 
E uM XS MEE: EA 
зз 310 10 10-5 -3 3 
T Sais „2.2 1 2 2/2 
BAP San daa 109 ТӨ e nc 
2^ 2. о} = re 1l 
3 3 3110 0 5] $ -5 3 


49. 


-15 0 0 
00 0. 
0 0 15 


The eigenvalues of A are 4, = —2, A, = 2, and А = 4, with corresponding eigenvectors (—1, —1, 1), (-1, 1, 0), and 


(1, 1, 2), respectively. Normalize each eigenvector to form the columns of P. Then 


Га VZ vel 
3 2 6 
Б | М ME М 
2 2 6 
FERE] 
i 63 3 | 
and 
[ «3. x3 x5. [Зз V2 х6 
3 з 3 3 2 6 
1-12 -2 0 0 
T Ne WE og 1 МЗ N2 V6) |ә gl 
: Ў 2 2:72 à DER. 00 4 
Ve м6 М6 Зз v6 
| 6 6 3 | | 2 3 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 7.3 Symmetric Matrices and Orthogonal Diagonalization 259 


51. The eigenvalues of A are 4 = 2and A, = 6, with corresponding eigenvectors (1, —1, 0, 0) and (0,0, 1, —1) for А and 


53. 


55. 


57. 


59. 


(1, 1, 0, 0) and (0,0, 1,1) for 4. Normalize each eigenvector to form the columns of P. Then 


SES ip а 
2 2 
ERIS «pe ID чы 
eat E 
0 DUE Уу? 
2 2 
gpa „м? 
| 2 2 | 
and 
LM DE 2 у? o 
2 2 2 2 
o T. 5 [429 Ol] уу asa i 
> z 2 4 0 0|| 5 = 
pss 2 2 2 2 
NQc. AAT Uo uallo V EM б. mE р 
2 2 0024 2 2 
o NA д? QE. quA 
L 2 2 | L 2 2ч | 
[2000 
0200 
“10 0 6 of 
10 0 0 6 


(a) True. See Theorem 7.10, page 373. 
(b) True. See Theorem 7.9, page 372. 


(AB)! = ВА = BTA’ = (АВ)! => АВ is orthogonal 


(ВА) = AB^ = АТВТ = (ВА) = BAis orthogonal 


Let A be orthogonal, 47! = A’. 
Then (a) - "ON = А = (a) => А? is orthogonal. 


Furthermore, 


(y = (4). = (4) А! is orthogonal. 
Observe that A is orthogonal because 


E соѕ 0 sin@ 1 М 
А = —————— = 4. 
—sin Ө cos 0 | cos?0 + ѕіп20 


© 2017 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


260 Chapter 7 Eigenvalues and Eigenvectors 


ll 


. X 


== liol ES] 
же A 


The eigenvalues are 1 and —1. Choosing the positive 


X3 


eigenvalue, 4 = 1, the corresponding eigenvector is 
found by row-reducing AJ - L = I — L. 


Sal aca 


So, an eigenvector is (2, 1), and the stable age 


2 
distribution vector is x = | | 


[o з 4[12 84 

. X, = Іх = 0 12| = |12 
1 

|o 4 oj 6 

0 3 [84 60 

x, = Lx, = 0 12| = | 84 
1 

o0 à o[ 6 6 


The eigenvalues of L are —1 and 2. Choosing the 
positive eigenvalue, let 2 = 2. 

An eigenvector corresponding to 4 — 2 is found by 
row-reducing 27 — L. 


2*5 82 1 0 -8 
-1 2 01510 1 -4 
0 -1 2 00 0 


So, an eigenvector is (8, 4, 1) and stable age distribution 


8 
vector is x = 44|. 
1 


Section 7.4 Applications of Eigenvalues and Eigenvectors 


0 2 2 O|100] [400 
i 0 0 0100 25 
X, = = 
> |0 1 o 0100 100 
1 
jo 0 0[һп00] | 50] 
Го 2 2 0](400| [250] 
1 0 0 0} 25 100 
X, = = 
3> ото 0||100 25 
[0 0 i ojl so] | 50] 
The characteristic equation of L is 


|a 1|= at - 14° – 14 


= AA-Y(? +144) = 0. 


Choosing the positive eigenvalue 4 = 1, you find its 

corresponding eigenvector by row-reducing 

AI — L = I — L.So, an eigenvector is (8, 2, 2, 1) and 
8 


2 
the stable age distribution vector is x = f| B 
1 


. Construct the age transition matrix. 


2 4 2 
4-2|075 0 0 
0 025 0 


The current age distribution vector is 
160 
x, = 160, 
160 
In 1 year, the age distribution vector will be 
2 4 = 2)/160 1280 
x, = Ax, =|0.75 0 0/160} = |120 |. 
0 0.25 01160 40 


In 2 years, the age distribution will be 
2 4 2]|1280 3120 
хз = Ax, =|0.75 0 Of 120 960 |. 
0 0.285 Op 40 30 
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9. Construct the age transition matrix. 


11. 


13. 


15. 


17. 


19. 


2? 2, 2 
A=|06 0 0 
0 05 0 


The current age distribution vector is 

100 
x, = |100|. 

100 
In one year, the age distribution vector will be 
[2 5 2]|100| [900 
x, = Ax, =|0.6 0 0 1100/2 | 60, 
0 05 0 1100] | 50 


In two years, the age distribution vector will be 


[2 5 21/900] [2200 
x, = Ax, = |06 0 0 || 60| =! 540. 
0 0.5 0 || 50 30 


The solution to the differential equation y’ = ky is 
y = Ce".So, у = Cie” and y, = Coe’. 


The solution to the differential equation y’ = ky is 
y = Ce".So, y, = Се “апа y, = Се. 


The solution to the differential equation y’ = ky is 
y = Се“. So, y, = Се", y = Се and y, = Cae’. 


The solution to the differential equation y’ = ky is 
y = Ce".So, y, = Се, y, = Се, and 


yim Се °^!. 


The solution to the differential equation y’ = ky is 


y = Ce". 80, y, = Се", y, = Се", уз = Ce", and 


yace”, 


21. This system has the matrix form 


23. 


‚Ги 1 |» 
y = ‚| = = Ау. 
y2 0 2j» 


The eigenvalues of A are 4, = land 4, = 2, with 
corresponding eigenvectors (1, 0) and (—4, 1), 


respectively. So, diagonalize A using a matrix P whose 
columns are the eigenvectors of A. 


1 4 1 0 
Р = and Р!АР = 
0 1 0 2 


The solution of the system w’ = P^! APw is w, = Ce’ 


and э» = Ce”. Return to the original system by 
applying the substitution y = Pw. 


yı 1 4 | w w = 4w 
= У fo 1]| э» Е wz ` 
So, the solution is 


y, = Ce’ - 40e” 
y» = Oe”. 


This system has the matrix form 


pa | 1 2|» 
У 2 Цу 


The eigenvalues of A are 4, = –1 апа A, = 3 with 
corresponding eigenvectors x, = (1, —1) and 
X; = (1,1), respectively. So, diagonalize A using a 


matrix P whose columns vectors are the eigenvectors 
of A. 


1 1 -1 0 
P= and PAP = 
-] 1 0 3 


The solution of the system уу’ = P^! APw is w, = Cie“ 


and у» = Ce”. Return to the original system by 
applying the substitution y = Pw. 


e 


So, the solution is 


y = Се" + Ce” 


yy = Се“ + бг”. 
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25. 


27. 


Chapter 7 Eigenvalues and Eigenvectors 


This system has the matrix form 


Ji 1 -2 Цу 
y =||=|0 2 4|» | = Ay 
X 0 0 3l» 


The eigenvalues of A are 2, = 1, А = 2, and A, = 3 with corresponding eigenvectors x, = (1, 0, 0), x; = (—2,1, 0), and 


x; = (-7, 8, 2). So, diagonalize A using a matrix P whose column vectors are the eigenvectors of A. 


1 —2 -7 1 0 0 
P-|0 1 8| ad P'AP=|0 2 0 
0 0 2 0 0 3 


The solution of the system w’ = P^ APw is w, = Ce’, w, = Cre”, and m = Ge”. 


Return to the original system by applying the substitution y = Pw. 


yı 1 -2 -7| wm w = 2w, — Tw, 
y=|y|=|0 1 S8|w|- м + 8и» 
V3 0 0 2| wm 2% 


So, the solution is 


y = Që - 20e” – 7Cye* 
у = Oe” + 80e” 
Уз = 2C3e*. 


This system has the matrix form 


yi 03 5in 
y-2|y»|-2|-4 4 —-10||у„| = Ay. 
у оо 41» 


The eigenvalues of A are 2, = —2, 2, = бапа A, = 4, with corresponding eigenvectors (3, 2, 0), (—1, 2, 0), апа (—5, 10, 2), 


respectively. So, diagonalize A using a matrix P whose column vectors are the eigenvectors of A. 


3 -1 -5 -2 0 0 
Р=|2 2 10| and P'AP=} 0 6 0 
0 0 2 0 0 4 


The solution of the system ү’ = P^ APw is w = Cie, w = Qe“ and m = Се“. 
Return to the original system by applying the substitution y = Pw. 
У 3 -1 -5|w Зу = w; = 5w, 
у= |у|= |2 2 10у | = |2 + 2w; + 10и 
Уз 0 0 2» 2w; 
So, the solution is 
y = 3Ce™ — Ce" – 50e“ 
yy = 26е + 2С›е° + 100e" 
y, = 26е“. 
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29. Because 33. The matrix of the quadratic form is 
‚рр Й | è 
у = ‚| = = Ay, а — 
M PR А = 2| zi 
, . b 0 1 
the system represented by y = Ay is 5 c 
X7 nt» | | | 
= y». 35. The matx ot the quadratic form is 
Note that a b 
2 9-3 
yt = Се + Ote + Се = y + у, A= b - |; B 
, t v с 
Jy = Се = yz 12 
31. В 
Б д 37. The matrix of the quadratic form is 
Л 0 1 Olly оор] 
y-|»|-2|0 0 у | = Ау, € z| fo 5 
, А = = . 
| 10 -4 01058 b 5 -10 
— c 
the system represented by y’ = Ay is M 
N= » 
» = ГА 
X = -4y 
Note that 
yt = —2С, sin 2t + 2C, cos 2t = yy 
ys = —4C; sin 2t — АС, cos 2t = y, 
уз = 8C, sin 2t — 8C, cos 2t = —4у,. 
39. The matrix of the quadratic form is 
a E 2 E 
А = " - > ; 
— né m Wir 
2 2 
The eigenvalues of A are 4 = - and 2 = > with corresponding eigenvectors x, = (1,3) and x; = (—3, 1) respectively. 


Using unit vectors in the direction of x, and x, to form the columns of P yields 


CMS 
р 1710 [vio | 
Уз НЕ 
10 /10 
Note that 
sifu E cl, queso 
PIAP = Ло /10 2|| 410 v10 SE 
3 1 3 3 1 5 


2 0 = 
X10 4/10 2 /10 v10 2 
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41. 


43. 


49. 


Chapter 7 Eigenvalues and Eigenvectors 


The matrix of the quadratic form is 45. The matrix of the quadratic form is 
b 2 
|, 1-2 ic PR ар p 
33 7! Bul Еу.” 
2 2 


Thi trix has е1 1 f5 15 with 
The eigenvalues of A are 2, = 4and 2, = 16, with is matrix has E Swi 


: РЕ 1 2 
corresponding eigenvectors x, = (1, -V3 ) and corresponding unit eigenvectors m X and 
X, = (V3 3 1), respectively. Using unit vectors in the 9: >л f 

——=, —- |respectively. Let 
direction of x, and x, to form the columns of P, V5 v5 
z 1 2 
1 X3 — X 
Еа 5 0 
2 2 ^ 4 0 P= v5 V5 and P’AP = ; 
p and РАР = ode 2 1 0 15 
| 5 5 
Е This implies that the rotated conic is an ellipse with 
The matrix of the quadratic form is equation 
M 50)? &15(y') = 45. 
“3 16 -12 | | | 
A= p = s 3i 47. The matrix of the quadratic form is 
L c © b 
L2 3 3 ed 
The eigenvalues of A are 4 = Oand 4, = 25, with es b Е 
corresponding eigenvectors x, = (3, 4) and 2 
X; = (-4, 3) respectively. Using unit vectors in the This matrix has eigenvalues of 1 and 6, and 


direction of x, and x, to form the columns of P, corresponding unit eigenvectors and (=, 1 Jana 
5 


us 


3 4 
= -> ї 2 
5 5 0 0 |- = respectively. So, let 
P= and РТАР = | > AERP 7:993 
4 3 | P| V5 V5 
5 5 2 __1_ 
10 
Р = v5 v5 and P'AP = А 
1 2 0 6 


Vs V5 
This implies that the rotated conic is an ellipse with 
equation (х) + (у) — 36 = 0. 


The matrix of the quadratic formis A = 


& 
NIS 
Il 
Гі 
N N 
N N 
BE 


2 
This matrix has eigenvalues of 0 and 4, with corresponding unit eigenvectors | l : | апа | І : | respectivel 
> JX /2 JST J2 p y. 
hn. Е 
0 0 
Let P = У js and РАР = | | 


So, the equation in the х'у'-соогйїпаїе system is 4( yy + 4х +8у +4 = 0. 
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51. The matrix of the quadratic form is A = 


© Nie 


Nile 


1 1 1 1 
This matrix has eigenvalues of —— and — with corresponding unit eigenvectors | -——, —— | and 
2 2 2 a | ND Р) | 


1 1 1 
-—= —= -— 0 
Um X respectively. Let P = 42 V2 and Р?АР = 2 р 
JE EA jd 
V2 V2 2 
This implies that the rotated conic is a hyperbola. Furthermore, 
hes Ы 
и арр ap? EL -Ъ]- e 
а pua ug 
V2 V2 


M Й . T xd 1 2 1 
so, the equation in the x’y’-coordinate system is ——(х) + x "+3 = 0. 
q y y 5 301 ge om 


3 -1 0 
53. The matrix of the quadratic form is А = |—1 
0 
The eigenvalues of A are 2, 4, and 8 with corresponding unit sigemvecto l Я l 0} ( : A | D and (0, 0, 1) 
V2’ V2 V2 /2 
OE ARE 
Mao S. 2 0 0 
respectively. Then let P 2| 1 1- б and РТАР= |0 4 0 
V2 V2 008 
0 0 1 
Furthermore, 
V T NN 
2 42 
[s ^ iP -[o 0 Of] 1. 1 =b 0 erede A i] 
42. V2 
0 0 


So, the equation of the rotated quadratic surface is 2(x’)” + 4( yy + 8(z’) – 16 = 0. 
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— N © 


1 0 
55. The matrix of the quadratic form is A = |0 l| 
0 2 


The eigenvalues of A are 1, 1, and 3 with corresponding unit eigenvectors (1, 0, 0), (0, —1, 1), and (0, 1, 1) respectively. 
1 0 0 


^ Ee J2 100 
Then let P = 2 2 and P’AP=|0 1 0 
^ N2 N2 00 3 
2 42 
Furthermore, 
1 0 0 
з Si 
[s ^ Р = [0 0 00 з ^2 |-[o 0 =[e' # 7] 
o № № 
2 2 


So, the equation of the rotated quadratic surface is (x)? + (у)? + 302)? —1 = 0. 


57. The quadratic form f can be written using matrix 61. The quadratic form f can be written using matrix 
notation as notation as 
f; xj) = x’ Ax f(x, y) = x’ Ax 
> 3 0l» T 5 6||x 
==} 204) к SI} 
. ; 3 0 , А 5 6 
Verify that the eigenvalues of A = o 2) ae A, =3 Verify that the eigenvalues of A = 6 5| ae A, =11 
d A, = —1, with di i t 
and A, = 2, with corresponding eigenvectors В Mie Lr p LM DO ae 
1 1 
T c ENR 
and H and a ; 
So, the constrained maximum of 3 occurs when 1/2 X2 


(xı, х) = (1, 0) and the constrained minimum of So, the constrained maximum of 11 occurs when 


2 occurs when (x;, x4) = (0, 1). : a 
( | 2) ( ) and the constrained minimum of 


1 1 

e (7) 
59. To find the maximum and minimum values of 1 1 

z = x? + 12x,” subject to the constraint -1 occurs when (x, y) = Cy 5) 

4х2 + 25х2 = 100, you cannot use ће Constrained 

Optimization Theorem directly because the constraint is 

not |х| = 1. However, with the change of variables 

x, = 5x and x, = 2y, the problem becomes finding 

the maximum and minimum values of 

z = 25x? + 48у” subject to the constraint 

x? + y? = 1. Verify that the maximum value of 48 

occurs when (x, y) = (0,1), or (х, x2) = (0, 2), and 

the minimum value of 25 occurs when (x, у) = (1, 0), 


or (xi, x;) = (5, 0). 
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63. The quadratic form f can be written using matrix 65. The quadratic form f can be written using matrix 
notation as notation as 
f(x, x) = x" Ax f(x, y, 2) = x! Ax 
_ [x P ] 0 3 x, 1 1 lix 
M LEE Ei = [х y zh] 3 1j», 
M 1 1 12 
Verify thatthe eigen valles goats E | are 4 = 3 Verify that the eigenvalues of A are 2, = 4, 4, = 1, 


З ИТ 1 and 4; = 0, with corresponding eigenvectors 
and A, = —3, with corresponding eigenvectors Hl : Р "er 


1 1 —1 

4 -1 2,|—1,апа| 0|. 
cecal derbi ENS 1 
So, the constrained maximum of 3 occurs when So, the constrained maximum of 4 occurs when 

1 1 1 1 1 2 1 

х, х) = 1,1) = 5 and the constrained xX, y, Z) = 1,2,1) = | Я А | and the 
ea) Fao = (527) GU RUN C C CT 
minimum of —3 occurs when constrained minimum of 0 occurs when 


1 -1 


ыен (Ge — 


c 
67. Let P = | | be а 2 x 2 orthogonal matrix such that | | = 1. Define Ө є [0, 27 |аѕ follows. 
c 


(i) If a = Lthenc = 0,b = Oand d = solet Ө = 0. 

(ii) If a = –1, ћеп c = 0,b = Oand d = -L solet 0 = л. 
(iii) If a > бапа c > 0,1е 0 = агссоѕ(а), 0 < 0 < 7/2. 

(iv) If a > O and c < 0,let Ө = 2z — arccos(a), 32/2 < Ө < 2. 
(у) If a € O and c > 0,let Ө = arccos(a), 7/2 € 0 < л. 


(vi) If a € O and c < 0,let 0 = 2z — arccos(a), л < Ө < 37/2. 


a b cos@ -sin Ө 
In each of these cases, you can confirm that P = = |. ; 
c d sin@ cos@ 


69. Answers will vary. 
Review Exercises for Chapter 7 


1. (a) The characteristic equation of A is given by 

A-2 -l 
-5 A+2 

(b) The eigenvalues of A are 4, = -3 and A, = 3. 


[41 - A| = = 42-9 = 0. 


(c) To find the eigenvectors corresponding to 4, = —3, solve the matrix equation (Al - A)x = 0. Row-reduce the 


augmented matrix to yield 


-5 -1: 0 prog 
. => ; 
-5 -1: 0 00: 0 


So, x, = (1, —5) is an eigenvector and {(L, -5) is a basis for the eigenspace corresponding to 2, = —3. Similarly, solve 
(221 — А)х = 0 for 2, = 3.80, x; = (1, 1) is an eigenvector and {(L, 1)} is a basis for the eigenspace corresponding to 
Ay ze 
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3. (a) The characteristic equation of A is given by 


A-9 4 3 
|ar-Aj=| 2 A  -6 |= 22 – 204? +1284 - 256 = (A - AA - 8). 
1 4 A-11 


(b) The eigenvalues of A are 2, = 4and 4, = 8 (repeated). 
(c) To find the eigenvectors corresponding to 4, = 4, solve the matrix equation (Al -= A)x = 0. Row-reducing the 
augmented matrix, 
5 4 3: 0 10 1:0 
2 4 6: OJ S>/0 12: 0 
1 4-7: 0 00 0: 0 
you can see that a basis for the eigenspace of A, = 4 is {(-1, 2, 1). Similarly, solve (4,7 — A)x = 0 for 2, = 8. So, a 
basis for the eigenspace of 4, = 8 is {(3, 0, 1), (-4, 1, 0)}. 


5. (a) The characteristic equation of A is given by 
A-2 0 -1 
lu-4|-| 0 4-3 т |=(4-24-3(4-1) = 0. 
0 0 4-1 
(b) The eigenvalues of A are 4, 2 1, 4; = 2 and 4, = 3. 


(c) To find the eigenvectors corresponding to 4, = 1, solve the matrix equation (Al — А)х = 0. Row-reducing the 


augmented matrix, 


-1 0 -1:0 1 0 1 
0 -2 4: 01510 12 
0 0 0:0 ооо 


you can see that a basis for the eigenspace of A, = lis {(-1, -2, 1). Similarly, solve (4,7 — A)x = 0for A, = 2, 
and you see that 1, 0, 0)} is а basis for ће eigenspace of 4; = 2. Finally, solve (A3/ — A)x = 0 for 4, = 3, and you 


discover that {(0, 1, o)} is a basis for its eigenspace. 


7. (a) The characteristic equation of A is given by 


4-2 -l 0 0 

arca mb woe o. Wo Ly 
0 0 4-2 -I 
0 0 -1 4-2 


(b) The eigenvalues of A are 4, = 1 (repeated) and 4, = 3 (repeated). 


(c) To find the eigenvectors corresponding to 4, = 1, solve the matrix equation (Al - A)x = Ofor 2, = 1. Row reducing 


the augmented matrix, 


-1 -1 0 0 0 1 100 0 

-1 -1 0 0 0 0 0 1 1 0 
> 

0 0-14 0 0000 0 

0 0 -i -i 0 00 0 0 0 


you see that a basis for the eigenspace of A, = lis {(1, -1, 0, 0), (0, 0, 1, -1)}. Similarly, solve (4,7 — A)x = 0 for 
A, = 3, and discover that a basis for the eigenspace of 4, = 3 is {(1, 1, 0, 0), (0, 0, 1, 1). 
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9. 


11. 


15. 


17. 


19. 
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The eigenvalues of A are 4 = Oand A, = 9.From 
Exercise 18, Section 7.1, the corresponding eigenvectors 


13. The eigenvalues of A are the solutions to 


A-1 0 —2 
(4, 1) and (—1, 2) are used to form the columns of P. So, jar Е 4| ol lie pd ed 
2 1 = — 
zh Bis B ds 2 0 A-1 
2 255 = (4-34 - DÀ +1) = 0. 
and Therefore, the eigenvalues are 3, 1, and —1. The 
X due 4 amne og 0 0 corresponding eigenvectors are the solutions of 
PAP = | ? | | | = | | (AI — A)x = 0.So, an eigenvector corresponding to 3 is 
Sg о SLE 72 EE (1, 0, 1), an eigenvector corresponding to 1 is (0, 1, 0), 


ТАБЕ ЕКОО the solatio vr an eigenvector corresponding to —1 is (1, 0, —1). Now 


form P using the eigenvectors of A as column vectors. 


A+2 1 33 
|М-А|=| 0 4-1 -2 NE 
0 0 4-1 ide UN 
1 0 -I 
= (A4 2X4 - 1) = 0. 
Note that 
The eigenspace corresponding to the repeated eigenvalue ri 1 
A = l| has dimension 1, and so A is not diagonalizable. 2.9. «эү B ЭТ Sed 
P'AP=|0 1 0/01 0|0 1 O0 
1 1 
la 0 E» 20 1\1 0 -l 
[30 0 
-|0 1 O0. 
|0 0 -1 


The characteristic equation of A is given by 
4 -1 


|41 - A| = 
-a А-1 


= 12 - 4-а = 0. 


The discriminant d of this quadratic equation in Ais 1 + 4a. 
(a) A has an eigenvalue of multiplicity 2 if and only if d = 1 + 4a = 0; that is, a = x 
(b) A has —1 and 2 as eigenvalues if and only if A? – A — a = (A + 1)(A — 2); thatis, a = 2. 


(c) A has real eigenvalues if and only if d = 1 + 4a = 0; thatis, a 2 - 


The eigenvalue is 2 = 0 (repeated). To find its corresponding eigenspace, solve 
ЕИ Е 
= => | 
0 A: 0 0 0: 0 00: 0 
Because the eigenspace is only one-dimensional, the matrix А is not diagonalizable. 


The eigenvalue is 2 = 3 (repeated). To find its corresponding eigenspace, solve (AJ — A)x = Owith A = 3. 


4-3 0 0 : 0 000: 0 10 0 0 
-1 4-3 0 01=1— 00: 0 = 000: 0 
0 0 4-3 : 0 000: 0 000: 0 


Because the eigenspace is only two-dimensional, the matrix A is not diagonalizable. 
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21. The eigenvalues of В are 1 and 2 with corresponding 31. Because 
eigenvectors (0, 1) and (1, 0), respectively. Form the 


columns of P from the eigenvectors of B. So, 


aT 


ы 

E 

| 

| 
| 
WIN WIN w= 

+ 
a 


WIN Wl wir 
| 
Whe WIN wits 


A is not symmetric. Because the column vectors of A do 
0 1112 0||0 1 1 0 
PBP = - = not form an orthonormal set (columns 2 and 3 are not 
гоо 111 0 0 2 orthogonal), A is not orthogonal. 


Therefore, ane Baty similar: 33. The matrix is diagonal, so the eigenvalues are 4, = 2 


23. Because the eigenspace corresponding to A = 1 of and A, = —3. Every eigenvector corresponding to 


matrix A has dimension 1, while that of matrix B has A, = 2is of the form x, = (t, 0), and every eigenvector 


dimension 2, the matrices are not similar. à . 
corresponding to A, = —3 is of the form x; = (0, s). 


25. Because Xx: x4 = 0 


So, x, and x, are orthogonal. 


I "Ls 


A = Js = A, 35. The characteristic polynomial of A is 
2 
23 А +1 0 1 
|1-А|=| 0 4+1 0 


А is symmetric. Furthermore, the column vectors of A 
form an orthonormal set. So, А is both symmetric and 1 0 4-1 


orthogonal. = (A + (A E V2)(4 + 42) 


21s Because The eigenvalues are 4, = —1, А = 4/2, and 


00 1 
A, = —+/2. Every eigenvector corresponding to 
A’ =|0 1 0|=А, . à 
9" А = —lis of the form x, = (0, t, 0), every eigenvector 


corresponding to A, = /2 is of the form 
A is both symmetric and orthogonal. 


х = (i = V2)s, 0, s) and every eigenvector 


29. Because : : 

im ara corresponding to 4, — —A/2 is of the form 
зз 3 

A =|1 0 l|lz4A x3 = (2 + lju, 0, u). 
2 2 > 
1 doo 
33 3 xp * XQ Xp X3 X2 X3 0 

A is not symmetric. Because the column vectors of A do So, {x,, X2, хз} is an orthogonal set. 


not form an orthonormal set (columns 2 and 3 are not 
orthogonal), A is not orthogonal. 


37. The matrix is symmetric, so it is orthogonally diagonalizable. 


39. The matrix is not symmetric, so it is not orthogonally diagonalizable. 


1 1 2 
41. The eigenvalues of A are 5 and —5 with corresponding unit eigenvectors | Jana | respectively. Form 


ae 


Sj" 
E 


the columns of P with the eigenvectors of A. 
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1 1 
43. The eigenvalues of A are 0 (repeated) and 2, with corresponding unit eigenvectors (0, 0, 1), E EY o} and 


| Form the columns of Р from the eigenvectors of А. 


1 1 
(„зс (ES 
2 /? 
je 1 
pues c a 
Мз 42 
т о 0 | 
0 0 1 E 
110 2 V2) роо 
1 1 it 1 
РТАР=|—— —-—— olı 1 olo ——— ——|=[0 0 0 
J2 2 Мз «/2 
001 002 
Be i 1 0 0 
4/0: wA 1 | | 


1 1 1 1 
45. The eigenvalues of А аге 3 and 1 (repeated), with corresponding unit eigenvectors ‚0, ; ‚0, апа 
Е Pee TENE ru) e) 


(0, 1, 0). Form the columns of P from the eigenvectors of A. 


l1 l b 
/2 42 
Be o 01 
-1 NE. 
/2 v2 
М з 
Ee ду ыз 1o 1 
сы. N 
V2 МК». o a) Ww 300 
1 1 
РТАР=|—— 0 ——|0 1 0 00 рео, 10 
2 2 
тк з кл Ж 0-01 
2 42 


47. The eigenvalues of A are i and 1. The eigenvectors corresponding to 2 = lare x = ¢(3, 2). By choosing t = 5 


you can find the steady state probability vector for 4 to be v — (3, 2) Note that 


2 14/3 3 
213 25) _]5]_ 
Ау =| Tol sop ms 
з 2115 5 


49. The eigenvalues of A are 5 and 1. The eigenvectors 51. The eigenvalues of A are 0, i and 1. The eigenvectors 
corresponding to 4 = lare x = ¢(3, 2). By choosing corresponding to A = lare x = ¢(I, 2, 1). By choosing 
t= L you can find the steady state probability vector t= L you can find the steady state probability vector 
for A tobe v = (3, 2). Note that for A to be v = (2, 3 1). Note that 

3 3 1 1 1 1 
е ы Со] p 
2 2 EE S4: л s ү 
0.2 0.7 1$ ч Ау = |5 5 $3|l3 *"|3|* V 
o i 111 i 
4 2114 4 
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53. 


59. 


61. 


63. 


65. 


67. 


69. 


71. 


Chapter 7 Eigenvalues апа Eigenvectors 


The eigenvalues of A are 0.6 and 1. The eigenvectors 55 (РТ АР) = P! AL (p^)! = P! AP (because A is 


corespondat A ае Ec Tie ou TIEN. саи symmetric), which shows that Р? AP is symmetric. 


t= e you can find the steady state probability vector 


57. From the form р(4) = a,A* + aA + а, you have 
for A to be v = (1 5 Z), А ; d 


4 16" 16 a, = 4, а = —9, anda, = 0. This implies that the 
Note that companion matrix of p is 
0.7 0.1 0.10.25 0.25 0 1 0 1 
Ау = |02 0.7 0.1]} 0.3125] = |0.3125 | = v. A= a a " 9|. 
0.1 0.2 0.8||0.4875| | 0.4375 а, а, 4 


The eigenvalues of A are 0 and T the zeros of p. 


P 8 -4 1 0 80 —40 24 0 56 —40 
A’ = 104— 241, = 10 — 24 - = = 
2. 2 0-1 20 20 0 24 20 -4 


56 —40 8 -4 560 —400 192 —48 368 —304 
A = 104? — 244 = 10 — 24 = - = 

20 -4 Эз.» 25 200 —40 24 24 152  —88 

368 —304 56 —40 3680 —3040 1344 —960 2336 —2080 
At = 1043 — 244? = 10 — 24 - - - 

152 —88 20 -4 1520 —880 480  —96 1040 —784 


(a) True. If Ax = Ax,then А?х = A(Ax) = A(Ax) = A(Ax) = A?)x showing that x is an eigenvector of 4°. 


1 0 0 1 
(b) False. For example, (1, 0) is an eigenvector of А? = f | but not of 4 = Í | 


Because A"(A4B)A = BA, you сап see that АВ and BA are similar. 


If А is symmetric and has 0 as its only eigenvalue, then 73. The population after one transition is 
РТ AP = 0, the zero matrix, which implies that A = 0. го 3 121300 4500 
Because Ax = А?х and X? : 0 || 300 300 
Ах = А(Ах) = А(Ах) = А?х, you see that [0 4 0]300 50 
Ах = А?х,ог А = А? = 4 = бог1. and after two transitions is 


0 3 12|[4500 1500 


(a) True. See “Definitions of Eigenvalue and 
x,—-]10 0] 300] = |4500, 


Eigenvector,” page 348. 
(b) False. See Theorem 7.4, page 360. |o i 0| | 50 50 
(c) True. See “Definition of a Diagonalizable Matrix,” 


page 359. (24, 12, 1), which is a stable distribution. 
The population after one transition is 24 
ER 0 E Е ks So, the stable age distribution vector is x = t| 12 |. 
[+ 0100] |25 1 


and after two transitions is 


Го [оо] [25 
X4; = AX, = = . 


25| |25 


The eigenvalues of A are x and L Choose the positive 


eigenvalue and find the corresponding eigenvectors to be 
multiples of (2, 1). So, the stable age distribution vector 


. 2 
15 Х= 4 | 
1 
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75. Construct the age transition matrix. 77. The matrix corresponds to the system y’ = Ay is 
4 6 2 3 0 
А = ; 
Az|09 0 0 1 =] 
0 0.75 0 


This matrix has eigenvalues 3 and —1, with 
The current age distribution vector is 


120 


corresponding eigenvectors (4, 1) and (0, 1). So, a matrix 
P that diagonalizes A is 
X; = 120 |. 4 0 Y 3 0 
120 Р = | | and P AP = l B, 
In one year, the age distribution vector will be 
4 6 2120 1440 
x, = 4x = |09 0  0]|120|-| 108} 


The system represented by w’ = P^! APw has solutions 
w = Се? and w, = ce‘. Substitute y = Pw and 
obtain 


0 0.75 0|120 90 "EE 4v 
In two years, the age distribution vector will be Уу» A. w 5 w + Wy 


4 6 211440] [6588 
х; = Ax, = 109 0 0 || 108 = 1296, 
0 0.75 0| 90 81 


which yields the solution 
y = 48е? 
Ce” + Се". 


У 


79. The solution to the differential equation у’ = ky is 
y = Ce". So, y, = Cie”, у = Се“, and 
уз = Се“. 


81. (a) The matrix of the quadratic form is 


b 3 
а — ] — 
а= | "l2 9 
= € = 1 
2 2 


Я 5 1. | NT 
(b) The eigenvalues are 2 апа =; with corresponding unit eigenvectors | 


; , respectively. 
J/2 | 


S7 
N 
" 
© 
й 
m 
з 
е. 
P dari. 
Е 
S 


Then form the columns of P from the eigenvectors of A. 


re 5 
Р = 42 42 and | PTAP = 2 
ES es 
V2 V2 2 
(c) This implies that the equation of the rotated conic is 50а) ч yy 3=0 


(d) | 
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83. (a) The matrix of the quadratic form is 


al us Я 
= Ë — 0 
2 2 


Р 1 1. à -— 
(b) The eigenvalues are = апа -7 with corresponding unit eigenvectors | 


eigenvectors to form the columns of P. 
1 4 
N2 V2 


1 1 


P and РТАР = 


о NIE 


AUT ae 2 


(c) This implies that the equation of the rotated conic is : 


(d) X 


85. The quadratic form f can be written using matrix notation 


as 


f(x, y) = х'Ах 


Il 
m 
c. 
ГЕ] 
о н 
Lo 
Кс] 
pe 
© X 
Led 


1 0 
Verify that the eigenvalues of 4 = l | are 


A, = —1 апа ЯД = 1, with corresponding eigenvectors 
0 1 

апа | |. 
1 0 


So, the constrained maximum of | occurs when 
(x, у) = (1, 0) and the constrained minimum of -1 


occurs when (x, у) = (0, 1). 


1 1 1 
| апа | | Use these 


5]- 
S 


-0) 2 = 0, а hyperbola. 


. The quadratic form f'can be written using matrix notation 


as 


f(x. у) = x Ax 


I 
— 
Ex 
M 
1, 
1—1 
| = 
[o mM 
— | 
чл N 
uw 
i >a 
SE 
E ———À 


15 -2 
Verify that the eigenvalues of А = | К A are 


A, = 17 and A, = 13, with corresponding eigenvectors 
-1 1 
and| |. 
1 1 


So, the constrained maximum of 17 occurs when 


1 1 1 
ead ach = (Jey 


minimum of 13 occurs when 


(х, x2) = 50 1) = EX X) 


| and constrained 
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Cumulative Test for Chapters 6 and 7 


1. T preserves addition. 

Т(х\, Vis а) T T(x2, №, 2) = (2m, xy + yi) + (2x2, X2 + у») 
= (2x, + 2х,җ + yı + xX + yo) 
(X x, +x), (x + x2) + (у + »)) 


= T(x + X2, Yı + у, д + 22) 


T preserves scalar multiplication. 


T(e(x, у, z)) 


T(cx, cy, cz) 
= (2cx, cx + cy) 
= c(2x,x + y) 
cT (x, у, 2) 


Therefore, 7 is a linear transformation. 


2. No, Tis not a linear transformation. For example, 
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1 0 2 0 2 0 2 0 4 0 
T|2 =T = + = = 16 
0 1 0 2 0 2 0 2 0 4 
1 0 1 0 1 0 2 0 
2T = 2 + = = 4=8. 
0 1 0 1 0 1 0 2 
3. Because the matrix has four columns, the dimension of 1 0 1 0 10 10 
R" is 4. Because the matrix has two rows, the dimension бело 0 -1 0 -1 0 10 1 
of R"is2. So, T : R^ > R?. 
0 
ШК ШО basis for kernel: 4) - 
4. (a) TQ, -1) oll «үй | | 2 (a) basis for kernel: otl- 
| 0 0 1} | 0 
-2 0|. . —2х -6 D (0 
(b) 1 0 B = х|=| 3 x=3,y=t (b) basis for range (column space of A): o) 8 
0 0 0 Я 
(с) rank = 2, nullity = 2 
The preimage of (—6, 3, 0) is (3, £), where t is any 


real number. 


5. The kernel is the solution space of the homogeneous 


system 
Xp = X, - 
—x« tX - 
Xy + X4 = 
1-100 1-100 
x = X 
-1 100;/5/0 000 = 
X3 = —X4 
0 011 0 011 


So, ker(T) = {(s, S, —t, t) KM R}. 


7. Because 


A-E e АШ- 


the standard matrix for T is 


ME 
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8. Because 10. Because 
1] 1 0 1 0 0 1 0 0 0 0 0 
Т\|0||={0, Tl} 1}} =] 1) and Т||0||=| 1], Т\|0||= 10, Т||1|| = (0, and 10| = 0), 
0| 1 0 0 1 -1 0 0 0 1 0 
the standard matrix for T is the standard matrix for Tis 
1 1 0 ооо 
А= |0 1 1}. 00 0 
[1 0 =l ооо 
9. Because E Fi 1 1 1 
E 1 = 0 — > оК 
ЖЕШ « (- HERO - ed 1 
ЕЕ + 
ELE 1-1 -E 
Ü 1| -3 x3 1 0 
a t£) HS 
1 2) le wp 2 


. | 0-2 3 
the standard matrix for Tis A = R 
4 011 


12. (a) The counterclockwise rotation of 30° is given by 


T(x, y) = (cos(30)x — sin(30)y, sin(30)x + cos(30)y) _ E ES l | У, 


2 2 2 
Мз 1 
- ; 2 2 
So, the matrix is 4 = | 7(1, 0): 7(0,1)| = А 
| Api RE 
2 2 
з 1 MB s 
ў NO d 
(b) The image of у = (1,2)is Av = 2 А a 7 . So, Т(1,2) = 3 _ EUN 
1 312 1 2 2 
co ER = + V3 
2 2 2 
" 
(c) i 
3+ 
Honlap) (02 
Tv) 30° 
1-+ 
у 
\ | rx 
-2 -1 1 
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13. The standard matrices for Т, and T, are 14. The standard matrices for 7; and T, are 
1 -2] 2 0 
as | "E | | 12 0 0 1 1 
2 3 1. ! A=] 0 1 -1 and 4,=]1 0 1|, 
The standard matrix for T = T; о Tj is 2 1 2 02 2 
2 01-2 2 -4 The standard matrix for T = T, o T; is 
А = АА = = - са 2 
11-2 3 -] -5 0 1 1| 12 0 -2 2 1 
and the standard matrix for Т” = T, o T, is 44-2]10 100 1-|=)-13 2 
1—22 0 0 2 [0 2 211-2 1 2|] 14 0 -6 
А = АА = = } А ; А 
2 3/1 -1 T х=% and the standard matrix for 7 = T, ° T; is 
[12 ofo qo 1] [2 1 3] 
AA, =| 0 1-10 1|=|1 2 3|, 
|2 1 2102 2: [1 2 5) 
А : 1 -l 
15. Matrix of Tis A = |! 
A! edi EA Тт ) = e + 1 2. + 1 ) 
73 -2 1 > X, y E 3* 37У, 3* 3X 
(T~ °Т)(3,—2) = T" (r(3.-2) = T (5,4) = (3.2) 
1 0 
16. The standard matrix for Tis А = |0 1 1| Because | 4| = 2 # 0, A is invertible. 
101 
А = ы Х— Xp + ХЗ XQ + X) — X3 
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and conclude that 7^ (xi, x), x3) = | 


|= NJ Ne 


[= NI юре 
Nile кюк NIE 


17. T (1,1) = (1,2, 2) = —1 (1, 0, 0) + 0 (1,1, 0) + 2 (1,1, 1) 


T (1,0) = (0, 2,1) = -2 (1, 0, 0) + 1(1,1, 0) + 1 (1, 1, 1) 


-1 -2 
А=|0 1 
2 1 


a 
S 
< 
ке] 

E: 

ll 
о 
= 

| 
= = 
[et ex] 
ll 


^ 


2 


2 


^ 


-x + x) + 


2 


-1| = (1, 0,0) — (1,1, 0) + (1,1,1) = (1, 0,1) 
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18 uus e 
dE MM 


(b) [a a] > ru i 


_ E | f , p E 
(с) Р! = > А = РАР = 


19. The characteristic equation is 20. The characteristic equation is 
Aes! 9 A+15 5 
|A - 4|= |А - 4|- 
2 A-3 0 A-5 
= 2-104425 = (2 - 5) = 0. = (4 + 15)(4 - 5) 
= 0. 


So, the only eigenvalue is 2 = 5. A corresponding 
eigenvector is (1, -1). The eigenvalues are 4; = —15апа A, = 5. 


Corresponding eigenvectors are (1, 0) and (—1, 4), 


respectively. 
21. The characteristic equation is 
A-1 -2 -1 
|1-А|=| 0 A-3 I] = (4- (2? - 24) = 4(4 - (4 - 2) = 0. 
0 3 А+1 
For 4, = 1: 
0 -2 —1||х, 0 
0 2 —1||х|=|0 
0 3 21% 0 


The solution is {(t, 0,0): te R} and an eigenvector is (1, 0, 0). 
For A, = 0: 


cos» 
0 3 –1|| х, E 
0 l| x3 
=f 


The solution is {( -t, -t, 3t) {ТЄ R} and an eigenvector is (-1, -l, 3). 


For A, = 2: 

1 -2 M To 
0 -1 —1||х„|=|0 
о 3 31| |0 


The solution is {(t, t,-t): te R} and an eigenvector is (1, 1, —1). 
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22. Because А is a triangular matrix, 4 = 1 (repeated). 
For A = 1: 
0 1 -li| xy, 0 
0 0 -2[x,|2|0 
00 0!» 0 


The solution is {(r, 0, 0) : ге R} and an eigenvector is (1, 0, 0). 


23. The eigenvalues of A are Ж = 2, 2, = —1,апа A, = 3. The corresponding eigenvectors (1, 0, 0), (1, —1, 0), апа 


(5, 1, 2) are used to form the columns of P. So, 


1 15 1 1 -3 1 1 -3[2 3 [1 1 5 2 00 
Р =\0 -1 1| = Р! = |0 -1 1 апа P'AP = |0 -1 4 -1 2 -1 1|= -1 0 
0 02 0 0 4 оо i 0 0 2 0 3 


24. The eigenvalues of A are 4 = —2, 4, = бапа A, = 4 (see Exercise 25, Section 7.1). 


The corresponding eigenvectors (3, 2, 0), (—1, 2, 0) and (—5, 10, 2) are used to form the columns of P. So, 


3 -1 -5 l1 9 
P=|2 210 > Pt=j|-4+ 32 -3 
0 0 2 0 0 1 
апа 
i i 010 -3 513 -1 -5 -2 0 0 
P'AP = 1 3 3 4 4 -10)2 2 10|=|0 6 0, 
0 0 i 0 0 410 0 2 004 
25. The standard matrix for T is 26. The eigenvalues of A are 4, = —2and 4, = 4, with 
2 0 -2 corresponding eigenvectors (1, —1) and (1, 1), 
A= |0 2 -2 respectively. Normalize each eigenvector to form the 
3 0 -3 columns of P. Then 
. ; 1 1 
which has MUR А = 2,5 = 0,and 4, = -1 Um m 
and corresponding eigenvectors (0, 1, 0), (1, 1, 1), Р = i \ 
and (2, 2, 3). "B UE 
So, В = {(0,1, 0), (1, 1, 1), (2, 2, 3)} and and 
012 22 0 уа, и еп 
Р=|1 1 2 > P00 0 prap = |2 тҮ. 
bal 3 Eod 1 1 3 1| 1 1 0 4 
/2 V2 42 V2 
and 
20 O 
P'AP=|0 0 0| 
00 -l 
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27. 


28. 


29. 


30. 


Chapter 7 Eigenvalues and Eigenvectors 


Eigenvalues and eigenvectors of A are 


1 Wf 
д= 4,114 = -2,| 0|/-1| 
1 SUE 


Using the Gram-Schmidt orthonormalization process, 


1 1 1 
З 42 V6 
PS 5 0 — and 
1 1 1 
[з V2 Ve] 
4 0 0 
РТАР = |0 -2 
0 0 -2 


The solution to the differential equation y’ = Ky is 
y = Ce”. So; y, = Се' апа y, = Се". 


Because a = 3, b = –16, and с = 3, the matrix is 
P Ed 
3 -8 
A = 2 = 
b -8 3 
— с 
2 


Construct the age transition matrix. 


3 6 3 
A=|08 0 0 
10 04 0 


The current age distribution vector is 

150 
x, = |150 |. 

150 
In 1 year, the age distribution vector will be 
з 6 3/150 1800 
x, = Ax, = |0.8 0 0/150) = | 120). 
0 04 0 |150 60 


In 2 years, the age distribution vector will be 
з 6 з |1800 6300 
х; = Ax, = |0.8 0 05 120 | = | 1440). 
0 04 0 60 48 


31. Р is orthogonal if P! = Р". 
1 = det (P - P) 


= det (PP7) = (det P" — det P = +1 


32. There exists P such that РАР = D.A and B are similar 
implies that there exists Q such that 


A = ОВО. Then 
D = P^AP = P^(Q"BO)P = (ОР) B(QP). 
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